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Abstract

Viscoelasticity plays an important role in the dynamic response of flexible multibody sys-
tems. First, single degree-of-freedom joints, such as revolute and prismatic joints, are often
equipped with elastomeric components that require complex models to capture their nonlin-
ear behavior under the expected large relative motions found at these joints. Second, flexible
joints, often called force or bushing elements, present similar challenges and involve up to six
degrees of freedom. Finally, flexible components such as beams, plates, and shells also exhibit
viscoelastic behavior. This paper presents a number of viscoelastic models that are suitable
for these three types of applications. For single degree-of-freedom joints, models that capture
their nonlinear, frequency-dependent, and frequency-independent behavior are necessary. The
generalized Maxwell model is a classical model of linear viscoelasticity that can be extended
easily to flexible joints. This paper also shows how existing viscoelastic models can be applied
to geometrically exact beams, based on a three-dimensional representation of the quasi-static
strain field in those structures. The paper presents a number of numerical examples for three
types of applications. The shortcomings of the Kelvin-Voigt model, which is often used for
flexible multibody systems, are underlined.

1 Introduction

Flexible multibody systems are characterized by two distinguishing features: system components
undergo finite relative motion and these components are connected by mechanical joints that impose
constraints on their relative motion. Most studies focus on modeling of the dynamic response of the
elastic components that undergo large motion and on the enforcement of the kinematic constraints
at the joints. The analysis of the viscoelastic behavior of the structural components and that of the
elastomeric devices often housed in the mechanical joints has received far less attention despite the
fact that viscoelastic phenomena affect the dynamic response significantly.

In the context of flexible multibody systems, the tools used to analyze viscoelastic components
fall into three categories, depending on the number of degrees of freedom used to describe their
kinematics. In the first category, the kinematics of the problem is described by a single generalized
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coordinate. Two practical examples come to mind: a single degree of freedom, the relative rotation
or displacement component, is used to describe the kinematics of elastomeric devices housed in
revolute or prismatic joints, respectively. For revolute joints, the relationship between the moment
and the relative rotation at the joint takes the form of a differential equation in time that could
be nonlinear and could involve any number of additional state variables. For prismatic joints, the
corresponding model expresses the force in the joint as a function of the relative displacement.

The basic concepts of classical viscoelasticity are often introduced based on one-dimensional
rheological elements such as springs and dashpots [1, 2]. Typically, these models involve serial
or parallel combinations of linear or nonlinear springs and dashpots to form increasingly complex
models. For instance, the generalized Maxwell model consists of an elastic branch in parallel with
any number of Maxwell fluid branches. The Kelvin-Voigt, Maxwell fluid, and Zener (also called the
linear solid) models are particular cases of the generalized Maxwell model. Other authors [3] prefer
a more abstract presentation based on differential equations in time of varying order. It is easy to
prove the equivalence of many of these modeling approaches, which can often be presented either
as differential equations or as convolution integrals.

In the second category, the kinematics of the problem is described by a few generalized coor-
dinates. The flexible joint is a common element found in many multibody systems: it consists of
a viscoelastic medium connected to two nodes of the model. The relative motion between these
two nodes provides six generalized coordinates to describe the deformation of the medium, which
generates three force and three moment components at the nodes. The basic viscoelastic models
introduced in the previous paragraph can be generalized to deal with this more complex problem.
Typically, the responses of the six generalized coordinates are coupled through both elastic and
viscous phenomena that are important to capture.

For the last category, the attention turns to structural components such as beams, plates, and
shells. The kinematic description of these flexible Cosserat solids requires both displacement and
rotation fields. For instance, a beam is defined as a structure having one of its dimensions much
larger than the other two. The generally curved axis of the beam is defined along that longer di-
mension and the cross-section slides along this axis. The cross-section’s geometric and viscoelastic
properties are assumed to vary smoothly along the beam’s span. In aerospace applications, the
cross-section of the beam could be a complex built-up structures involving highly anisotropic ma-
terials. Furthermore, some cross-sections include layers of material presenting energy dissipation
characteristics in an effort to increase structural damping and control vibration. Banks and In-
man [4] have studied the viscoelastic behavior of composite cantilever beams and have shown that
a number of mechanisms are at play.

Simo et al. [5] formulated sectional-level viscoplastic constitutive laws for geometrically exact
rods without resorting to local, three-dimensional constitutive laws. In contrast, Mata et al. [6] used
the kinematic model of Simo [7] to develop inelastic constitutive behaviour laws for composite beam
structures under dynamic loading. They evaluated the inelastic stresses by numerical integration of
three-dimensional second Piola-Kirchhoff stresses over two-dimensional discretizations of the local
cross-sections to obtain the stress resultants and couples of the rod model. The same authors also
proposed a Kelvin-Voigt type model based on a single viscosity parameter and their formulation
uses a vectorial strain measure defined point-wise within the cross-section, which represents parts
of Biot strain tensor; see Linn et al. [8] for additional details.

Abdel-Nasser and Shabana [9] inserted a three-dimensional Kelvin-Voigt model into a geomet-
rically nonlinear beam model using the absolute nodal coordinates formulation to obtain a viscous
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damping beam model. The crude discretization of the three-dimensional strain field resulting from
this formulation leads to Poisson locking and hence, cannot handle the isochoric condition imposed
by nearly incompressible materials.

The Kelvin-Voigt model has also been used as a means of introducing numerical dissipation
in dynamical equations. The dynamic balance equations of a Cosserat rod lead to an undamped,
nonlinear coupled hyperbolic system of PDEs for which the formation of shock waves is possible.
To overcome the numerical difficulties associated with the solution of this system, Antman [10]
proposed the addition of Kelvin-Voigt type dissipative terms acting as artificial viscosity to achieve
a regularization effect on the continuous model.

More directly connected to the present work is that of Lang et al. [11] who introduced Kelvin-
Voigt type viscous damping in their quaternionic formulation of Cosserat rods. Schulze et al. [12]
presented applications of this model in dynamic system simulations of wind turbines and additional
numerical investigations of damping effects may be found in the work of Lang et al. [13]. In these
formulations, stress resultants are assumed to remain proportional to sectional strain measures via
the well-known sectional stiffness matrix. In addition, viscous stress resultants are introduced that
are assumed to be proportional to the corresponding sectional strain rates via effective damping
parameters. The six damping parameters are selected in an ad-hoc manner, but remain mutually
independent and freely adjustable.

Linn et al. [8] provided a more rigorous definition of the damping parameters based on a three-
dimensional continuum model, but their approach is limited to the case of homogeneous, isotropic,
and linearly elastic materials. Furthermore, their derivation is based on specific kinematic assump-
tions, which require cross-sections to remain plane. Lateral contractions induced by axial strains
through Poisson’s effects are taken into account and the model yields shear and extensional viscosi-
ties consistent with Trouton’s ratio in the case of incompressible materials. Cross-sectional warping
deformation, however, was ignored.

The goal of this paper is not to develop new viscoelastic constitutive laws but rather to show how
existing models can be applied to the various components commonly found in flexible multibody
systems. Section 2 presents a review of the generalized Maxwell model that is representative of
classical, linear viscoelasticity models. Section 3.2 generalizes this model to include nonlinear elastic
behavior as well as frequency dependent and frequency independent energy dissipation mechanisms.
These models are well suited to the simulation of the elastomeric devices housed in revolute and
prismatic joints. Section 6 presents the formulation of flexible joints, including the effects of both
elastic and viscoelastic forces. The viscoelastic behavior of geometrically exact beams is investigated
in section 7 and numerical examples of the various models presented in the paper appear in last
section.

2 Review of classical viscoelasticity

This section provides a cursory review of basic concepts of classical, linear viscoelasticity. One-
dimensional rheological models are often used to introduce the concepts associated with viscoelas-
ticity. Typically, these models involve serial or parallel combinations of linear or nonlinear springs
and dashpots to form increasingly complex models.
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2.1 One-dimensional generalized Maxwell model
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Figure 1: Schematic of the generalized
Maxwell model

Figure 1 depicts the generalized Maxwell model [14, 1, 2,
15] that consists of an elastic branch in parallel with any
number of Maxwell fluid branches. The Kelvin-Voigt,
Maxwell fluid, and Zener models are particular cases
of the generalized Maxwell model. The spring elements
characterize the elastic behavior of the material whereas
its energy dissipation characteristics are described by
the dashpot elements. Mathematically, these models
can be expressed as ordinary differential equations in
time, often involving internal states, or through convo-
lution integrals.

Assuming the device to be of unit area and length, forces and elongations can be identified
with stresses and strains, respectively. The spring stiffness constants are denoted E∞ > 0 and
Eb > 0, b = 1, . . . , Nb, where Nb is the number of Maxwell fluid elements. The dashpot constants
are denoted ηb > 0, b = 1, . . . , Nb.

For the elastic branch, σ∞ = E∞ε, where σ∞ is the stress in the elastic branch and ε the strain
of the device. The stress in viscous branch b is σb = ηbα̇b = Eb(ε − αb), where the first equation
provides the constitutive equation for the dashpot, the second for the elastic spring, and αb can be
interpreted as the strain in the dashpot. Notation ˙(·) indicates a derivative with respect to time.
Finally, the total stress, σ, is found by summing up the stresses in the branches, σ = σ∞+

∑Nb
b=1 σb.

Introducing the constitutive relationships yields

σ = E∞ε+

Nb∑
b=1

Eb(ε− αb), (1)

where variables αb can be interpreted as internal states of the model.

2.2 Evolution equations

Because the stresses in the spring and dashpot of each viscous branch are identical, ηbα̇b = Eb(ε−αb),
and hence, the internal states must satisfy the following evolution equation τbα̇b + αb = ε, b =
1, 2, . . . , Nb, where the relaxation times, τb, are defined as τb = ηb/Eb. This first-order differential
evolution equation must satisfy initial condition limt→−∞ αb = 0.

In summary, the constitutive behavior of the generalized Maxwell model consists of the following
equations

σ = E∞ε+

Nb∑
b=1

Eb(ε− αb), (2a)

τbα̇b + αb = ε, b = 1, 2, . . . , Nb, (2b)

where eq. (2a) provides the total force in the device and eqs. (2b) are the evolution equations for
the internal states of the device.

When the system reaches equilibrium, i.e., when α̇b ≈ 0, the internal variables of the system all
become equal to the strain, αb ≈ ε and eq. (2a) reduces to σ = E∞ε. This observation justifies the
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subscript (·)∞ used for the spring stiffness constant of the elastic branch: if the system is brought
to equilibrium for t→∞, its stiffness is E∞.

