Dymore User’s Manual
Formulation and finite element implementation of beam elements
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1 Formulation of beam equations

A beam is defined as a structure having one of its dimensions much larger than the other two. The axis of the beam
is defined along that longer dimension and its cross-section is normal to this axis. The cross-section’s geometric and
physical properties are assumed to vary smoothly along the beam’s span. Civil engineering structures often consist
of assemblies or grids of beams with cross-sections having shapes such as T’s or I’'s. A large number of machine
parts also are beam-like structures: linkages, transmission shafts, robotic arms, etc. Aeronautical structures such as
aircraft wings or helicopter rotor blades are often treated as thin-walled beams. Finally, both tower and rotor blades
of wind turbines also fall within the category of beams structures.

The solid mechanics theory of beams, more commonly referred to simply as “beam theory,” plays an important
role in structural analysis because it provides designers with simple tools to analyze numerous structures [1]. Within
the framework of multibody dynamics, the governing equations for beam structures are nonlinear partial differential
equations, and the finite element method is often used to obtain approximate numerical solutions of these equations.



Of course, the same finite element approach could also be used to model the same structures based on plate and shell,
or even three-dimensional elasticity models, but at a much higher computation cost. Beam models are often used at
a pre-design stage because they provide valuable insight into the behavior of structures.

Several beam theories have been developed based on various assumptions, and lead to different levels of accuracy.
One of the simplest and most useful of these theories is due to Euler who analyzed the elastic deformation of a
slender beam, a problem known as Euler’s Elastica [2]. Euler-Bernoulli beam theory [1] is now commonly used
in many civil, mechanical and aerospace applications, although shear deformable beam theories [3, 4], often called
“Timoshenko beams,” have also found wide acceptance. Reissner investigated beam theory for large strains [5] and
large displacements of spatially curved members [6, 7].

In this section, the geometrically exact beam theory will be presented. The kinematic description of the problem
developed in section 1.1 accounts for arbitrarily large displacements and rotation, hence the term “geometrically
exact,” although the strain components are assumed to remain small. The kinematics of geometrically beams was
first presented by Simo et al. [3, 9], but similar developments were proposed by Borri and Merlini [10] or Danielson
and Hodges [11, 12].

In many applications, however, beams are, in fact, complex build-up structures with solid or thin-walled cross-
sections. In aeronautical constructions, for instance, the increasing use of laminated composite materials leads to
heterogeneous, highly anisotropic structures. The analysis of complex cross-sections featuring composite materials
and the determination of the associated sectional properties was first presented by Giavotto et al. [13, 14]. Their
approach, based on linear elasticity theory, leads to a two-dimensional analysis of the beam’s cross-section using finite
elements, which yields the sectional stiffness characteristics in the form of a 6x6 stiffness matrix relating the six
sectional deformations, three strains and three curvatures, to the sectional loads, three forces and three moments.
Furthermore, the three-dimensional strain field at all points of the cross-section can be recovered once the sectional
strains are known.

For nonlinear problems, the decomposition of the beam problem into a linear, two-dimensional analysis over
the cross-section, and a nonlinear, one-dimensional analysis along its span was first proposed by Berdichevsky [15].
Hodges [16] has reviewed many approaches to beam modeling; he points out that although the two-dimensional finite
element analysis of the cross-section seems to be computationally expensive, it is, in fact, a preprocessing step that is
performed once only.

A unified theory presenting both linear, two-dimensional analysis over the cross-section, and a nonlinear, one-
dimensional analysis along the beam’s span was further refined by Hodges and his co-workers [17, 18]. The nonlinear,
one-dimensional analysis along the beam’s span corresponds the geometrically exact beam theory developed earlier
based on simplified kinematic assumptions. More sophisticated beam theories have been developed that account for
Vlasov effects [19] or the trapeze effect [20]. Detailed developments of nonlinear composite beam theory developed by
Hodges and his coworkers are found in his textbook [21] and applications to multibody systems in ref. [22].

