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1 Stability analysis

An important aspect of the aeroelastic response of rotorcraft systems is the potential pres-
ence of instabilities, which can occur both on the ground and in the air. If the governing
equations of motion can be formulated in the form of linear, ordinary differential equations
with constant coefficients, classical stability evaluation methodologies based on the char-
acteristic exponents of the system are very suitable to assess stability characteristics. On
the other hand, when the equations of motion of the system are linear, ordinary differen-
tial equations with periodic coefficients, Floquet’s theory [1, 2], is the preferred approach.
These methods work well for simplified linear models featuring a small number of degrees
of freedom. As the number of degrees of freedom used to represent the system increases,
these methods become increasingly cumbersome, and quickly unmanageable [3]. However,
due to increased available computer power, the analysis of rotorcraft systems relies on
increasingly complex, large scale models.

Bauchau and Wang [4, 5] have reviewed several approaches to stability analysis and
their applicability to large scale multibody systems. They point out that the only approach
that gives information about nonlinear stability is Lyapunov’s function method, which
can clearly not be applied to large dimensional numerical models. Hence, the problem
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of linearized stability is addressed in this paper, i.e the stability of small perturbations
about a nonlinear equilibrium configuration that could be periodic. For large rotorcraft
aeroelastic models, a formal linearization is difficult and costly to obtain for constant in
time systems, and virtually impossible in the case of periodic systems. Hence, the only
option is to study the response of the system to small perturbations about an equilibrium
configuration using a fully nonlinear, coupled simulation tool.

This means, in effect, that the complex multibody model is used as a virtual proto-
type of the actual dynamical system, and the analyst is running a set of “experiments”
to determine the stability characteristics of the system. A similar approach was taken by
other researchers [6, 7, 8, 9] for systems represented by simple analytical models featuring
a few degrees of freedom. In this framework, the actual sensors that would be used in an
experiment to measure rotorcraft response are replaced by “sensors,” which extract from
the numerical model the predicted response of the system. In an experimental setting,
the number of available sensors is typically limited because the complexity and cost of
the experiment will dramatically increase with the number of sensors. Hence, the location
and nature of the sensors will be carefully selected so as to obtain high quality measure-
ments that are most relevant to the phenomenon under scrutiny. On the other hand, in a
numerical setting, the very nature of computational simulations implies that the response
of each degree of freedom is available at no additional cost. The analyst could select a
small number of these signals to perform stability analysis, mimicking the process used in
an experimental setting, but it is also possible to use all the available data in an effort to
obtain more accurate predictions.

In an experimental setting, stability analysis methods must be robust enough to deal
with experimental noise. Numerical implementation also involves noise associated with the
time discretization and inaccuracies of the solution. Another source of noise is the fact that
the computed response is not that of a linear system, but rather that of a nonlinear system
acted upon by small perturbations. In practice, this is a major hurdle: if the perturbation
is too large, the nonlinearity in the response is pronounced and linearized stability tools
give erroneous stability characteristics; on the other hand, if the perturbation is too small,
the response has a small amplitude that becomes indistinguishable from the numerical
noise, leading once again to erroneous predictions. If all the predictions produced by the
numerical simulation are used for stability analysis, the data set will be highly redundant:
the important information is a small subset of the large, noisy, highly redundant data set.
This discussion clearly indicates that noise is as much a problem for numerical methods
as it is for experimental methods.

Two algorithms are presented for stability analysis based on techniques that are widely
used in model reduction, damage detection, system identification, linear control, and sig-
nal processing. In broad terms, these methods [10] are based on two techniques: the
singular value decomposition and polynomial or moment matching concepts. The first
type of algorithms are directly derived from linear time-invariant state space models. The
relationship between the impulse discrete time response of the system at two consecutive
time steps leads to the classical Ho-Kalman’s algorithm [11]; subsequently, this approach
was combined with the singular value decomposition to yield the eigensystem realization
algorithm [12]. A variant of these approaches, first derived by Moore [13] is known as the
balanced truncation method, and additional modifications and improvements are discussed
in ref. [14]. The polynomial based methods are generated from autoregressive moving av-
erage models [15] that are equivalent to linear, time-invariant state space models. When
impulse responses are solely considered, the autoregressive moving average model reduces
to the autoregressive formulation. Bauchau and Wang [4, 5] have proved that Prony’s
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method is, in effect, an autoregressive method, although it is often presented as a curve
fitting procedure [16].