The work done by the viscous force in the dashpot of branch b is W d
b = σbαb, i.e., the product of

the viscous force in the dashpot, σb, by its strain, αb. The dissipated power is now P d
b = σbα̇b and

because σb = ηbα̇b, this power becomes P d
b = ηbα̇

2
b ≥ 0. As expected the viscous branch is purely

dissipative. Summing up over all the branches, the power dissipated by the device is

P d =

Nb∑
b=1

ηbα̇
2
b =

Nb∑
b=1

σ2
b

ηb
≥ 0. (3)

The cumulative dissipated energy is found by integrating this power over time to find

Ed(t) =

Nb∑
b=1

∫ t

0

ηbα̇
2
b dt =

Nb∑
b=1

∫ t

0

σ2
b

ηb
dt ≥ 0. (4)

The cumulative dissipated energy is a monotonically increasing function of time.

2.3 Convolution integral

Because the evolution equation (2b) can be recast as d[exp(t/τb)αb]/dt = (1/τb) exp(t/τb)ε, integra-
tion over time yields αb = (1/τb)

∫ t
−∞ exp[−(t− s)/τb]ε(s) ds. Assuming that ε(t)→ 0 as t→ −∞,

integration by parts then leads to

αb(t) = ε(t)−
∫ t

−∞
e−(t−s)/τb ε̇(s) ds. (5)

The stress convolution integral then follows from introducing eq. (5) into eq. (2a) to find

σ(t) =

∫ t

−∞
G(t− s)ε̇(s) ds, (6)

where the relaxation function, G(t), is defined as

G(t) = E∞ +

Nb∑
b=1

Ebe
−t/τb . (7)

Clearly, the generalized Maxwell model can be expressed by convolution integral (6), where
the relaxation function is defined by eq. (7). Alternatively, the same model can be represented by
eq. (2a), where the internal states satisfy evolution equations (2b).

Note that for Nb = 0, the relaxation function reduces to G(t) = E∞ and eq. (6) then simplifies
to σ(t) = E∞ε(t), i.e., linear elasticity is recovered. Clearly, the first term of the relaxation function
models the linearly elastic behavior of the material and each of the terms under the summation sign
characterize viscoelastic behavior with a material time constant, τb. The same observation can be
made for the evolution equations: if τb = 0, the solution of evolution equation (2b) is αb = ε, and
eq. (1) yields σ = E∞ε, as expected.
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A typical term of convolution integral (6) can be written as σb(t) =
∫ t
−∞Eb exp[−(t−s)/τb]ε̇(s) ds

for branch b. In practical implementations, a numerical solution of this equation will be required.
Let ti and tf denote the initial and final times of a time step of size h = tf − ti. It now follows that

σbf =

∫ ti+h

−∞
Ebe

− ti+h−s
τb ε̇(s) ds

=

∫ ti

−∞
Ebe

− ti+h−s
τb ε̇(s) ds+

∫ ti+h

ti

Ebe
− ti+h−s

τb ε̇(s) ds

= e
− h
τb

∫ ti

−∞
Ebe

−(ti−s)/τb ε̇(s) ds+ e
− h

2τbEb(εf − εi),

(8)

where σbf = σb(t = tf ) and the last term was obtained by evaluating the corresponding integral
using the mid-point rule with ε̇(s) = (εf − εi)/h. This expression can be recast as a recurrence
relationship

σbf = Υb1σbi + Υb2Eb(εf − εi), (9)

where σbi = σb(t = ti), h̄b = h/τb and the following parameters were defined,

Υb1 = e−h̄b , Υb2 = e−h̄b/2. (10)

For the numerical solution of the convolution integral to be accurate, the time step size must be
smaller than the characteristic time. For h � τb, i.e., h̄b � 1, Υb1 ≈ 1 and Υb2 ≈ 1 and the force
in the branch becomes σbf ≈ σbi + Eb(εf − εi).

2.4 Frequency domain description of the relaxation function

In contrast to the time domain characterization described in the previous section, linear viscoelastic
materials can also be described in the frequency domain. Consider the following harmonic strain
input, ε(t) = ε̂eiΩt, where ε̂ is the amplitude of the harmonic excitation, Ω the excitation frequency,
and i =

√
−1. Introducing this strain history into convolution integral (6) yields

σ(t) =

[
E∞ +

Nb∑
b=1

Eb
(Ωτb)

2 + i(Ωτb)

1 + (Ωτb)2

]
ε(t). (11)

It is customary to characterize the harmonic response of the material in terms of the “storage”
or “elastic modulus” and the “loss modulus,” denoted Ge(Ω) and Gd(Ω), respectively, σ(t) =
[Ge(Ω) + iGd(Ω)] ε(t), where [Ge(Ω) + iGd(Ω)] is called the “complex modulus” of the material.
The elastic and loss moduli characterize the in-phase and out-of-phase stress response, respectively,

Ge(Ω) = E∞ +

Nb∑
b=1

Eb
(Ωτb)

2

1 + (Ωτb)2
, (12a)

Gd(Ω) =

Nb∑
b=1

Eb
(Ωτb)

1 + (Ωτb)2
. (12b)

6



The Kelvin-Voigt element consists of an elastic spring of stiffness constant E in parallel with a
dashpot of constant η. The Kelvin-Voigt element is a particular case of the generalized Maxwell
model with the following parameters: Nb = 1, E∞ = E, τ1 → 0 and E1 → +∞ such that E1τ1 = η.
With this set of parameters, eqs. (12) give the elastic and loss moduli as Ḡe(Ω) = Ge/E = 1 and
Ḡd(Ω) = Gd/E = Ωτ , respectively, where τ = η/E is the relaxation time.

The Zener solid element, also known as the “linear solid element,” consists of an elastic spring
of stiffness constant E∞ in parallel with a single Maxwell fluid element characterized by a spring
of stiffness E1 and a relaxation time τ1. With this set of parameters, eqs. (12) give the elastic
and loss moduli as Ḡe(Ω) = Ge/E0 = [(1 − ν1) + (Ωτ)2]/[1 + (Ωτ)2], and Ḡd(Ω) = Gd/E0 =
[ν1(Ωτ)]/[1 + (Ωτ)2], respectively, where E0 = E∞ + E1, ν1 = E1/E0, and τ = τ1.

Figures 2b and 2b show the non-dimensional elastic and loss moduli versus the non-dimensional
excitation frequency, Ωτ , on a logarithmic scale for the Kelvin-Voigt and Zener solid elements,
respectively. Because the loss modulus can also be interpreted as the energy dissipated by the
dashpot over one period, the data shown in fig. (2a) implies that the energy dissipated by the
Kelvin-Voigt element rises rapidly as the excitation frequency increases. This is not the behavior
observed in actual materials, for which energy dissipation vanishes at high frequency. The Zener
model is far more realistic; optimum energy dissipation is observed for non-dimensional excitation
frequencies Ωτ ≈ 1.
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(a) Kelvin-Voigt model
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Figure 2: Elastic modulus (top figure) and loss modulus (bottom figure) versus non-dimensional
frequency, Ωτ . Solid (ν1 = 1.0), dashed (ν1 = 0.75), dashed-dotted (ν1 = 0.50), dot-dashed (ν1 =
0.25), and dotted line (ν1 = 0.01).

3 Viscoelastic behavior of single-degree-of-freedom sys-

tems

Typically, the formulation of lower-pair joints in multibody systems includes the explicit definition
of the relative motion components at the joints [16], such as the relative rotation or displacement
component for revolute or prismatic joints, respectively. The explicit definition of these quantities
as additional variables of the model allows the introduction of elastic elements or viscous elements,
or both, in the joints.
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3.1 Generalized Maxwell model for single-dimensional joints

Let M(t) and φ(t) be the moment and relative rotation at the revolute joint. The generalized
Maxwell model summarized in section 2 applies to the present problem directly. The total moment
in the joint is

Mf = Mef +

Nb∑
b=1

Mbf , (13)

where the elastic moment is Mef = k∞φf and the viscous moment in branch b is Mbf = Υb1Mbi +
Υb2kb(φf − φi) as implied by eq. (9). The stiffness parameters of the model are k∞ > 0 for the
elastic branch and kb > 0 for the viscous branches; the relaxation times τb appear in constants Υb1

and Υb2 defined by eq. (10). The stiffness of the joint is obtained by taking a derivative of the total
moment with respect to angle φf to find

kf =
dMf

dφf
= k∞ +

Nb∑
b=1

Υb2kb. (14)

From a practical standpoint, the implementation of the viscoelastic model is straightforward:
the total moment is found by adding the moments of the viscous branches to the elastic moment,
see eq. (13), and the total stiffness is found by adding the branch stiffness contributions to the
elastic stiffness, see eq. (14). The key to the implementation of the model is recurrence relationship
Mbf = Υb1Mbi + Υb2kb(φf − φi) that involves all the parameters of the model.

In view of the structure of eqs. (13) and (14), the viscous moments can be added easily to an
existing implementation dealing with elastic behavior only. The torsional viscoelastic behavior of
revolute joints was addressed in this section; the rectilinear viscoelastic behavior of prismatic joints
can be treated similarly.

3.2 Nonlinear models for single-dimensional joints
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Figure 3: Configuration of the nonlinear
viscoelastic model

The generalized Maxwell model presented in the previ-
ous section is a linear viscoelastic model. To develop
realistic simulation tools for joints, models that capture
material nonlinear behavior must be developed. This is
particularly critical when elastomeric materials are used
in the joint. Figure 3 shows such a model that consists
of a number of branches placed in parallel. Four types of
branches are considered here: elastic branches, dashpot
branches, plastic branches, and viscous branches.

The elastic and dashpot branches consist of elastic
springs and viscous dashpots, respectively. The viscous
and plastic branches are more complex and their behav-
ior is modeled by differential equations involving addi-
tional internal states. Nonlinear properties can be as-
signed to all elements of the model.

The total force generated by the model is the sum of the forces generated by the individual
branches, σ =

∑
σe +

∑
σd +

∑
σp +

∑
σv, where σe, σd, σp, and σv are the forces in the elastic,
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dashpot, plastic, and viscous branches, respectively. Any number of branches of each type can
be used. Elastomers, especially carbon-black filled rubbers, exhibit complex constitutive behavior
and the various branches of the proposed model each capture a characteristic behavior of these
materials. The total elongation of the device is denoted ε and equals that of each of the branches.

3.2.1 The elastic branch

The force in the elastic branch, denoted σe, is a function of the elongation only, i.e., σe = σe(ε). For
linear elastic springs, σe = kε, where k is the elastic spring constant. For nonlinear elastic springs,
the constitutive law can be recast as σe = σe(ε), where k(ε) = dσe/dε is a positive-definite function
of the elongation.

3.2.2 The dashpot branch

The force in the dashpot branch, denoted σd, is a function of the elongation rate only, i.e., σd =
σd(ε̇). For linear dashpots, σd = cε̇, where c is the dashpot constant. For nonlinear dashpots, the
constitutive law can be recast as σd = σd(ε̇), where c(ε̇) = dσd/dε̇ is a positive-definite function of
the elongation rate. The power dissipated in the dashpot branch is P d = c(ε̇)ε̇2 ≥ 0.