1.1 Kinematics of the problem

Figure 1 depicts an initially curved and twisted beam of
length L, with a cross-section of arbitrary shape and area
A. The volume of the beam is generated by sliding the
cross-section along the reference line of the beam, which
is defined by an arbitrary curve in space. Curvilinear
coordinate «; defines the intrinsic parameterization of
this curve, i.e., it measures length along the beam’s ref-
erence line. Point B is located at the intersection of the i -
reference line with the plane of the cross-section. N

In the reference configuration, an orthonormal ba-
sis, Bo(a1) = (b1,ba,b3), is defined at point B. Vec-
tor by is the unit tangent vector to the reference curve
at that point, and unit vectors by and bz define the Reference
plane to the cross-section. An inertial reference frame, configuration
FI'=10,T = (11,72,13)], is defined, and the components
of the rotation tensor that brings basis Z to By, resolved  Figure 1: Curved beam in the reference and deformed con-
in basis Z, are denoted R (a1). figurations.

The position vector of point B along the beam’s ref-
erence line is denoted z,(c1). The position vector of material point P of the beam then becomes z(aq, g, as) =
(o) + az by + a3 bs, where as and g are the material coordinates along unit vectors by and bs, respectively.
Coordinates ay, s, and a3 form a natural choice of coordinates to represent the configuration of the beam.

Deformed
configuration




1.1.1 The displacement field

In the deformed configuration, all the material points located on a cross-section of the beam move to new positions.
This motion is decomposed into two parts, a rigid body motion and a warping displacement field. The rigid body
motion consists of a translation of the cross-section, characterized by displacement vector u(ay) of reference point B,
and of a rotation of the cross-section, which brings basis By to B(a1) = (Bi, Ba, B3), see fig. 1. The components of
the rotation tensor that brings basis By to B, resolved in basis Z, are denoted R(a).

The warping displacement field is defined as w(ay,as,a3) = wiBi + waBs + wsBz. This displacement field
represents a warping that includes both in-plane and out-of-plane deformations of the cross-section. To be uniquely
defined, the warping field should be orthogonal to the rigid body motion [13, 21]. Consequently, unit vectors By and
Bs; define the average plane of the cross-section and vector B; is orthogonal to that plane.

The position vector of point P in the deformed configuration now becomes

X(ar,as,a3) = Xy + w1 By + (w2 + a2)Bs + (w3 + as)Bs. (1)
The position of point B is expressed as Xo(o1) = 2y + u. Because B; = R b; = (BR,) %, eq. (1) becomes
X(on,02,03) =20+ u+ (BR)) (w+ o2 %2 + a3 13) . (2)

The warping displacement field is computed from the geometric and stiffness properties of the cross-section, typically
by solving a two-dimensional finite element problem over the cross-section, as described in refs. [13, 21].

1.1.2 The sectional strain measures

The sectional strain measures for beams with shallow curvature are defined as

where k = axial(E'ET) are the components of the sectional curvature vector resolved in the inertial basis and k, the
components of the corresponding curvature vector in the reference configuration. Notation () indicates a derivative
with respect to a;. The strain components resolved in the convected material basis, B, are denoted €* = (R ﬁo)Tg
and consist of the sectional axial and shear strains. The curvature components resolved in the same material basis
are denoted £* = (R ﬁo)Tﬁ and consist of the sectional twisting and bending curvatures. Notation (-)* indicates the
components of vectors and tensors resolved in the material basis.

By definition, a rigid body motion is a motion that generates no strains. This implies that the following rigid
body motion, u(a;) = uf* + (ﬁR —Dzy(ar), R(on) = @R, consisting of a translation, ¥, and a rotation about the

origin characterized by a rotation matrix, ﬁR, should generate no straining of the beam. It can be readily verified
with the help of egs. (3) that such rigid body motion results in ¢ = 0 and £ = 0, as expected.

1.2 Governing equations

For the problem at hand, the principle of virtual work states
L
!/(&”ﬂf+&fﬂﬁﬂmnzéwah (4)
0

where N* and M* are the beam’s sectional forces and moments, respectively. The sectional constitutive law relates
the sectional strain measures to the sectional loads,

e}

where C* is the beam’s 6 x 6 sectional stiffness matrix. This matrix is a byproduct of a two-dimensional finite element
analysis over the beam’s cross-section, as discussed in refs. [13, 21]. For homogeneous sections of simple geometry,
exact or approximate analytical expressions are available for the stiffness matrix.

