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The Coulomb and Lugre friction models
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1 The Coulomb model

Coulomb’s classical law for dry friction is used to model dry friction. It states that the friction force, F f , is proportional
to the magnitude of the normal contact force |Fn|

F f = −µk |Fn|
V r

Vr

, (1)

where µk is the coefficient of dynamic friction and Vr = ‖V r‖ the magnitude of the relative velocity in the plane
tangent to the bodies at the contact point. If the relative velocity vanishes, sticking (or rolling) takes place. In this
case, the frictional force is

‖F f‖ ≤ µs |Fn|, (2)

where µs is the coefficient of static friction. Sliding gives way to sticking when the relative velocity vanishes, i.e.
when Vr = 0.
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Figure 1: The friction coefficient for Coulomb’s
friction law (solid line), and the continuous fric-
tion law (dashed line). µk = 1.0.

To successfully treat sticking, sliding and transition regimes, it
is necessary to properly model the frictional forces. Application of
Coulomb’s law involves discrete transitions from sticking to sliding
and vice-versa, as dictated by the vanishing of the relative velocity
and the magnitude of the friction force. These discrete transitions
can cause numerical difficulties, and the use of a continuous friction

law becomes necessary. Typically, the friction coefficient is regular-
ized to obtain a continuous friction law written as

F f = −|Fn|
V r

Vr

µk tanh(Vr/vs), (3)

where vs is a characteristic velocity usually chosen to be small com-
pared to the maximum relative velocity encountered during the sim-
ulation. The dynamic coefficient of friction has been regularized as
µk tanh(Vr/vs) to smooth out the friction force discontinuity, as de-
picted in fig. 1. The continuous friction law describes both sliding
and sticking behavior; sticking (or rolling) is replaced by “creeping”
of the body with respect to the plane with a small relative velocity.

When the Coulomb model is used, it is necessary to switch on
the time adaptivity feature for the time stepping procedure. When
friction occurs, the friction model will dictate the time step for the analysis, as determined by the strategy parame-

ters. In view of the rapid variation of the continuous friction law for small relative velocities, the time step size must
be reduced when the relative velocity is of the order of vs. To achieve this goal, the time step size for the next time
step is selected as

∆tnew = ∆tmin + (∆tmax −∆tmin) tanh
4 ν, (4)

where ν, defined as

ν =
Vr/vs
v̄min

, (5)

measures the smallness of the relative velocity. The default values of the strategy parameters are c1 = ∆tmin = 1.0 e−04

sec, c2 = ∆tmin = 1.0 e−03 sec, c3 = v̄min = 5 and c4 = Ts = 1.0 sec.
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2 The LuGre model

The LuGre model [1] is an advanced model for friction. This model uses the following equation for the friction
coefficient

µ = σ0z + σ1

dz

dt
+ σ2Vr , (6)

where µ is the instantaneous friction coefficient and Vr the relative velocity; σ0, σ1, and σ2 are coefficients of the
LuGre model. The variable z is an internal state of the LuGre model and its evolution is governed by the following
differential equation

dz

dt
= Vr −

σ0|Vr|

g(Vr)
z; g(Vr) = µk + (µs − µk) exp(−|Vr/vs|

γ), (7)

where γ is an additional parameter of the LuGre model. Note that if σ1 = σ2 = 0.0 and µs = µk, the LuGre model
becomes identical to Dahl’s model [2].

When the LuGre model is used, it is necessary to switch on the time adaptivity feature for the time stepping
procedure. When friction occurs, the friction model will dictate the time step for the analysis, as determined by the
strategy parameters. In view of the rapid variation of the function g(Vr) for small relative velocities, the time step
size must be reduced when the relative velocity is of the order of vs. To achieve this goal, the time step size for the
next time step is selected as

Ω∆tnew = ∆τmin

{

1 ν ≤ 1
να ν > 1

, (8)

where Ω = σ0vs/µk is the time constant of the LuGre model and the quantity ν, defined as

ν =
Vr/vs
v̄min

, (9)

measures the smallness of the relative velocity. The default values of the strategy parameters are c1 = ∆τmin = 0.02,
c2 = v̄min = 5, c3 = α = 1.2and c4 = T̄s = 5.0.
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