3.2.3 The plastic branch

The plastic branch consists of a plastic and of an elastic component arranged in series, as illustrated
in fig. 4. The elongations of these two components are denoted εp and εep, respectively, such that
ε = εp + εep. The constitutive law for the elastic component is σp = kpεep, where σp is the force in
the plastic branch and kp > 0 is the spring stiffness constant. The constitutive law for the plastic
component is a Coulomb-type friction law, σp = ηpε̇p/|ε̇|, where ηp > 0 is a material parameter that
characterizes the plastic behavior. Combining these equations yields the constitutive equation for
the plastic branch,

σ̇p = kp

(
ε̇− |ε̇|

ηp
σp

)
, (15)

where ε̇p = |ε̇|σp/ηp. The power dissipated in the plastic branch is P d = σpε̇p = |ε̇|σ2
p/ηp ≥ 0. The

plastic branch provides a frequency-independent energy dissipation mechanism.

σp

εp εep

ε

kp
ηp

Figure 4: Configuration of the plastic branch

σv

εv εev

ε

kvηv

Figure 5: Configuration of the viscous branch

3.2.4 The Maxwell fluid branch

The viscous branches consist of a viscous and of an elastic component arranged in series, as illus-
trated in fig. 5. The elongations of these two components are denoted εv and εev, respectively, such
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that ε = εv + εev. The model of the viscous component differs for the Maxwell fluid, Haupt-Sedlan,
and Höfer-Lion branches. The Maxwell fluid element is described by a single differential equation

σ̇v = kv

(
ε̇− σv

ηv

)
, (16)

where σv is the force in the viscous branch, kv > 0 the stiffness of the elastic component, ε̇v = σv/ηv
the viscous strain rate, and ηv = τkv is the viscosity parameter of the model. The power dissipated
in the Maxwell fluid branch is P d = σvε̇v = σ2

v/ηv ≥ 0. The viscous branches provide frequency-
dependent energy dissipation mechanisms.

3.2.5 The Haupt-Sedlan branch

The viscous model proposed by Haupt and Sedlan [17] describes the behavior of the viscous branch
in terms of two differential equations,

σ̇v = kv

(
ε̇− (ξz|ε̇|+ 1)

zkv
σv

)
, (17a)

ż(t) =

√
(zmax − zmin)(zmax − z)

zq
− ζ(z − zmin)|ε̇|, (17b)

where ε̇v = (ξz|ε̇|+ 1)σv/(zkv) is the viscous strain rate and z an internal state. Equation (17a) is
the governing equation for the viscous force. Equation (17b) is the evolution equation for internal
state z that describes the time dependency of relaxation time. This equation involves four material
parameters, zmin, zmax, zq, and ζ. The initial condition for the evolution equation is z(t = 0) = zmax
and at all subsequent times, zmin ≤ z ≤ zmax. The power dissipated in the Haupt-Sedlan branch is
P d = σvε̇v = (ξz|ε̇|+ 1)σ2

v/(zkv) ≥ 0.
For particular choices of the parameters, eqs. (17) degenerate into simpler models. If ζ = 0, the

solution of eq. (17b) is z = zmax, i.e., the internal state becomes constant, and eq. (17a) now reduces
to σ̇v = kvε̇ − (ξzmax|ε̇| + 1)σv/zmax. This model involves three material parameters only: kv, ξ,
and zmax. If ξ = 0, the model further degenerates to σ̇v = kvε̇− σv/zmax, which is the constitutive
equation for the Maxwell fluid element with ηv = kvzmax.

3.2.6 The Höfer-Lion branch

The viscous model proposed by Höfer and Lion [18] describes the behavior of the viscous branch in
terms of 2 + L differential equations,

σ̇v = kvε̇−
ż

τ0

σv, (18a)

ż(t) = α (τ̄ |ε̇|+ 1) + (1− α)

(
L∑
i=1

diqi + 1

)
, (18b)

q̇i(t) =
1

τqi
(τq0|ε̇| − qi) , i = 1, 2, . . . L, (18c)

where z and qi are internal states of the Höfer-Lion model. Equation (18a) is the governing equation
for the viscous force. Equation (18b) is the evolution equation for internal state z that describes
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the time dependency of relaxation time. This equation involves 2 + L material parameters, α, τ̄ ,
and di, i = 1, 2, . . . L. The initial condition for the evolution equation is z(t = 0) = 0. Finally, each
of the L internal states qi, i = 1, 2, . . . L, have their own evolution equation (18c), which involve
1 + L additional material parameters, τq0 and τqi, i = 1, 2, . . . L.

The two terms in the right-hand side of eq. (18b) aim to capture two different mechanisms
present in elastomeric materials: the first term describes the short-term behavior of the material
between amplitude steps and the second term describes the long-term recovery behavior of the
elastic modulus.

When α = 1, eq. (18b) reduces to ż(t) = τ̄ |ε̇| + 1 and the additional internal states, qi, i =
1, 2, . . . L, no longer affect the response. Clearly, for α = 1, the Höfer-Lion model is a particular
case of the Haupt-Sedlan model where ζ = 0, ξ = τ̄ /τ0, and zmax = τ0. Hence, case α = 0 only is
developed further.

When α = 0, the Höfer-Lion model characterized by eqs. (18) reduces to

σ̇v = kv

(
ε̇−

∑L
i=1 diqi + 1

kvτ0

σv

)
, (19a)

q̇i =
1

τqi
(τq0|ε̇| − qi) , i = 1, 2, . . . L, (19b)

where ε̇v = (
∑L

i=1 diqi + 1)σv/(kvτ0) the viscous strain rate and τ0 is the constant relaxation time.
Each internal state qi introduces two material parameters, di and τqi. The internal states describe
the amplitude dependence of material behavior. The power dissipated in the Höfer-Lion branch is
P d = σvε̇v = (

∑L
i=1 diqi + 1)σ2

v/ηv ≥ 0, where the viscosity parameter is now defined as ηv = kvτ0.
When all di vanish, the model further degenerates into the Maxwell fluid element model, stated as
σ̇v = kv(ε̇− σv/ηv).

4 Numerical examples for joints

For all the examples presented in this paper, the governing equations of multibody systems were
integrated using the generalized-α scheme [19, 20]. Numerical stability of this scheme cannot be
proved for nonlinear multibody systems. For each of the constitutive models described in the
previous section, expressions were listed for the power they dissipate, which is a positive-definite
function of the viscous stresses.

The constitutive equations of the joints, particularly those of plastic branches, present time
constants that can be far smaller than those characterizing the overall response of multibody sys-
tems. To avoid the use of small time step sizes for the integration of the governing equations of
multibody systems, constitutive equations were integrated with a fourth-order Runge-Kutta scheme
using smaller time step sizes than those used for the multibody system, a strategy used by previous
scholars [21, 22]. In all examples, the constitutive equations for the joints were integrated using a
fourth-order Runge-Kutta scheme; 48 steps of this integrator were used for each time step of the
generalized-α scheme.
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4.1 Beam with root rectilinear damper

The first example deals with a beam of length L = 0.8 m pinned at point R and featuring a spherical
tip mass M = 10 kg and mass moment of inertia I = 1 g m2, as shown in fig. 6. At point C, located
at a distance d = 0.24 m from point R, the beam is connected rigidly to a horn of length a = 80
mm. At point D the tip of the horn is connected to the ground via a damper.

R Beam1 Beam2

Horn

C

DS

Tip mass M

d

L

aDamper

P(t)

Figure 6: Configuration of the beam with
a root damper

The beam and horn have a rectangular cross-section
of width w = 100 mm and height h = 20 mm made of
aluminum with Young’s modulus E = 73 GPa, Poisson’s
ratio ν = 0.3, and mass density ρ = 2,700 kg m−3. At
the tip of the beam, load P (t) is acting in the vertical
direction. For t ∈ [0, 1] s, P (t) = P0 sin Ωt, where P0 =
100 N, Ω = 2π/T , and T = 0.2 s; for t > 1 s, P (t) = 0.
Beam 1 and Beam 2 were each modeled with four cubic
beam elements. The simulation was run for a total of
16 s using a constant time step size of ∆t = 10 ms.

Three different dampers will be contrasted in the example. For the first two cases, the damper is
made of a Zener solid, a particular case of the generalized Maxwell model presented in section 2.1,
which consists of one elastic branch in parallel with one Maxwell fluid branch, see fig. 1. For cases
(a) and (b) E∞ = E1 = 500 N m−1 and the relaxation times are τa = 1.75 s and τb = 0.035 s,
respectively. The last case, denoted case (c), is a nonlinear damper as described in section 3.2. It
consists of one elastic branch in parallel with one plastic branch, see fig. 3. The elastic branch is
a linear spring of stiffness constant E∞ = 500 N m−1; the plastic branch, see section 3.2.3, has a
stiffness parameter kp = 1 kN m−1 and a plastic coefficient ηp = 10 N.
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(a) Damper stroke
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(b) Damper force

Figure 7: Damper response. Case (a): dash-dotted line, case (b): dashed line, and case (c): solid
line.

For a Zener solid, the dissipation provided by the damper is maximum when Ωτ = 1, see fig. 2b.
For this example, two frequencies are present in the response, the first bending frequency of the
beam, Ωb ≈ 0.57 rad s−1 and the excitation frequency Ωe = 2π/T ≈ 31 rad s−1. Consequently,
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relaxation times τ = 1/Ωb ≈ 1.75 s and τ = 1/Ωe ≈ 0.035 s, corresponding to cases (a) and (b),
respectively, should provide maximum damping at the beam’s natural frequency and excitation
frequency, respectively.
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Figure 8: Damper response. Case (a): dash-dotted line, case (b): dashed line, and case (c): solid
line.

Figure 7a and 7b show the damper stroke and force, respectively, as functions of time. As
expected, case (a) exhibits far more damping than case (b) at the beam’s natural frequency. To
further contrast the behavior of the three dampers, their hysteresis loop is shown in fig. 8a. Because
the dissipated energy is proportional to the area enclosed by the hysteresis loop, it is clear that
damper (b) hardly dissipates any energy at all, whereas dampers (a) and (c) absorb the vibratory
energy of the beam at its first natural frequency effectively. To further verify these results, the
cumulative energy dissipated in the dampers is shown in fig. 8b. This energy was obtained by
integrating over time the power dissipated in the damper. Clearly, damper (c) is the most efficient
as it absorbs the most energy most expeditiously. Damper (a) absorbs about the same amount of
energy, but does so at a slower rate.

Because dampers (a) and (b) are linear, their hysteresis loops are elliptical. In contrast, the
hysteresis loop of damper (c) exhibits sharp angles, which correspond to the sudden onset of sliding
in the plastic branch.