Variations in strain components are expressed using eq. (3) to find

5" = (RR )" [ou' + (T + @')sy] (6a)
0r" = (RR)"0¢'. (6b)

where 61 = axial(6R @T) is the virtual rotation vector. The principle of virtual work, eq. (4), now becomes

/OL { [(MlT + 50" (T + GI)T} N+ 5_¢/TM} day = Wexs, (7)



where N = (R EO) N*and M = (R EO)M * are the beam’s internal forces and moments, respectively, resolved in the

inertial basis.
The virtual work done by the externally applied forces is expressed as 0 Wext = fo [6uT [+ 5¢ m] day, where f
and m denote the externally applied forces and moments per unit span of the beam, respectively.
The governing equations of the static problem then follow as
N =—f, (8a)
M + (T +u')N = —m.

1.3 Extension to dynamic problems

The developments presented thus far have focused on static problems. The inertial velocity vector, v, of a material
point is found by taking a time derivative of its inertial position vector, eq. (2), to find

y:u—i—RRs =4+ (BR )w"s" —u—i—(RR)MkT 5 (9)

where contributions of warping of the cross-section have been ignored and s** = {0, s, a3 }. Notation (-) indicates
a derivative with respect to time and w* are the components of the angular velocity vector in the material system,

(EEO) w, where w = ax1a1(R R).

The components of the inertial velocity vector of a material point resolved in the material frame now become
= (BR)"v=(BR ) i+5"w" 10)

The total inertial velocity of a material point has two components: the first term, (R QO)TQ, due to the translation
of the cross-section, and the second term, 5*7w*, due to its rotation.

1.3.1 The kinetic energy
The kinetic energy, K, of the beam is

1 L
K= —/ / pv*Tv* dAday, (11)
2Jo Ja

where p is the mass density of the material per unit volume of the reference configuration. Introducing eq. (10) for
the inertial velocity yields

1 L
_ _/ /p[gT(EE )+ w5 [(RR)T i+ 77w] dAdar, (12)
2Jo Ja - -
The following sectional mass constants are defined
m:/pdA, Q*:—/ps dA, g—/pM“*TdA (13)
A

where m is the mass of the beam per unit span, n* the components of the position vector of the sectional center of
mass with respect to point B, see fig. 1, and o* the components of the sectional tensor of inertia per unit span, all
resolved in the material basis. B

After integration over the beam’s cross-section, the kinetic energy, eq. (12), becomes

—

L
K= / [+ 2mi”
2 0

1 L
_ _/ E*TM*E* dov
2 0 -

To obtain the compact form expressed by the second equality, the sectional mass matrix of the cross-section, resolved

in the material basis, is defined as
ml  mi*T
M = [ = ] : (14)

RR)7Tw +wT *g*} don

LS

mmn Y

and the sectional velocities, also resolved in the material basis, are given by
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In this expression, the sectional velocities resolved in the inertial system were defined as V! = {Q T} and the
following notation was introduced

re,~ 5P 5| (16)

The components of the sectional linear and angular momenta resolved in the material system, denoted A" and g*,

respectively, are
= { =y (1)

3

1.3.2 The governing equations

Variation of the kinetic energy is 6K = fOL 5£*TM V* dag, where the variations in velocities are 5[QT(§ ﬁo)] =

(6u” + 5_2/1T 'ﬁT)(@@O) and sw*T = @T (BR,). Introducing these variations in the expression for the kinetic energy
yields

SK — [(@T +807 4 J(RR)h" +5% (RR,) g*} day,

0 — ==0/ — — = =

The components of the sectional linear and angular momenta, denoted h and g, respectively, resolved in the inertial
system are

p- {4 -=z2. (18)

where P* are the corresponding quantities resolved in the material frame, see eq. (17). The variation in kinetic energy
finally can be written as

L
5K:/ (00" h+ 60" h+0y g) don. (19)
0

With the help of egs. (7) and (19), the governing equations of motion of the problem are obtained from Hamilton’s
principle, which states that

ty L . . ~

/_L/ {6 + 60" T h+ 60 g - (GuT +6v" ET)N
ti 0 - - = -
~WTM + 8u"f + 5¢Tm} daydt =0,