To alleviate the effects of noise, numerous modifications of autoregressive methods have
been developed [17, 18]. A widely used approach to noise filtering is based on the singular
value truncation technique because it has been proved that singular value decomposition
associated with Hankel-norm model reduction [19] is equivalent to the finite impulse re-
sponse filtering [20]. On the other hand, the proper orthogonal decomposition [21], often
performed via singular value decomposition, is also an efficient noise filtering technique
that has been widely applied to fluid problems [22]; it also forms the basis for model
reduction techniques in solid mechanics [23] and nonlinear control [24]. The physical
interpretation of the proper orthogonal modes is discussed in refs. [25, 26].

The two algorithms presented here are closely related to the above two classes of
methods and since stability is the focus of the present work, they will be introduced
through Floquet’s theory for the first and autoregressive formulation for the second. Since
the singular value decomposition is such a powerful tool for dealing with noise, both
approaches make use of this technique. The proposed algorithms can be applied to one
or multiple time signals, and are able to deal with time constant or periodic systems.
For linear systems, the signals are measured from the dynamic responses directly; for
nonlinear systems, the signals are computed as the difference between the sensed responses
under external perturbations and those of the equilibrium configuration. The algorithms
are equally applicable to experimental measurements or numerically computed responses.
If all signals are used, i.e. if the time histories of all the degrees of freedom of the
system are used, the computational burden associated with these algorithms becomes
large. One option is to retain a few signals only to reduce the computational cost, but at
the expense of loosing potentially relevant information contained in the discarded signals.
In this paper, a different approach is taken. First, the proper orthogonal decomposition
technique is applied to the full set of all degrees of freedom of the system. Next, the
few proper orthogonal modes associated with the largest amount of energy contained in
the response are retained. Optimized signals, corresponding to the time history of these
proper orthogonal modes are used as an inputs to the stability analysis algorithms. This
approach is computationally efficient, while retaining accuracy and requiring minimum
user inputs.

2 Model of the system

The systems to be investigated here are assumed to be linear with constant or periodic co-
efficients; for nonlinear systems, small perturbations about possibly nonlinear equilibrium
configurations are considered. In first order form, the governing equations are written as

u̇(t) = Au(t) + f(t), (1)

where u(t) is the state vector of dimension 2N , A the system characteristic matrix, and
f(t) is related to the externally applied forces; the notation ()· indicates a derivative with
respect to time. Eq. (1) could represent the first order form of the equations of motion
of a dynamical system, in which case the state vector would store the displacements
and velocities of all degrees of freedom of the model. For aeroelastic models, the state
vector would include additional information, such as inflow states, or fluid pressures and
velocities. It is well known that the stability characteristics of the system are determined
by the characteristic matrix. Hence, in the present work, the sole homogeneous problem
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is considered
u̇(t) = Au(t). (2)

At first, consider a system featuring constant coefficients, i.e. A is a constant ma-
trix. Given initial conditions, u = u0 at time t0, the solution of the system is given in
textbooks [27] as

u(t) = eA(t−t0)u0. (3)

In numerical applications, the response of the system will typically be computed at a set of
discrete times tk = k∆t, where ∆t is the time step size and k a positive integer. Without
loss of generality, the initial time can be assumed to be zero, i.e., t0 = 0. The discrete
solution at time tk now writes u(tk) = uk = exp(Ak∆t) u0, and at time step k + 1, it is
clear that uk+1 = exp(A∆t) uk. The discrete time model can now be cast in a compact
form as

uk+1 = Asuk, As = exp(A∆t). (4)