4.2 Viscoelastic flexible joint

The second example deals with a cantilevered beam of length L = 2.4 m featuring a mid-span
flexible joint and a spherical tip mass M = 10 kg with a mass moment of inertia I = 1 g m2 located
at a distance d = 0.5 m from the beam’s reference axis, as shown in fig. 9. The physical properties
of the beam are as follows: axial stiffness S = 50.53 MN, shear stiffnesses K22 = 13.85 MN and
K33 = 2.72 MN, torsional stiffness H11 = 8.56 kN m2, bending stiffness H22 = 7.80 kN m2 and H33

= 47.5 kN m2, mass per unit span m00 = 1.86 kg m−1, mass moment of inertia per unit span m22

= 0.286 g m and m33 = 1.75 g m. At point T, load P (t) is acting in the vertical direction. For
t ∈ [0, T ], P (t) = P0(1− cos 2πt/T )/2, where P0 = 100 N and T = 0.2 s; for t > T , P (t) = 0.
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L/2 P(t)
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i3
_
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_

i3
_

P(t)
d

T

Figure 9: Configuration of the beam with a
flexible joint

The massless flexible joint located at the mid-
span of the beam has the following properties: stiff-
nesses Ke

s
(1, 1) = Ke

s
(2, 2) = Ke

s
(3, 3) = 1 GN m−1

along unit vectors ı̄1, ı̄2, and ı̄3, respectively, and
bending stiffnesses Ke

s
(4, 4) = Ke

s
(5, 5) = Ke

s
(6, 6)

= 100 N m rad−1 about unit vectors ı̄1, ı̄2, and ı̄3,
respectively. One additional stiffness term couples
the bending stiffnesses about unit vectors ı̄1 and ı̄2,
Ke
s
(4, 5) = Ke

s
(5, 4) = 50 N m rad−1. In summary, the

joint 6×6 elastic stiffness matrix has diagonal entries and two off-diagonal entries. The viscoelastic
behavior of the joint is modeled through the generalized Maxwell model described in section 6.3. A
single Maxwell fluid branch is considered with a stiffness matrix Kv

s1
= Ke

s
. Two different relaxation

times are investigated: for cases (a) and (b), τ1 = 0.5 s and τ1 = 0.03 s, respectively.
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Figure 10: Case (a), solid line; case (b), dashed line.

The beam was modeled with a total of 16 cubic beam elements. The simulation was run for a
total of 8 s using a constant time step size of ∆t = 2 ms. Figures 10a and 10b show the beam’s
vertical displacement at point T and the joint deformation measure about unit material vector ē1,
respectively. Clearly, the response of the system involves two distinct frequencies, Ω1 ≈ 1.75 rad s−1

and Ω2 ≈ 37 rad s−1, which correspond to the first bending and torsion vibration modes of the
second half of the beam connected to the flexible joint on one side and to the tip mass on the other.

For case (a), Ω1τ1 = 1.75 × 0.5 ≈ 1 and for case (b), Ω2τ1 = 37 × 0.03 ≈ 1. Clearly case
(a) maximizes the damping at the low frequency mode whereas case (b) maximizes that at the
high frequency, see fig. 2b. These facts help explain the responses observed in figs. 10a and 10b:
for case (a), the low-frequency response is damped effectively whereas little damping affects the
high-frequency response; the opposite behavior is observed for case (b).

Figure 11a shows the cumulative dissipated energy in the flexible joint. For case (b), the energy
associated with the high-frequency vibration is dissipated very rapidly, within the first half second
of the response; while the damper continues to dissipate energy afterwards, it does so at a much

14



0                    2                     4                    6                    8
Time [s]

D
is

si
p

at
ed

 e
n

er
gy

 [
J]

14

12

10

8

6

4

2

0

(a) Cumulative dissipated energy in the joint

0                    2                     4                    6                    8
Time [s]

M
om

en
ts

 [
N

 m
]

150

100

50

0

-50

-100

-150

-200

(b) Total and viscous moments in the joint

Figure 11: Case (a), solid line; case (b), dashed line.

slower rate because it provides little damping at the low-frequency vibration. For case (a), the
damper dissipates less energy and at a slower rate.

To further confirm these results, fig. 11b depicts the total and viscous moments about material
unit vector ē2. For case (a), the total and viscous moments are nearly in phase, which implies that
the dissipated power is low. For case (b), the viscous moment nearly vanishes after the first second
of the response.

5 Preliminaries on rigid-body motion

To handle the large amplitude motion of multibody systems, formulations based on the special
Euclidean group SE(3) have been developed by Borri and Bottasso [23], McRobie and Lasenby [24],
Merlini and Morandini [25], Sander [26], Sonneville et al. [27], and Demoures et al. [28]. In this
formalism, position and rotation variables are coupled and treated as a unit referred to as a “frame”
or a “motion.” This framework comes with powerful tools to describe the kinematics of the structure:
the treatment of rigid-body motions is streamlined, leading to deformation measures that are both
objective and tensorial and advantageous numerical properties result [29, 30, 31].

Consider a vector of dimension 3, denoted •, the following notation is introduced

•̃ =

 0 −•3 •2

•3 0 −•1

−•2 •1 0

 and axial(•̃) = •. (20)

Rigid-body motion can be represented by motion tensor R = R + ε r̃R, where R denotes the

rotation tensor [16], r the position vector of a reference point of the rigid body, and parameter ε
is such that εn = 0 for n ≥ 2. The principle of transference [32, 33] implies that all mathematical
formulæ for rotation can be extended to rigid-body motion by replacing all real variables by their
dual counterparts [34].
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Given motion field R (α1, t), where α1 and t denote space and time, respectively, the components

of the dual velocity vector are

ṽ = R ?T Ṙ
?

= −Ṙ
?T

R ?T = ω̃ + ε ṽ, (21)

where notations ˙(·) indicates a derivative with respect to time. Notation (·)? indicates tensor
components resolved in the inertial frame; the components of all other tensors are resolved in
the material frame. The components of the angular and linear velocity vectors are denoted ω =
axial(R?T Ṙ

?
) and v = R?T ṙ?, respectively.

The definitions of the virtual and incremental motion vectors are similar to that of the dual
velocity vector, eq. (21),

δ̃u = R ?T δR ? = δ̃ψ + ε R̃?T δr?, (22a)

∆̃u = R ?T∆R ? = ∆̃ψ + ε R̃?T∆r?, (22b)

where R?T δr? and δψ = axial(R?T δR?) denote the virtual displacement and rotation vectors, re-

spectively; R?T∆r? and ∆ψ = axial(R?T∆R?) denote the incremental displacement and rotation
vectors, respectively.

The motion tensor can be expressed in terms of dual motion parameter vector p [35, 16, 34], of
size 3× 1; the following notation is introduced

p = p(R )⇐⇒ R = R(p̃). (23)

Operator p(·) extracts motion parameter vector p from motion tensor R whereas operator R(·)
computes motion tensor R from the corresponding motion parameter vector. Derivative and in-

crements of the motion parameter vector are related to the dual velocity and incremental motion
by

ṗ = T −1(−p)v , (24a)

dp = T −1(−p)du, (24b)

where T is the tangent tensor. Tangent tensor T enjoys the following remarkable properties,

R = T T −T = T −TT , (25a)

p̃ = T −T − T −1. (25b)

For the Euler-Rodrigues parameterization [35, 16, 34], the tangent tensor and its inverse are

T (p) =
1
η

I +
1
2

p̃ +
1

4η
p̃p̃, (26a)

T −1(p) = ηI − 1

2
p̃, (26b)

where η =
√

1− ‖p‖2/4.
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The inner product operation in the dual number domain does not yield the expected virtual
work. Following the advice of Dimentberg [36], the “extended notation” is introduced, which recast
dual vectors and matrices in D3 to entities in R6, i.e.,

s = s+ ε s◦ → S =

{
s◦

s

}
,

S = S + ε S◦ → S =

[
S S◦

0 S

]
.

(27)

In the dual notation, the velocity vector, virtual motion vector, incremental motion vector, motion
tensor, and tangent tensor, denoted v , δu, ∆u, R , and T , respectively, become V , δU , ∆U , R, and

T , in the extended notation, respectively.
The motion formalism provides the theoretical basis for a sound treatment of the kinematics of

the problem: (1) it treats the position and rotation fields as a unit, (2) it streamlines the treatment
of rigid-body motion, and (3) it leads naturally to deformation measures that are of a tensorial
nature for flexible joints and beams.

6 Formulation of flexible joints

The flexible joint, sometimes called “bushing element” or “force element,” is a common element
found in many multibody systems: it consists of a viscoelastic medium connected to two nodes of the
system. The relative motion between these two nodes deforms the viscoelastic medium, generating
forces and moments at the nodes. The medium can be thought of as a set of six concentrated
springs and dashpots, three rectilinear and three torsional springs and dashpots, connecting two
bodies, but in the general case, the rectilinear and torsional deformations are coupled through both
elastic and viscous effects.

6.1 The deformation measures of the flexible joint

Deformed
configuration

Reference
configuration

K L=
L
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K
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_
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_
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_
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Cl

Figure 12: The flexible joint in its reference and
deformed configurations

In the reference configuration, the flexible joint
is unstrained and its physical properties are de-
fined in frame F0 = [K = L,B0 = (b̄01, b̄02, b̄03)],
as depicted in fig. 12. The motion tensor that
brings inertial frame FI = [O, I = (̄ı1, ı̄2, ı̄3)]
to frame F0 is denoted R?

0
, where notation (·)?

indicates tensor components resolved in the in-
ertial frame. This frame defines the material
frame for the flexible joint. At points K and
L, the flexible joint is connected to two nodes,
denoted nodes k and `. In the reference con-
figuration, the locations of points K and L co-
incide. In the deformed configuration, the mo-
tions at nodes k and ` are defined by frames
Fk = [K,Bk = (b̄k1, b̄k2, b̄k3)] and F` = [L,B` = (b̄`1, b̄`2, b̄`3)], respectively.
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The motion tensors that bring frame F0 to frames Fk and F` are denoted C?
k

and C?
`
, respectively.

The components of the relative motion tensor at the joint, resolved in the material frame, are now

S
s

= (C?
k
R?

0
)−1(C?

`
R?

0
) = R?−1

0
(C?−1

k
C?
`
)R?

0
= R?−1

0
S R?

0
. (28)

The components of this tensor are identical when resolved in frames Fk and F`.
The components of the virtual relative motion vector, resolved in the material frame, are δ̃U rs =

S−1

s
δS

s
, leading to δ̃U rs = R?−1

0
[δ̃U ` − S−1δ̃UkS]R?

0
and finally

δU rs = R?−1

0

[
δU ` − S−1δUk

]
= R?−1

0
δU r, (29)

where δU r = axial(S−1δS) and the virtual motion vectors for nodes k and ` are defined as δUk =

axial(C?−1

k
δC?

k
) and δU ` = axial(C?−1

`
δC?