Integration by parts yields the equations of motion of the problem
f.l _ /
g h— M~ (T + )N

IZ
[
I

(20a)
(20Db)

I
2

1.4 Effect of extension-twist coupling

The beam theory developed in the previous sections assumes all strain components to remain small. In some cases,
however, the coupling between extension and twisting of the beam becomes an important factor. The associated
potential energy is

A= cetHTQeI, (21)

where ] is the blade’s twist rate and €] its axial extension, both resolved in the material basis. The extension-twist
stiffness coefficient, cet, is simple the sum of the bending stiffnesses, i.e.,

Cet = Hop + H3s. (22)

Taking a variation of the extension-twist potential yields §A = 1/2 cetk}26€t + corkiedr}. This expression can be
recast in a more compact form as

dA =06 N: + 0" M7, (23)

where the force and moment arrays associated with the extension-twist coupling effect were defined as
N* =1/2 court?a, (24a)
Mz = CetR1 €101 (24b)



When resolved in the inertial basis, the corresponding forces are

Ne=1/2 Cet“f(ﬁﬁo)zh (25a)

—et

M., = cethii€] (R 1)1 (25b)

——et

The effect of extension-twist coupling is now easily taken into account. In egs. (20), the force and moment arrays
are replaced by N + N, and M + M _,, respectively.

2 Inertial forces

The inertial forces acting in the beam are obtained from the governing equations of motion, egs. (20),

. 0 0
Fl_p4|z =P
{ﬂ 2} ’ (26)

where P is the momentum array resolved in the inertial system. This momentum array is defined in egs. (18) and
can be expressed as
P=MYV, (27)

where the sectional mass matrix resolved in the inertial system is

M=RE)M RR,)" = lmi mﬂ | (28)

= == mi 0

The location of the sectional center of mass and its moment of inertia tensor, both resolved in the inertial frame, are
defined as = (RR,)n*, 0 = (RR,)o*(RR,)", respectively.
Expanding eq. (27) now leads to
mi+mntw
_:{ U+ —} (29)
mnu + 0w

The time derivatives of the location of the sectional mass center and its moment of inertia tensor are m7 = wmn, and
o0=wp+ QUJT, respectively. The time derivative of this momentum array, eq. (27), then becomes

. mii + (0 + &w)mn
mnu + u wmﬁ—l—wgg—i—gc_u
Finally, the inertial forces, eq. (26), can be written in a compact form as
;) mi+ @+ ww)mn
£ _{mﬁﬂ—l—gg—kﬁgg ' (31)

2.1 Linearization of inertial forces

The expression for the inertial forces given above is nonlinear, and the solution process will require linearization of
these forces. First, it will be necessary to compute increments of the sectional mass center location and of the sectional
moment of inertia tensor, which are found to be mAn = mn* Ay and (Ap)b = (0b — 0b) A1, respectively, where b is
an arbitrary vector. Linearization of the inertial forces then yields B B -

srt - 3] o (3 - ()

where &I , Ql , and &1 are the stiffness, gyroscopic, and mass matrices associated with the inertial forces, respectively.
Simple algebra yields

ol — 0 (@ + aw)mi® (338)
= (0 umi+ (08 - o) + B(e@ — @) | !
=T
g~ [0 Gmn +WT] (33b)
= |0 wo — ow
B ~T
[ |md mm
M =5 0 (33¢)

Here again, these matrices are expressed in terms of physical quantities, the angular velocity and acceleration.



2.2 Inertial forces summary

In summary, the inertial forces given by eq. (31) are

7l _ m@+§mﬂ+&§ (34)
o mni+v+wy |

The stiffness, gyroscopic, and mass matrices given by eq. (33a), (33b), and (33c) become

0 omi? + @
K'= 0 Emm TR ] (35a)
0 umn+ow—v+ew—wy
0 G
e R (35b)
L= g - ry
~T
r_ |mL mi
M = mi o 1 . (35¢)
The following notations were introduced
B=0mn, y=pew r=pw, g=0p p=wmi . (36)