Next, consider a system with periodic coefficients, i.e. matrix A is a periodic function
of time, A(t) = A(t+ T ), where T is the period of the system. Here again, the solution of
the problem is found in textbooks [27] and given a set of initial conditions, the solution
becomes

u(t) = P (t)eΛ(t−t0)P−1(t0)u0, (5)

where Λ = diag(λj) is a diagonal matrix of characteristic exponents of the periodic system
and P (t) a periodic matrix, P (t) = P (t + T ). The discrete solution now becomes uk =
Pk exp(Λk∆t)P−1

0 u0. Finally, the discrete time model is recast in a compact form as

uk+1 = Akuk, Ak = Pk+1e
Λ∆tP−1

k . (6)

Because the system is periodic, it follows that Ak = Ak+p, where p is the number of time
steps per period, p = T/∆t, assumed to be an integer.

3 Methods of stability analysis

The proposed approaches for stability analysis will be presented for periodic systems only,
because constant coefficient systems are a particular case of periodic systems featuring an
arbitrary period.

3.1 Floquet’s Theory

Floquet’s theory [27, 28] assesses the stability characteristics of general dynamic systems
described by eq. (2) with periodic coefficients. It involves the transition matrix, Φ(t), that
relates the states of the system at time t and t + T , u(t+ T ) = Φ(t)u(t). When t = k∆t,
this discrete relationship becomes

uk+p = Φkuk. (7)

The relationship between matrices Φk and Ak is found from the discrete time model,
eq. (6), as Φk = Ak+p−1Ak+p−2 . . . Ak. An explicit expression for Φk is

Φk = Pke
ΛTP−1

k . (8)

The eigenvalues of the transition matrix are exp(λjT ), j = 1, 2, . . . , 2N , and assumed to be
distinct in this discussion. A complete discussion of the general case of repeated eigenvalues
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is found in Ref. [27]. The stability criterion can now be stated as: the periodic system is
stable if and only if the norm of all eigenvalues is smaller than unity: | exp(λjT )| < 1, j =
1, 2, . . . , 2N .

In practice, the transition matrix is constructed by a full set of linearly independent
solutions u

(i)
p , i = 1, 2, . . . , 2N , when initial conditions are given by the identity matrix.

This discussion clearly shows the difficulties associated with the application of Floquet’s
theory for stability assessment. In numerical applications, the evaluation of the transition
matrix becomes an overwhelming task as it requires the integration of equations of the
system for an entire period, for each degree of freedom of the system. As the number
of degrees of freedom of the system increases, this computational effort becomes pro-
hibitive. Furthermore, for larger systems, the transition matrix becomes increasingly ill
conditioned [29, 30].

The last step of Floquet’s theory involves the determination of the characteristic ex-
ponents of the system from the eigenvalues of the transition matrix. A typical eigenvalue
is written as exp(λj p∆t) = rj exp(±iφj), where i =

√
−1, and a characteristic exponent

as λj = ωj[ζj ± i
√

1− ζ2j ], where ωj and ζj are the frequency and damping, respectively,

associated with this characteristic exponent; it then follows that

ζj =
cj

√

1 + c2j

; ωj =
ln rj
ζj T

, j = 1, 2, . . . , N, (9)

where cj = (ln rj)/φj.

3.2 The partial Floquet approach

In view of the high computational cost associated with the application of Floquet’s theory,
it is desirable to construct an approximation of the transition matrix. In partial Floquet
theory [31, 32] information about the dynamics of the system is extracted from the response
of a small number of degrees of freedom. According to eq. (5), the response of a single
degree of freedom of the system can be written as h(t) = L(t) exp(Λt)P−1(0)u0, where
array L(t) represents a single line of matrix P (t), and hence, L(t) = L(t + T ); h(t) can
be viewed as a “sensor” output such as the time history generated by a strain gauge or
accelerometer attached to the system. In view of eq. (5), the discretized signal at time
t = k∆t + ℓT , denoted hk,ℓ = h(k∆t + ℓT ), now becomes

hk,ℓ = Lke
Λ(k∆t+ℓT )P−1

0 u0, (10)

where Lk = L(k∆t + ℓT ) = L(k∆t); the last equality follows from the periodic nature
of L(t). m consecutive data points starting in the ℓth period are stored in array hT