`
), respectively. Equation (29) defines the virtual relative

motion vector for the flexible joint in terms of the virtual motions at the nodes as

δU r = δU ` − S−1δUk. (30)

The relative motion tensor can be viewed as a deformation measure for the flexible joint. Because
the relative motion tensor remains unaffected by the superposition of a rigid-body motion, it is both
objective [37] and tensorial. Hence, it forms a suitable deformation measure for the flexible joint.
The relative motion tensor is not a “strain tensor” as generally understood in continuum mechanics.
Indeed, in three-dimensional elasticity, strain tensors describe deformation at a point of an elastic
body and hence, measure the deformation of a differential element at a point of the body. In the
present case, the relative motion tensor measures the deformation of a viscoelastic body of finite
size.

Although the relative motion tensor is a suitable deformation measure for flexible joints, it is
highly redundant because it involves 36 components. Consider a vectorial parameterization, E , of
the relative motion tensor [35, 16],

E = p(S). (31)

Any vectorial parameterization of the relative motion tensor is an objective and tensorial measure
of deformation because the relative motion tensor itself possesses these properties. This set of defor-
mation measures, however, is not defined uniquely: any motion parameter vector provides a suitable
choice of these deformation measures. In fact, the vectorial parameterization of motion provides
a family of deformation measures for flexible joints. For all parameterizations, the infinitesimal
motion vector is recovered as the deformation measure for small relative motions at the joint.

Equation (24b) provides the relationship between the virtual relative motion vector and incre-
ments in the deformation measures as

δU r = T (−E)δE , (32)

where T is the tangent tensor defined by eq. (26a). The virtual deformation measures become

δE = T −1(−E)δU r and introducing eq. (30) yields δE = T −1(−E)(δU `−S−1δUk) = T −1(−E)δU `−
T −1(E)δUk, where the second equality results from identity (25a). Recasting this relationship in
matrix form leads to

δE = B δ̂U , (33)
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where array δ̂U
T

= {δUTk , δUT` } stores the virtual motion vectors at the nodes and matrix B is a
function of the relative motion only

B =
[
−T −1(E) T −1(−E)

]
=
[
−T −1(E) Ẽ + T −1(E)

]
, (34)

where the second equality stems from identity (25b).

6.2 Loading and virtual work of the flexible joint

The deformation of the flexible joint stems from the application of forces and moments. At point
K, the applied force and moment vectors are denoted F k and Mk, respectively; the corresponding
quantities applied at point L are denoted F ` and M `, respectively. The loading applied to the
flexible joint is defined in the following manner ATk = {F T

k ,M
T
k }, AT` = {F T

` ,M
T
` }, where Ak and

A` denote the loads applied at points K and L, respectively, resolved in material frames Fk and
F`, respectively.

The joint is assumed to be massless, i.e., the inertial forces associated with its motion are
neglected. Newton’s law requires the vanishing of the sum of the forces and moments applied to the
flexible joint, A?k + A?` = 0, where A?k = (C?

k
R?

0
)−TAk and A?` = (C?

`
R?

0
)−TA` are the components

of the loading applied to handles k and `, respectively, both resolved in the inertial frame. The
equilibrium conditions now become

ST
s
Ak +A` = 0, (35)

where S
s

is the relative motion tensor defined by eq. (28).
The virtual work, δW , done by the applied loading is

δW = ATk
(
R?−1

0
δUk

)
+AT`

(
R?−1

0
δU `
)
, (36)

where (R?−1

0
δUk) and (R?−1

0
δU `) are the virtual motions of nodes k and `, respectively, resolved in

material frames Fk and F`, respectively. Introducing eq. (35) leads to

δW = AT` R?−1

0

[
δU ` − S−1δUk

]
= AT` δU rs, (37)

where the second equality results from the definition of the virtual relative motion vector δU r, see
eq. (29). As expected, the virtual work depends on the relative motion at the joint rather than the
individual motions at the two nodes.

The appearance of the loading applied at node ` in eq. (37) is fortuitous: had relative motion
tensor been defined as the relative motion of node k with respect to node ` rather than that of node
` with respect to node k, eq. (37) would state δW = ATk δU rs. With the present definition of the
relative motion tensor, the virtual work is expressed as

δW = AT δU r, (38)

where A = A` is the “loading of the flexible joint.” The loading vectors at nodes k and ` are not
independent as they must satisfy equilibrium condition (35).

Introducing eq. (32) into eq. (38) yields

δW = ATT (−E)δE = FT δE , (39)

where the generalized forces associated with the generalized coordinates E are defined as F =
T T (−E)A.
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6.3 Viscoelastic behavior of the flexible joint

Following the approach suggested by Simo and Hughes [15], the one-dimensional constitutive law
for viscoelastic material, eq. (6), can be extended to three-dimensional form by writing the following
convolution integral,

F s(t) =

∫ t

−∞
K
s
(t− s)Ės(s) ds, (40)

where arrays F s and Es store the six components of force and deformation measure, respectively,
both resolved in the material basis and the relaxation matrix function, K

s
(t), echoes its correspond-

ing scalar equivalent defined by eq. (7),

K
s
(t) = Ke

s
+

Nb∑
b=1

Kv
sb
e−t/τb . (41)

Relaxation times, τb, b = 1, 2, . . . , Nb, and matrices Ke
s

and Kv
sb

, b = 1, 2, . . . , Nb, characterize the
viscoelastic behavior of the joint.

Equation (39) now provides the virtual work done by the internal forces in the joint at time tf
as

δW = δETf

[
F ef +

Nb∑
b=1

Fvbf

]
= δETfFf , (42)

where F e = R?−T
0
F es, Fvb = R?−T

0
Fvsb, and Ff are the elastic, viscous, and total forces in the joint,

adjusted for its initial configuration. The elastic force is F ef = KeEf and Fvbf the viscous forces
in branch b. Following the procedure developed in section 2.3, an approximate solution of the
convolution integral for branch b yields Fvbf = Υb1Fvbi + Υb2Kvb(Ef − E i), where coefficients Υb1 and
Υb2 are given by eq. (10). The stiffness matrices for the elastic and viscous branches are adjusted
for the initial configuration of the joint as

Ke = R?−T
0
Ke
s
R?−1

0
, Kv

b
= R?−T

0
Kv
sb
R?−1

0
. (43)

Following the process leading to eq. (3), the power dissipated in the flexible joint can be evaluated
as P d =

∑Nb
b=1F

vT
bf Kv−1

b
Fvbf/τb ≥ 0.

The nodal forces for the flexible joint are obtained by introducing eq. (33) into eq. (42) to find

δW = δ̂U
T

fB
T

f
Ff = δ̂U

T

f F̂ f , and hence,

F̂ f = BT

f
Ff . (44)

The nodal viscoelastic forces are functions of the relative motion at the joint, Ef , only and hence,
the present formulation is invariant under large rigid-body motions of the joint.

Linearization of the generalized forces leads to

∆F̂ f = K̂ ∆̂Uf , (45)

The stiffness matrix of the joint is

K̂ =
[
BT (Ef )K +HT (Ef ,Ff )

]
B(Ef ), (46)
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where the effective stiffness matrix is K = Ke +
∑Nb

b=1 Υb2Kvb , and matrix H(E ,F) is defined as

HT (E ,F) =

[
− L[(E ,F)

F̃ [ + L[(E ,F)

]
, (47)

where operator L[(E ,F) = −P [(E ,F)/(4η) − F̃ [/2. Operator P [ is defined implicitly by the

following identity, (ETQ)TF = P [Q, where Q is an arbitrary dual vector.

7 Viscoelastic behavior of geometrically exact beams

Sections 3 and 6 have addressed the viscoelastic behavior of single- and three-dimensional joints.
The present section deals with the viscoelastic behavior of geometrically exact beams. The proposed
approach combines the modules depicted in a schematic manner in fig. 13.

The first module, see label 1 in the figure, implements the three-dimensional beam theory de-
veloped by Bauchau and Han [38, 39] in a code called “SectionBuilder.” The following assumptions
are made: (1) the beam’s reference line is of constant curvature; (2) cross-sectional geometry and
material properties remain uniform along the span; (3) strains and warping displacements remain
small; and (4) the beam’s span is larger than the characteristic decay length of the cross section.

The inputs to this code are the two-dimensional geometry of the beam’s cross-section and the
physical properties of the constituent materials. In addition to mass densities, these include the
Young’s modulus and Poisson’s ratio for homogeneous, isotropic materials, or a more complete set of
stiffness parameters for anisotropic materials, such as composite materials [40, 41]. Under the stated
assumptions, SectionBuilder provides an exact solution of linear, three-dimensional elasticity; all
warping deformations, both in-plane and out-of-plane are accounted for. The 6×6 sectional stiffness
of the beam is evaluated. Ply-by-ply analysis of advanced composite material constructions becomes
possible and three-dimensional states of stress, including interlaminar stresses, can be recovered at
any point of the beam. This approach has been fully validated against three-dimensional finite
element solutions using brick elements [38, 39].

This first module is described in details in the sequel because its generalization to include
viscoelastic materials modeled via the generalized Maxwell model is key to the proposed approach
to the modeling of viscoelastic beams. Relaxation times and stiffness matrices are additional inputs
required to define material relaxation functions.

The second module, see label 2 in fig. 13, implements the geometrically exact beam analysis in
a code called “Dymore.” This implementation deals with beams undergoing motions of arbitrary
magnitude but small deformations. Given the beam’s geometry, boundary conditions, and loading,
solution of the beam equations provides its dynamic response, i.e., the sectional motion and force
histories. This one-dimensional analysis is nonlinear because the beam undergoes large motions
although sectional and local strains are assumed to remain small at all times. This approach has
been fully validated against three-dimensional finite element solutions using brick elements [16,
38, 39, 42, 43], analytical solutions [44], and against benchmark problems [45] used to validate
geometrically exact beam formulations.

The overall analysis strategy splits into three separate problems: (1) a linear, two-dimensional
problem over the beam’s cross-section, which determines the intrinsic warping field, the sectional
stiffness matrices, and the sectional viscoelastic properties, (2) a nonlinear, one-dimensional problem
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Figure 13: Practical implementation of the proposed approach for viscoelastic beams.

along the beam’s reference line, which evaluates the time histories of the beam’s sectional motions
and forces and (3) a post-processing phase, labeled 3 in fig. 13, that recovers three-dimensional
stresses and strains at any point in the beam. The overall analysis approach outlined above was
pioneered by Giavotto et al. [46] and a similar approach was used by Hodges et al. [47].

Sections 7.1 to 7.3 provide a review of the linear, two-dimensional analysis of beam cross-sections,
leading to the central solution presented in section 7.4. The proposed viscoelastic beam model is
then developed in the subsequent sections. The nonlinear, one-dimensional geometrically exact
beam formulation is not discussed here because the proposed viscoelastic beam model does not
impact this portion of the computation strategy presented in fig. 13.

7.1 Kinematics
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Figure 14: Configuration of a nat-
urally curved beam.