3 Elastic forces

The elastic forces acting in the beam element are defined in egs. (20) and will be treated in two separate components,
denoted F¢ and FP , defined as
0
{#n) (37)

c_ ., JN p_ |0 O,
2=i= {M} A= [ElT Q}i_
respectively, where E; = uf, + u’. The components of the beam’s sectional force and moment vectors resolved in the
inertial basis are denoted IN and M, respectively.
The sectional strains and curvatures are recast in the following compact notation

R (39)

where k£ = axial(ﬁ’@T) are the components of the sectional curvature vector resolved in the inertial basis. The
corresponding strain components resolved in the material basis are

o = {(RI(QR)R}_;:L__ zl} . (39)

—=0

The elastic forces in the beam are then f = Ce, where C = (RR)C*(RR, )T is the sectional stiffness matrix
resolved in the inertial basis, and the correspondlng stiffness matrix resolved in the material basis is denoted C

3.1 Linearization of elastic forces

The expressions for the elastic forces given above are nonlinear, and the finite element process will require a lineariza-
tion of these forces. First, increments in the curvature vector are easily found as Ak = %’ — kAt. Increments in
the strain components, eq. (38), are now easily evaluated to find

Ae— {A + @%MM} .

B Ay —kAY

This leads to the following expression for increments in the elastic forces

T 7 /
- () ooz

Taking variations of eq. (37) yields the following expression for increments in the elastic forces

A£C:g{§i/,}+g{§i}, A£D22{2§Z}+Q{ w} (40)



where the stiffness matrices are

0 C E,—N 0 0 0 0
Q — |= =11 _ —~1, 7:) — ~ = =_ , Q — |= = 41
= lg g21E1 - M] = N + (gllEl)T (ngEl)T = [Q Efgu (41)
The following partitions were introduced
C= [011 gu] ., 0= 0 le} (42)
- =91 QQQ o 0 =22

3.2 Elastic forces summary

In summary, the elastic forces given by eq. (37) are

-ce— {3t 2-{g} (13)

= 0 e-N (44a)
= |0 p-M|’ “
- g g 44b
P=15 YT oAt (44b)

0 0

_ 12 Y 44
2 0 E?Qu (44c)
The following notations were defined _ _

g:gllEl’ g:gglEl. (45)

3.3 Effect of extension-twist coupling

As discussed in section 1.4, the effect of extension-twist coupling is that the force and moment arrays are replaced by
N+ N, and M+ M, respectively. Introducing this substitution in the elastic forces and stiffness matrices presented
in the previous section will account for the effect of extension-twist coupling.

The extension-twist forces and moments should also be linearized to yield the consistent tangent stiffness matrices.
This leads to the following updated stiffness matrix resolved in the material basis

0 ki1t
Q* + Cet *—:—T i— —’11" ’ (46)
- lelzl 612121

where the second term represents the effect of the extension-twist coupling.

4 Dissipative forces

The beam model discussed in the previous section is a conservative model, because the elastic forces are proportional
the strain measures. It is often desirable to also introduce dissipative forces in the beam model. The dissipative forces
in the material frame, denoted i:p will be written as

1d={Mg}=ugg, (47)

where p is the damping coefficient of units 1/s, and é* the time rate of change of the strains resolved in the material
frame. Since the dissipative mechanisms in the beam are not well understood, it is postulated that the damping
matrix is proportional to the stiffness matrix. The time rate of change of the sectional strains in the material frame
are readily obtained from eq. (39) as

oF = (QQO)T(Q/"FE“‘—U) o u w
T | @Rk ke) f RR)"w [’

where the second equality results from the following identity, k — w’ = @

- %

(48)

|7



The dissipative forces resolved in the inertial frame now become
Iy=nce, (49)

where f1 = {NJ, M}}, and N; = (RR )N} and M, = (RR )M} are the are the sectional dissipative force and
moment vector components in the inertial frame, respectively, C = (EEO)Q* (EEO)T is the sectional stiffness matrix
resolved in the inertial basis, and é follows from eq. (48) as

&= {@’ * ?M} . (50)

w

The dissipative forces will be treated in two separate components, denoted F dc and F ? ,

0 0 0
R b e L Pt 2

4.1 Linearization of dissipative forces

Because the expression for the dissipative forces is nonlinear, the solution process will require a linearization. Incre-
ments in the strain array are evaluated to find

, {Au +E1(A¢ wAw)+wTAu}
Ae = .