Figure 14 depicts a naturally curved and twisted beam of length
L, with a cross-section of arbitrary shape and area A. The
volume of the beam is generated by sliding the cross-section
along the reference line of the beam, which is defined by an
arbitrary curve in space denoted C. Curvilinear coordinate
α1 defines the intrinsic parameterization of this curve, i.e., it
measures length along C. Point B is located at the intersection
of the reference line with the plane of the cross-section. The
unit tangent vector to curve C is

t̄ =
∂rB
∂α1

, (48)

where rB is the position vector of point B with respect to the origin of the reference frame, FI =
[O, I = (̄ı1, ı̄2, ı̄3)].

In the reference configuration, the cross-section is defined by frame F =
[
B,B = (b̄1, b̄2, b̄3)

]
.

The plane of the cross-section is determined by two mutually orthogonal unit vectors, b̄2 and b̄3;
in general, the unit tangent vector, t̄, to curve C is not aligned with unit vector b̄1, as illustrated
in fig. 14. A set of material coordinates that represent the configuration of the beam naturally
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is selected as follows: α1, α2, and α3, where the last two coordinates measure length along the
directions of unit vectors b̄2 and b̄3, respectively.

The orientation of the sectional plane changes as it slides along curve C. Consequently, sectional
basis B is a function of curvilinear variable α1; the rotation tensor that brings basis I to basis B is
denoted R?(α1). The following motion tensor [16] is defined

C?(R?, r?B) =

[
R? r̃?BR

?

0 R?

]
. (49)

The components of the beam’s curvature vector in its initial configuration, resolved in basis B, are
then K̃ = C?−1C?′, where notation (·)′ denotes a derivative with respect to α1. It is verified easily

that KT = {t̄T , kT}, where k = axial(R?TR?′) is the curvature vector.

7.2 Strain components

The derivation summarized here holds for beams undergoing large displacements and rotations,
but strain components remain very small at all times. The components of the Green-Lagrange
strain tensor are partitioned into the out-of-plane and in-plane strain components, denoted γT

O
=

{γ11, 2γ12, 2γ13} and γT
I

= {γ22, γ33, 2γ23} , respectively, defined as

√
g γ

O
= u′ +D

O
u, (50a)

√
g γ

I
= D

I
u, (50b)

where
√
g = t1− k3α2 + k2α3. The components of the strain tensor are collected into a single array,

γ =

{
γ
O

γ
I

}
= Au′ +B u. (51)

In eqs. (50), the following differential operators were defined

D
O

=


d −k3 k2

k3 +
√
g
∂

∂α2

d −k1

−k2 +
√
g
∂

∂α3

k1 d

 , DI
=


0
√
g
∂

∂α2

0

0 0
√
g
∂

∂α3

0
√
g
∂

∂α3

√
g
∂

∂α2

 , (52)

where d = −(t2−k1α3)∂(·)/∂α2−(t3+k1α2)∂(·)/∂α3. In eq. (51), the following differential operators
were defined

A =
1
√
g

[
I
0

]
, B =

1
√
g

[
D
O

D
I

]
. (53)

7.3 Semi-discretization of the displacement field

Beam theory is characterized by one-dimensional, ordinary differential equations governing the
displacement field assumed to be a function of the axial variable, α1, only. In the above paragraphs,
the displacement field has been treated as a general vector field depending on three independent
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variables, α1, α2, and α3. To obtain a one-dimensional formulation, the following semi-discretization
of the displacement field is performed,

u(α1, α2, α3) = N(α2, α3)û(α1), (54)

where matrix N(α2, α3) stores the two-dimensional shape functions used in the discretization and

array û(α1) the nodal values of the non-dimensional displacement field. Notation (̂·) indicates nodal
quantities of the discretized model. This semi-discretization process is shown in fig 15 in a schematic
manner: a typical cross-section of the beam is discretized using two-dimensional elements.
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Figure 15: Semi-discretization of
the beam. For clarity, the stresses
are shown on one face of the differ-
ential element only.

Let N be the number of nodes used to discretize the beam’s
cross-section and n = 3N the total number of degrees of free-
dom. Introducing this discretization into eq. (51) yields the
components of the Green-Lagrange strain tensor as

γ = A
L
û′ +B

L
û, (55)

where A
L

= AN and B
L

= BN .
Consider a rigid-body displacement field written as u =

uR − q̃φR, where uR are the components of a rigid-body trans-
lation, φ

R
those of an infinitesimal rigid-body rotation, and

qT = {0, α2, α3} is the position vector of material point P with
respect to point B, see fig. 14. For convenience, the following non-dimensional motion array is
defined UTR = {uTR, φ

T

R
} and at a specific point of the cross-section, components of the rigid-body

motion resolved in the material basis become
u1

u2

u3

 = uR − q̃φR =

1 0 0 0 α3 −α2

0 1 0 −α3 0 0
0 0 1 α2 0 0

{uR
φ
R

}
= z UR = N Z UR. (56)

where UR = C−1UR and matrix Z stacks the rows of matrix z for each of the nodes of the model.

7.4 The central solution

The central solution is an exact solution of the linear theory of three-dimensional elasticity for beams
presenting uniform geometric and material characteristics along their span and is valid far away
from the beam’s edges, where all extremity solutions become negligible. The kinematic assumptions
underpinning commonly used beam theories are eliminated altogether and yet, exact solutions are
obtained for the central behavior of the beam. The accuracy of the solution is limited by the
discretization inherent to the finite element method only.

An important feature of the central solution is that it provides the three-dimensional strain state
at any point of the cross-section given the stress resultants at that span-wise location. The stress
resultants, denoted FT = {F T ,MT}, involve the three sectional forces, F , consisting of the axial
force and two transverse shear forces, and the sectional moments, M , consisting of the twisting
moment and two bending moments, all resolved in basis B. The components of the strain tensor
associated with the central solution are written as

γ =
[
A
L

B
L

]
LF = M(α2, α3)F , (57)
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where matrix L, of size 2n× 6, is defined as

L =

[
G
W

]
=

[
Z S +W K̃T

W

]
. (58)

Matrix W , of size n × 6, stores the nodal warping field; the columns of this matrix represent the
warping induced by unit sectional stress resultants. Matrix G, of size n × 6, stores the nodal
derivatives of the displacements. Symmetric matrix S is the sectional compliance matrix for the
central solution, i.e.,

E = S F , (59)

where array E stores the sectional strains consisting of the axial strain and two transverse shear
strains, and the sectional curvatures consisting of the twist rate and two bending curvatures, all
resolved in basis B.

Equation (57) implies that the complete three-dimensional strain field at any point of the cross-
section can be expressed in terms of the six sectional stress resultants only. A detailed derivation
of the central solution is found in Bauchau and Han [38, 39].

As was done for the components of the Green-Lagrange strain tensor in eq. (50), the components
of the convected Cauchy stress tensor are split into their out-of-plane and in-plane components,
denoted τTO = {τ11, τ12, τ13} and τTI = {τ22, τ33, τ23}, respectively. The array of convected Cauchy
stress components then becomes τT = {τTO, τTI } and the material constitutive laws are stated as

τ = Deγ, (60)

where matrix De, of size 6 × 6, stores the components of material stiffness tensor resolved the
material basis.

7.5 Basic assumptions

The proposed viscoelastic beam theory combines the three-dimensional beam theory summarized
above with the generalized Maxwell model for viscoelasticity presented in section 2. The three-
dimensional beam theory provides an exact solution of three-dimensional elasticity for static prob-
lems, but will be used here as the basis for the analysis of viscoelastic, i.e., dynamic problems.
Consequently, a number of assumptions are inherent to the proposed approach.

In accordance with D’Alembert’s principle, the distributed inertial loads resulting from the
beam’s motion will be treated as externally applied loads. The first assumption of the proposed
approach is that the kinetic energy associated with warping is negligible, i.e., each cross-section of
the beam is assumed to move like a rigid body, resulting in externally applied inertial forces and
moments per unit span of the beam, denoted f I and mI , respectively, as indicated in fig. 15.

At high frequencies, i.e., frequencies whose associated wave lengths are comparable to the di-
mensions of the cross-section or shorter, this assumption is no longer satisfied. Indeed, as frequency
increases, local inertial forces, including those due to warping, become increasingly larger and the
resulting local deformations are no longer predicted reliably by the sectional stress resultants, as
implied by the central solution, see eq. (57). At high frequencies, the beam behaves as a truly
three-dimensional structure and should be treated as such, not as a beam. This discussion explains
why the kinetic energy of beams is evaluated based on the rigid-body approximation. This practice
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has been followed by numerous researchers over the last three decades, see, for instance, the work
of Simo et al. [48], Borri et al. [49], Hodges et al. [50], or Bauchau et al. [16]. The dispersion char-
acteristics of anisotropic beams presenting cross-sections of arbitrary geometry have been studied
by Volovoi et al. [51] and Han and Bauchau [44]. They concluded that beam theory is inherently a
“low-frequency approximation” to the three-dimensional theory of elasticity.

The accurate evaluations of the viscous stresses requires the knowledge of the three-dimensional
strain field at all points in the beam; this is particularly important when dealing with nearly
incompressible viscoelastic materials or with cross-sections presenting thin layers of high-damping
materials, both common occurrences. In those cases, Poisson’s effects and interlaminar shear stresses
must be taken into account accurately and hence, the classical Euler-Bernoulli assumptions can yield
erroneous results, as underlined by Linn et al. [8].

In this effort, the three-dimensional strain field in the viscoelastic beam is assumed to be that
given by the central solution of three-dimensional, static beam theory, see eq. (57). This assumption
is justified if two conditions are satisfied: (1) the structure is lightly damped, and (2) the beam’s
vibration frequencies are associated with wave lengths that are much longer than the dimensions
of the cross-section. Indeed, when the structure is lightly damped, the viscous stresses are far
smaller than their elastic counterparts, which are predicted accurately by the three-dimensional
beam theory. Furthermore, when the vibration wave lengths are longer than the cross-section’s
dimensions, the stresses generated by overall bending and twisting moments and overall axial and
shearing forces will be far larger than the local viscoelastic stresses. These assumptions do not
put additional restrictions on the applicability of the proposed approach because beam theory for
dynamics is inherently a low frequency approximation, even in the absence of viscoelastic materials.

Clearly, the proposed methodology is well suited for the dynamic analysis of lightly damped
beams undergoing low-frequency vibrations. In this effort, the beam’s viscoelastic behavior will be
represented by the generalized Maxwell model, but other viscoelastic models could be used. Indeed,
a general approach to the problem is described: starting from a three-dimensional viscoelastic
material model, the corresponding viscoelastic beam model is constructed.