Aw — OAY _w

Next, increments in the dissipative forces are computed

- (e (B ¥ A1 SHAE BIE-Y w

Taking variations of eq. (51) yields the following expression for increments in the dissipative forces

Av/ Ay A AL
c _ u U U
azf = s (i} e auf e s e {A’w’} ’ (o)
D _ Au/ Au Al A
AF, —gd{%/ +2d Ay +4&, Aw +yA %/ . (54b)
In summary, the dissipative forces can be written in the following form
N 0
=puCe = —d}, ]—'D:{~= } 55
d /j’:— {Md < d E%"Md ( )
where the gyroscopic and stiffness matrices are
o 0 0 uC. a— Ny 0 p*
s, MC{ f]’Q:— =i g = |- =pl, (56)
0 Wt = 0 plya—Maj =4 |0 £12
and
0 0 ] o [Q 0 lQ 0 ], [_ Q] -
N ~T ~T|, & = |7 =T / y &A= N =T / s B .
Na+ énw guw = 0 EiQ, ¢ 0 BEiG,| = éll gu

The following notation was introduced

a=i —GE, B =ETuC._, B =ETuC
= ToEn =10 Ly L=

5 Gravity forces

For many applications, the gravity forces associated with the beam’s distributed mass must be taken into account.
The potential of these gravity forces is V = mg” (uy +u+1n), where vector 1) defines the location of the sectional mass
center. B B B

A variation of this potential is easily found to be §V = QT (mdou + mnT 09) and the gravity forces acting on the

cross-section are readily found as
FC = { g } . (59)
ming



6 Rigid rotation forces

It is sometime desirable to perform a static analysis, i.e. an analysis that neglects inertial forces. This can be
easily achieved setting all time derivatives to zero in the equations of motion derived in the previous paragraphs, and
solve the resulting nonlinear algebraic system. Furthermore, it is also possible to perform an eigenvalue analysis to
determine the natural frequencies of the structure. In that case, the mass, gyroscopic, and stiffness matrices of the
system must be evaluated.

6.1 Rotating structure

An interesting case to consider is that where one of more subcomponents of the structure to be analyzed are rotating
at a constant angular velocity with respect to other subcomponents. While such problem is not strictly speaking
a static problem because the rotating subcomponents feature non-vanishing linear and angular velocities, it can be
formulated as a static problem where the centrifugal forces generated by the rigid body rotation are applied on the
otherwise static structure.

Figure 2 shows a non-rotating structure, a simple cantilevered beam in this case, with a rotating subcomponent,
a tip rotating beam. Frame F! = [0, = (i,7,73)] is the inertial frame, frame F§' = [A, Bg = (blo,bzo,bgo)] is
attached to the non-rotating structure at point A in its reference configuration, and frame F4 = [A, B4 = ( 054, b))
is attached to the non-rotating structure at point A in the deformed configuration. Frame F% = [A, B® = (b bl b1))
rotates at a constant angular velocity, w,., with respect to frame F4.

Let ﬁg‘ and ﬁ be the components of the rotation
tensors that bring triad Z to Bg' and triad Bg' to B4,
respectively, both resolved in the inertial basis, Z. Fur-
thermore, let é: be the components of the rotation ten-
sor describing the finite rotation from triad B4 to B%,
resolved in basis B4. With these definition, it follows
that

b = (R*RHR. (60)
The time derivative of this unit vector is readily com- Non-rotating
puted as . structure Rotating
bt = &,b7, (61) by structure
where W R R*T are the components of the relative b,

angular Ve10(31ty " of the rotating subcomponent with re-

Sprt to its non—rgtagmg counterpart resolved in basis pigyre 2. A structure featuring a subcomponent rotating
B*, and w, = (B”R)w; the components of the same .4, ¢onstant angular velocity w,

vector rebolved in the inertial basis. It is assumed here that the rotating subcomponent Totates at a given, constant
angular velocity with respect to the non-rotating subcomponent, i.e. w is a constant vector in time. Note that for
a static problem, components w, are also constant, although not known, because the motion of frame F4 is itself
unknown.

6.2 Rigid body rotation forces

Consider now an arbitrary point P of the rotating structure and its position vector, z, with respect to point A, as shown
in fig. 2. Since the motion of the rotating structure is a rigid body rotation, the inertial velocity of point P is simply
@ = wrz. The components of this vector in the rotating frame, ¢* = R*T(RARA)TQ are constant because the motion
of the rotating structure is at a constant angular velocity, w}. This implies R*T *(RARA) R*T(RARA) @ =0,
and hence 4 = w,%. In summary, the velocity and acceleration fields of the rotating structure are

w)|  fwrz i) Jwpwrz
B i A {Q}—{ i ©
respectively.

The forces associated with the rigid body rotation are readily found by inserting these fields into eq. (31) to find
the centrifugal forces applied to the rotating structure as
MWWy 2 + WplypMm
L:{ oz i’"ﬂ}. (63
mnw,wyz + Wy W,
Note that these are the “static forces,” i.e. time independent forces, applied to the structure due to its rigid body
rotation. In a static analysis, the steady centrifugal forces given by eq. (63) are applied to the non-rotating structure.

In other words, for the static analysis, the structure is not rotating, but subjected to the steady centrifugal loading
that would appear if the structure were actually rotating.
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6.3 Linearization of the rigid body rotation forces

Although the rigid body rotation considered here is characterized by an angular velocity vector of constant magnitude,
the orientation of this angular velocity vector is unknown as the structure is allowed to deform statically, i.e., the
rotation tensor at point A is unknown. Similarly, the relative position vector z shown in fig. 2 is not known because
it is a function of the displacements at points P and A. These facts are expressed by the following relationships,

Aw, =TT AW, (64a)
Az = Au— Auy, (64b)
where Au, and A¢ are small increments in the position and rotation at point A.

To solve the nonhnear static problem, a linearization process similar to that described in section 2.1 must be
performed. The linearization of the inertial forces associated with the rigid body motion can be cast as

sr-n {2 s (B LR - () 055, w

where IC Q and /\/l are the stiffness, gyroscopic, and mass matrices associated with the rigid rotation forces,
rebpectlvely, 'obtained by introducing the velocity and acceleration fields associated with the rigid body rotation,
egs. (62), into the corresponding matrices defined in egs. (33a), (33b), and (33c¢) to find

[0 piopm
E= o ivmmﬁmr(gar—@)]’ (662)
= _ T - =
g = |2 @mn +Emit ] (66D)
= 9 WrQ — 0w,
- ml mnp’
M == 0 1 (66¢)

The second terms appearing in the two parentheses of eq. (65) correspond to perturbations in the rigid body
rotation. With the help of eqgs. (64), these perturbations are expressed as

A(aré) _ Wy g Au OA:)? ET(:}Z Auy
ol SV Rl o3 F A= Kot 2 o)
A(wWpwpz) | |wrwr 0 [Au G0l (Zo, — 20,2)0T [Auy
i B | e 8 0 AV, o)
Introducing these results into eq. (65) then yields the desired linearization of the rigid body rotation forces
_ Al Au Auy
oz - {3 {auf e {20+ {0 o
where the following matrices were defined
_ o |wror 0 = |wr 0] = mwywp 0
o R | Rl T S ey (69
gr = gr, (69D)
M = &T, (69c¢)
- [oor (o — 2wrz)w} = (ol ZToT
-7 i R A (69

mo,of [wim(z+n) +w.mz+n)7] o ;‘F} (70)
ol

mnww.L [mn(c_ur 24w 2") + w0 — @,] @

7 Finite element implementation

With the notation defined in egs. (26) and (37), the equations of motion of curved beams can be recast in the following
compact form, F! — FO 4+ FP = FC + F** where F™* are the external forces applied to the beam.
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A weighted residual formulation will be used here to enforce these dynamic equilibrium conditions
’
/ MT(£1_£CI+£D_£G_£eXt)da1:0’
0 =

where £ is the length of the beam element and N a matrix storing the selected test functions. An integration by parts
is performed on the second term of this equation, leading to