The assumptions discussed in the previous paragraphs will now be cast in a more mathematical
setting: relationship (57), which expresses the local three-dimensional strains in terms of the sec-
tional stress resultants for the central solution, is assumed to remain valid for dynamic conditions
and in the presence of viscoelastic effect. For this low-frequency approximation, matrix M(α2, α3)
remains independent of time and the local strain rates become

γ̇ = M Ḟ . (61)

7.6 Viscoelastic beam theory

As was the case for the flexible joint in section 6.3, the one-dimensional constitutive law for vis-
coelastic materials, eq. (6), can be extended to three-dimensional form by writing the following
convolution integral,

τ(t) =

∫ t

−∞
D(t− s)γ̇(s) ds, (62)

where arrays τ and γ store the six components of stress and strain, respectively, both resolved in
the material basis and relaxation matrix function D(t) echoes its corresponding scalar equivalent
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defined by eq. (7),

D(t) = De +

Nb∑
b=1

Dv
b
e−t/τb . (63)

Relaxation times, τb, b = 1, 2, . . . , Nb, and matrices De and Dv
b
, b = 1, 2, . . . , Nb, characterize the

viscoelastic behavior of the material which the beam is made of.
The sectional stress resultants now become

F =

∫
A

[
zT 0

]
τ dA =

∫
A

[
zT 0

] [∫ t

−∞
D(t− s)γ̇(s) ds

]
dA, (64)

where the second equality results from the use of eq. (62). Inverting the order of integration and
invoking the assumptions discussed in the previous section to express the strain rate field over the
cross-section through eq. (61) leads to

F =

∫ t

−∞

[∫
A

[
zT 0

]
D(t− s)M dA

]
Ḟ ds =

∫ t

−∞
C(t− s)Ė ds, (65)

where the sectional stress resultants were expressed in terms of the sectional strain measures through
eq. (59) as Ḟ = CeĖ and the sectional stiffness matrix is the inverse of the sectional compliance

matrix, Ce = S−1. The sectional relaxation function, C(t), is given as

C(t) = Ce +

Nb∑
b=1

Cv
b
e−t/τb , (66)

where the sectional stiffness matrices associated with the viscoelastic behavior of the beam are

Cv
b

=

[∫
A

[
zT 0

]
Dv
b
M dA

]
Ce. (67)

The remainder of the formulation uses the standard discretization tools of the finite element
method. Linearization of the viscoelastic forces then yields the effective stiffness matrix. The
approach is similar to that developed in section 6.3 for the flexible joint and is omitted for brevity
sake.

Beam theories for linearly elastic materials start with a local constitutive law, such as Hooke’s
law, written for a differential element of the beam. Through an averaging process that involves
integration over the cross-section of the beam, these local constitutive laws are transformed into
sectional constitutive laws that relate sectional stress resultants to sectional deformation measures
via a stiffness matrix of size 6 × 6. For classical beam theories, such as Euler-Bernoulli beam
theory [52], this averaging process is guided by simple kinematic assumptions. For more sophisti-
cated beam theories, the averaging process stems from the solution of three-dimensional elasticity
equations under far less restrictive assumptions.

For the beam theory used in this work, the three-dimensional strain tensor at any point of
the cross-section can be expressed as a function of the sectional stress resultants, see eq. (57),
repeated here for convenience, γ(α1, α2, α3) = M(α2, α3)F(α1). For lightly-damped structures
undergoing low-frequency operation, it is reasonable to assume that matrix M is time invariant,
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leading to γ̇ = M Ḟ . With this result at hand, the development of viscoelastic beam theories
becomes possible: the local constitutive laws written in the form of convolution integral (62) with
relaxation function (63) are transformed into sectional constitutive laws written in the form of
convolution integral (65) with relaxation function (66). The sectional viscoelastic stiffness matrices,
see eq. (67), are obtained through integration over the cross-section, with matrix M as a weighting
factor.

While the proposed approach is clearly a beam-like theory, it allows the evaluation of the local
stress and strain tensors. Indeed, local constitutive laws (62) imply

τ ef (α1, α2, α3) = DeMFf , (68a)

τ vbf (α1, α2, α3) = Υb1τ
v
bi + Υb2DvbM(Ff −F i), (68b)

Note that material properties can vary over the cross-section, i.e., De = De(α2, α3) and Dv
b

=
Dv
b
(α2, α3).
In summary, the proposed approach combines the modules depicted in a schematic manner in

fig. 13. When dealing with viscoelastic problems, SectionBuilder take additional inputs: relaxation
times, τb, and material stiffness matrices, Dv

b
, defining the matrix relaxation function, see eq. (63),

for the viscoelastic materials the beam is made out of.
SectionBuilder computes the beam’s sectional characteristics based on a linear, two-dimensional

finite element analysis over the beam’s cross-section; it also produces the sectional relaxation func-
tion, eq. (65), where stiffness matrices Cv

b
are obtained by integration over the cross-section using

eqs. (67). SectionBuilder also evaluates the recovery relationships, eqs. (57), that relate the three-
dimensional strains at any point over the cross-section of the beam to the sectional stress resultants.
Note that recovery matrix M(α2, α3) is also used to evaluate the sectional relaxation function, see
eqs. (67). The sectional relaxation function is an input for the geometrically exact beam analysis
solved by Dymore.

In the final, postprocessing step, the three-dimensional elastic and viscous stresses are evaluated
at any point over the beam’s cross-section by using the recovery relationships and the sectional
strains, see label 3 in fig. 13. This step corresponds to the simple matrix multiplication expressed
by eq. (57). The overall computational approach described in fig. 13 is identical for elastic and
viscoelastic beams, in the latter case, however, the viscous forces given by the generalized Maxwell
model are added to the elastic forces and the stiffness matrix is corrected accordingly.

8 Numerical examples for beams

The viscoelastic beams examples presented in this section are treated using the approach discussed
in section 7.3. In all cases, the central solution of the problem is evaluated using SectionBuilder [38,
39, 42, 44] which enables the analysis of aerospace constructions, such as rotor blades, or multi-layer
cross-sections, such as that presented in example 8.2.

To validate the proposed approach, its predictions will be compared with those of ANSYS, a
commercial three-dimensional finite element tool. In ANSYS, 20-node SOLID186 elements are used
to model beams. Because 20-node SOLID186 elements are quadratic, quadratic beam elements were
used in the proposed approach and the meshes used in SectionBuilder to model the cross-section of
the beams were selected to be identical to those used in ANSYS. Despite these precautions, discrep-
ancies are expected between the two approaches because (1) ANSYS is a fully three-dimensional
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analysis tool as opposed the beam model used in the proposed approach and (2) ANSYS integrates
the equations of motion with the Newmark scheme whereas the generalized-α scheme [19, 20] is
used in the proposed approach although identical time step sizes were used in both cases.

8.1 Cantilevered beam with a homogeneous cross-section

Consider a homogeneous, cantilevered beam of length L = 0.5 m with a rectangular cross-section
subjected to a tip sinusoidal force. The cross-section is of width b = 50 mm and height h = 37.5
mm. The tip force is P (t) = P0 sin 2πt/T , where P0 = 100 N and T = 0.6 s. The beam is made
of a material of Young’s modulus E = 14.56 GPa, Poisson’s ratio ν = 0.3, and mass density ρ
= 2,000 kg m−3. The beam was modeled using eighty cubic beam elements. Starting from initial
conditions at rest, the dynamic response of the system was simulated for 25 periods to obtain the
forced periodic solution.

For this simple example, a single viscous branch is used with a relaxation time τ1 = 0.1 s and
a material stiffness matrix Dv

1
= µ1De, where damping coefficient µ1 = 0.15. Through Fourier

analysis, the amplitude of the response at the beam’s tip was found to be 1.2098 mm and its
phasing angle with respect to the force input was - 1.6351 rad. To validate these predictions, a
three-dimensional finite element analysis was performed using ANSYS. The mesh consisted of 3840
20-node SOLID186 elements. The cross-section has an eight by six mesh size and eighty elements
are used along the length of the beam; all the elements were cubes of size 6.25 mm. For the ANSYS
analysis, the amplitude of the response at the beam’s tip was found to be 1.1915 mm and its phasing
angle with respect to the force input was - 1.6312 rad. The slight discrepancies between the two
predictions, 1.5% and 0.24% for the amplitude and phase, respectively, can be attributed to the
assumptions inherent to beam theory.

A second example involves a material featuring three Maxwell fluid branches with relaxation
times τ1 = 0.1 s, τ2 = 0.05 s, and τ3 = 0.075 s and associated damping coefficient µ1 = 0.025, µ2

= 0.05, and µ3 = 0.075. Here again, the predictions of the proposed approach and of ANSYS will
be compared. The amplitudes of the response were found to be 1.2400 mm and 1.1915 mm for the
present approach and ANSYS, respectively. The corresponding predictions for the phasing angle
were - 1.6316 rad and - 1.6312 rad, respectively. The two sets of results are in close agreement with
discrepancies of 4.07% and 0.02%, respectively.

8.2 Cantilever beam with a composite section
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Figure 16: Cross-section of a
sandwich beam.

In applications where the presence of damping is critical, layers
of viscoelastic materials are added to elastic structures to create
sandwich construction similar to that illustrated in fig. 16. Con-
sider a cantilevered beam of length L = 0.5 m with a rectangular
cross-section consisting of a rubber layer of thickness t = 12.5 mm
sandwiched between two aluminum layers, each of thickness ta =
12.5 mm. The section is of width w = 50 mm and height h = 37.5
mm.

For aluminum, Young’s modulus is Ea = 71 GPa, Poisson’s
ratio νa = 0.33, and mass density ρa = 2,770 kg m−3; the material is elastic. The corresponding
properties for the rubber are Er = 20 GPa, νr = 0.42, and ρr = 1,000 kg m−3. The viscoelastic
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behavior of the rubber is modeled by a single Maxwell fluid branch of relaxation time τ1 = 0.1 s
and material stiffness matrix Dv

1
= µDe, where µ is the damping coefficient.

The beam was modeled using 80 cubic beam elements. Starting from initial conditions at rest,
the dynamic response of the system was simulated for 25 periods to obtain the forced periodic
solution. To validate these predictions, a three-dimensional finite element analysis was performed
using ANSYS. The mesh consisted of 3,840 20-node SOLID186 elements. The cross-section has an
8 by 6 mesh size and 80 elements are used along the length of the beam.

The elastic and viscous stress components were computed at the quarter-span location along
the beam, at point A of the cross-section shown in fig. 16. The predictions for the axial, transverse,
and in-plane stress components, denoted τ11, τ13, and τ22, respectively, will be contrasted for the
two approaches. Let τa11 and τ p11 be the maximum amplitudes of the axial stress obtained from the
ANSYS model and from the proposed approach, respectively. The discrepancy between the two
predictions is measured as τ∆

11 = (τa11 − τ
p
11)/τa11; the following results were obtained: τ∆

11 = 0.014%,
0.066%, 0.21%, and 0.46% for µ = 0.01, 0.02, 0.05, and 0.1, respectively.

Excellent agreement is observed between the prediction of the three-dimensional finite element
solution and of the proposed beam approximation for all damping ratios. Clearly, the error increases
with damping level: indeed, as discussed in section 7.6, the proposed approach assumes the beam
is “lightly damped,” i.e., it assumes that the viscous stresses are far smaller than their elastic
counterparts. To verify this fact, the following ratio was computed, τ ρ11 = τ v11/τ

e
11, where τ v11 and τ e11

are the maximum values of the viscous and elastic stress components, respectively; the following
results were obtained for the same four damping coefficients: τ ρ11 = 0.73%, 1.5%, 3.6%, and 7.3%. For
µ = 0.1, the viscous stress components is about 7% of its elastic counterpart, and the assumption of
a “lightly damped” system is no longer valid. However, viscous stress components exceeding 7% of
their elastic counterpart are rarely observed in structural materials, even when advanced materials
are used; consequently, simulations for higher damping ratios are not presented.

A similar study was carried out for transverse shear stress component τ13 computed at the same
location. For the same four damping coefficients, the following results were obtained: τ∆

13 = 0.85%,
1.10%, 2.0%, and 3.4%. Here again, good agreement is observed between the prediction of the
three-dimensional finite element solution and of the proposed beam approximation for all damping
ratios. Although the errors are higher, the maximum value of the transverse shear stress is smaller
(τ11 ≈ 168 kPa versus τ13 ≈ 72 kPa)

Finally, the in-plane stress component τ22 at the same location was investigated. For the same
four damping coefficients, the following results were obtained: τ∆

22 = 1.1%, 1.5%, 2.7%, and 4.6%.
Errors of the same order as those obtained for the transverse shear stress are observed. Although
the errors are higher, the maximum value of the transverse shear stress is smaller (τ11 ≈ 168 kPa
versus τ22 ≈ 17 kPa). The magnitudes of remaining stress components were found to be negligible
for both approaches.

In summary, the predictions of the proposed approach agree favorably with those obtained using
three-dimensional finite element methods. The proposed approach performs well when dealing with
the lightly damped structures that are found in typical applications. The overall displacement field
of the beam is predicted accurately, as is the local, three-dimensional stress field including elastic
and viscous stress components.
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8.3 Tip loaded cantilever beam with damping layer

The final example deals with a cantilevered beam of length L = 0.8 m with a tip mass M = 1 kg.
The tip mass has a mass moment of inertia of m11 = 10 g m2 about the axis of the beam and mass
moments of inertia of m22 = m33 = 1 g m2 about the other two axes. For case (a), the beam is
subjected to a tip transverse vertical load P (t) = P0(1− cos 2πt/T )/2, where P0 = 50 N and T =
0.01 s for t ∈ [0, T ] and P (t) = 0 for t > T . For case (b), the beam is subjected to a tip torque
Q(t) = Q0(1 − cos 2πt/T )/2, where Q0 = 50 N m and T = 0.01 s for t ∈ [0, T ] and Q(t) = 0 for
t > T .

The beam’s cross-section, of width w = 160 mm and height h = 20 mm, is depicted in fig. 16.
Two layers of aluminum, each of thickness ta = 8 mm, sandwich a rubber layer of thickness t = 4
mm. The physical properties of aluminum are: Young’s modulus E = 73 GPa, Poisson’s ratio ν =
0.3, and mass density ρ = 2680 kg m−3; the material is elastic. The physical properties of rubber
are: bulk modulus κ = 1.4 GPa, shear modulus G = 0.014 GPa, and mass density ρ = 1000 kg m−3.
To model the viscoelastic behavior of the material, a single Maxwell fluid branch was used with the
following physical properties: relaxation time τ = 0.01 s, bulk modulus κ = 0 GPa, shear modulus
G = 0.03 GPa. Note that rubber is a nearly-incompressible material: indeed, its Poisson’s ratio
ν = (3− 2G/κ)/(6 + 2G/κ) = 0.495 is very close to 0.5. Furthermore, rubber exhibits viscoelastic
behavior in shear only and hence, the bulk modulus of the fluid branch vanishes.

For each of the two cases, the system was simulated for a total of 10 periods of response using a
time step size ∆t = 0.1 ms. This small step size is not necessary to capture the dynamic response of
the system but rather to evaluate the convolution integral accurately. Indeed, recursive solution (8)
of the convolution integral requires h̄ = ∆t/τ = 0.01 � 1. Prony’s algorithm [53, 54] was used to
extract the frequency and damping ratio of the signal: for case (a), the frequency of the response
was found to be Ωa = 120 rad s−1 and its damping ratio ζa = −2.72 %; the corresponding results
for case (b) were Ωb = 451 rad s−1 ζb = −1.04 %.

Note that the damping ratio for bending, case (a), is more than twice that for torsion, case (b).
This can be explained by two observations. First, the non-dimensional frequencies for the two cases
are Ωaτ = 1.20 and Ωbτ = 4.51: clearly, case (a) operates near the optimal damping level Ωτ = 1
and hence, provides more dissipation.

Damping
layer

Figure 17: Distribution of shear stress component τ12 over the beam’s cross-section under torsion
A second mechanism is also at work: fig. 17 depicts the distribution of shear stress component

τ12 over the cross-section of the beam under a unit torque. Actually, this figure depicts the values
stored in the fourth column of matrix M(x2, x3) defined by eq. (57). Clearly, shear stresses of
large magnitude are observed in the top and bottom aluminum layers, leaving the central rubber
layer largely unstressed. Because rubber exhibits viscoelastic behavior in shear only, this stress
distribution provides little opportunity for energy dissipation, hence the low damping ratio.

For the bending case, the associated shear force generates a parabolic distribution of shear
stress through the thickness of the cross-section which is maximum at mid-thickness, where the
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rubber layer is located. Of course, the configuration of the cross-section with the damping layer
sandwiched in the middle of the two aluminum layers was selected for that very reason, leveraging
the viscoelastic behavior of rubber in shear.

It is common practice for researchers to introduce damping in an ad-hoc manner by writing
F = Deγ + µDeγ̇, where the first term represents the elastic behavior and the second is a Kelvin-
Voigt term that introduces damping through the judicious selection of a scalar parameter µ of
small magnitude. It can be shown easily that a generalized Maxwell model with a single fluid
branch characterized by matrix relaxation function D(t) = De + Dv

1
exp(−t/τ1) degenerates into

Kelvin-Voigt’s model by selecting τ1 → 0, leading to F ≈ Deγ + τ1Dv1γ̇, where τ1Dv1 remains finite.
Clearly, Kelvin-Voigt’s model written as F = Deγ + µDeγ̇ approximates the low-frequency

behavior of a generalized Maxwell model with µ = τ1 → 0 and Dv
1

= De. This approach should be
used very carefully. First, Kelvin-Voigt’s model can only be used as a low-frequency approximation:
indeed, at increasingly higher frequencies, Kelvin-Voigt’s model produces damping forces of ever
increasing magnitude, which is contrary to the observed behavior of materials, see figs. 2a and 2b.

Table 1: Stiffness matrices for the elastic and viscous branches

(1, 1) (2, 2) (3, 3) (4, 4) (5, 5) (6, 6)
(1,1) [GN] [GN] [GN] [kN m2] [kN m2] [kN m2]

De 0.187 0.06 0.000106 2.12 7.72 400
Dv

1
5.79 2.42 10.0 34,400 7.72 12,400

Second, selecting Dv
1

= De might be an inappropriate assumption that it does not take into
account the configuration of the cross-section. For the example at hand, the diagonal terms of the
stiffness matrix of the elastic branch, De, are listed in the first row of table 1. The corresponding
terms for the stiffness matrix of the viscous branch, Dv

1
, are listed in the second row. Matrix Dv

1
was

scaled so that Dv
1
(5, 5) = De(5, 5); this is possible by selecting coefficients µ and τ1 appropriately.

This choice would ensure that the bending behaviors of Kelvin-Voigt’s and generalized Maxwell’s
models are similar at low frequency. The torsional behavior, however, would be markedly different
because diagonal entries (4, 4) are completely different. Clearly, Kelvin-Voigt’s models written as
F = Deγ + µDeγ̇ cannot capture the viscoelastic behavior of realistic structures.

9 Conclusions

Viscoelasticity plays an important role in the dynamic response of flexible multibody systems.
For single degree-of-freedom joints, a number of nonlinear models were proposed: they capture
the amplitude dependent, frequency-dependent, and frequency-independent behavior of elastomeric
materials that are often used in revolute and prismatic joints.

For flexible joints, it was shown that the generalized Maxwell model can be extended easily to
handle this six degree-of-freedom problem. The generalized Maxwell model is a classical model of
linear viscoelasticity. If nonlinear behavior is observed in the joint, the nonlinear models presented
for single degree-of-freedom joints can be used for each of the degrees of freedom independently.

Finally, a process was presented that allows the development of viscoelastic models for geo-
metrically exact beams based on a three-dimensional representation of the quasi-static strain field
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in those structures. Two assumptions are at the heart of this process: the beam is undergoing
low-frequency vibration and is lightly damped. The first assumption is inherent to beam theory;
the second is an additional requirement for viscoelastic beams that is satisfied for commonly used
structural materials.

A general approach to the problem was presented: starting from a three-dimensional viscoelastic
material model, the corresponding viscoelastic beam model is constructed. The convolution integral
that characterizes the generalized Maxwell model is found at the level of one-dimensional compo-
nents, is generalized to three-dimensional materials, and is extended to cross-sectional models for
beams. Although the presentation was based on the generalized Maxwell model, other viscoelastic
models could be used. A similar process can be used to develop viscoelastic plate and shell models.

A number of numerical examples were presented. The viscoelastic model for geometrically exact
beams was validated by comparing its predictions with those of a three-dimensional finite element
code. Excellent agreement was observed for both displacement and local stress fields. Because it
formulates a beam model, the computational efficiency of the proposed approach is several orders
of magnitude higher than that achieved by three-dimensional finite element code.

As demonstrated in the numerical examples, the proposed approach is able to handle nearly-
incompressible materials without exhibiting locking. This is particularly important because many
materials used for their high energy dissipation characteristics, such as rubber and elastomeric
materials, are nearly-incompressible.

Because it is based on the detailed knowledge of the strain field over the cross-section, the
proposed approach is ideally suited to the analysis of beams of heterogeneous construction, where
conventional structural materials and materials presenting enhanced energy dissipation character-
istics are combined to achieve optimal performance. Local elastic and viscous stresses can be
recovered easily at any point of the cross-section.

The use of the Kelvin-Voigt model is common practice to represent energy dissipation in flexible
multibody systems. It was shown that this practice cannot capture the viscoelastic behavior of
these systems accurately, and hence, should be avoided altogether.

The proposed approach can be generalized to viscoelastic materials featuring nonlinear material
behavior; nonlinear behavior is common for elastomeric materials, for instance, even at low strain
levels. In such case, the sectional analysis must be fully integrated with the solution of the beam
equations, repeating the two-dimensional analysis at each time step during the simulation.
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