0 0
0 0

Since this set of algebraic equations is nonlinear, a linearization process is required to solve it. Equation (40) is
introduced to find

£
|7 (2 4 K8+ '+ MG+ EP + PAY + QAg)
i g'du+ M PAG + QA

0
AT (Z0 4+ S0 +0Ag)] dar = [ NTET +F) dan.
0

Next, the elemental displacement, velocity, and acceleration fields are expressed in terms of their nodal values using
the assumed shape functions, q(z1) = N ¢, ¢'(z1) = N'¢, v(x1) = N, a(r1) = Na, where ¢, 0, and @ are the
nodal values of the displacements, velocities, and accelerations, respectively. With the help of these interpolations of
elemental fields, the weak statement of dynamic equilibrium becomes

MAa+GAb+ KAg = FC + F™ — F. (71)
The mass, gyroscopic, and stiffness matrices of the beam element are
. ¢
3= [ NTMN dan, (722)
0
X ¢
G= / N'G'N day, (72b)
) A
¢
K= [ [NT@+ QN+ NTRN'+ NTSN' + NTON] dan, (20)
=" ), = TEETES TS 22 TS =2

respectively, whereas the elemental forces, gravity loads, and externally applied loads are

¢
P= / (NTF! + NTEP + N'TFC) dan, (730)
0
~G ¢ ~ ext £
I R e (73D)
0 0

respectively.

8 Interpolation strategy

8.1 Interpolation of the reference and initial configurations

The reference and initial configurations of the system are described by the displacements and rotations at the node

of the beam element,
k_ fub ko fur
Uy = (_3]5 , Up = gf ) (74)

respectively, where superscript (-)* indicates the node number and rotations are represented by the Wiener-Milenkovié
parameters, denoted c¢. The displacement field and its spatial derivative are obtain by interpolation as

N N
u(s) =Y hiug, w(s) =Y hyuf, (75a)
k=1 k=1
/ o hz k I Y h;: k
up(s) = Z 7 Yo u;(s) = Z 7 W (75b)
k=1 k=1
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where N is the total number of nodes of the element and hy(s) are the shape functions of the element. Notations (-)’
()T indicate derivatives with respect to variable 21 and s, respectively. The Jacobian of the variable transformation
is denoted J = day /ds.

The nodal rotations relative to node 1, denoted rf and r¥ in the reference and initial configurations, respectively,

are obtained as follows

rh=cm @k, rf=caed, k=12...N, (76)

where symbol ¢ indicates the composition of rotation operation. As discussed by Bauchau et al. [23], the relative
rotation field is obtained by interpolation of the relative rotations at the nodes,

N N
$) =Y hirg, ri(s)=) hirl. (77)
k=1 k=1

The rotation field is finally obtained by restoring the rotation of node 1 to find

co(s) =codrols), ¢(s)=¢f dri(s). (78)

8.2 Interpolation of the present configuration

At a particular instant in the dynamic simulation, the response of the system is characterized by the nodal displace-
ments, velocities, and accelerations, denoted

) v ) a2 m

respectively, where v* = @* and ¢F = o/ are the nodal linear velocities and accelerations, respectively. Array w*
stores the nodal angular velocities and of = w* the nodal angular accelerations.
The displacement, velocity, and acceleration fields are obtained through interpolation as

N N N
u(s) = th u”, v(s) = th oF, a(s) = th a”. (80)
k=1 k=1

k=1

k

The angular velocity and acceleration fields are obtained in a similar manner as

N N
=> et als)=> hi o (81)

k=1 k=1

It is also necessary to evaluate the spatial derivatives of the displacements and velocities
N + N + N +
k k k
— — — 82
I O O )

The nodal rotations relative to node 1, denoted r¥, are obtained as follows r¥ = ¢!~ @ ¥, k= 1,2,...,N. The
relative rotation field and its spatial derivative are obtained by interpolation of the relative rotations at the nodes,

N N o+
=> et => Tk (83)
k=1 k=1

The rotation field is finally obtained by restoring the rotation of node 1 to find ¢(s) = ¢! @ r(s).
To evaluate the strain field, the following quantities are required,

E; = ug(s) +1/(s) (84)

The curvature vector is found as
&= R(c")H(r)r'. (85)
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