ℓ =
⌊h1,ℓ h2,ℓ . . . hm,ℓ⌋; if m < p, this array stores fewer than the total number of data
points in a period, whereas if m > p, it stores more than the total number of data points
in a period. Matrix R is now defined

R =











L1e
Λ∆t

L2e
Λ2∆t

...
Lme

Λm∆t











. (11)

With the help of this notation, it is clear that hℓ = R exp(ΛℓT )P−1
0 u0. The relationship

between arrays hℓ+1 and hℓ is now written in terms of the transition matrix, Q, as

hℓ+1 = Qhℓ, Q = ReΛTR+, (12)
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where R+ is the Moore-Penrose inverse [33] of R; the superscript ()+ will be used here to
denote Moore-Penrose inverses.

The following two Hankel matrices are now defined

H0(m×n) =
[

h0 h1 . . . hn−1

]

, H1(m×n) = [h1 h2 . . . hn] . (13)

Since eq. (12) holds for each column of these matrices, it follows that

H1 = QH0. (14)

This relationship does not allow the exact computation of the transition matrix, Φ, defined
by eq. (7). Indeed, complete knowledge of this matrix requires the responses of all degrees
of freedom to 2N linearly independent initial conditions; if this information were available,
matrices H0 and H1 of size 2N × 2N could be constructed and Φ = H1H

−1
0 would yield

the transition matrix. In view of the limited information available, an approximation to
the transition matrix is evaluated as Q = H1H

+
0 , where the Moore-Penrose inverse of H0

is evaluated using the singular value decomposition as H+
0 = VrΣ

−1
r UT

r where r is the
estimated rank of H0. The estimated transition matrix becomes

Q(m×m) = H1VrΣ
−1
r UT

r . (15)

In view of its definition in eq. (13), matrix H0 will store highly redundant data and it is
not unexpected that, more often than not, r < m. It follows that of the m eigenvalues
of Q in eq. (15), r only are expected to be physically meaningful, whereas the remaining
m− r eigenvalues are related to noise in the data. Consequently, it makes sense to project
matrix Q in the subspace defined by the r proper orthogonal modes of H0, stored in Ur,
to find

Q̂(r×r) = UT
r QUr = UT

r H1VrΣ
−1
r . (16)

The stability characteristics of the system are then extracted from the eigenvalues of the
approximate transition matrices, Q or Q̂, using eq. (9).

The method presented thus far is based on the information extracted from a single
signal, see eq. (10). In practice, if Ns signals are available, the following matrices are
constructed

H0 =











H
(1)
0

H
(2)
0
...

H
(Ns)
0











, H1 =











H
(1)
1

H
(2)
1
...

H
(Ns)
1











; (17)

where matrices H
(i)
0 and H

(i)
1 are constructed with the data of the ith signal, as defined

in eq. (13). The analysis then proceeds as before, with matrices H0 and H1 replacing
matrices H0 and H1, respectively. If the responses of all degrees of freedom of the system
are used for stability assessment, Hankel matrices H0 and H1 become equivalent to the
snapshot matrices and the present partial Floquet’s theory becomes equivalent to the
Poincaré mapping technique [6, 8, 9]).

3.3 The autoregressive approach

The autoregressive method will be simply summarized here, more details can be found in
ref. [4]. By analogy to eq. (14), the auto-regression matrix, B, is defined as

H1 = H0B. (18)
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Clearly, the auto-regression and transition matrices are closely related since B = H+
0 QH0.

As was the case for the partial Floquet method, too little information is contained in
matrices H0 and H1 to afford an exact evaluation of B. Hence, the Moore-Penrose inverse
of matrix H0 is used here again to evaluate an approximation of the auto-regression matrix
as B = H+

0 H1, and finally,
B(n×n) = VrΣ

−1
r UT

r H1; (19)

In view of highly redundant nature of the data stored in matrix H0, it should be expected
that, in general, r < n, and hence, only r eigenvalues of B should be physically meaningful.
Consequently, it makes sense to project the auto-regression matrix in the subspace defined
by Vr, to find

B̂(r×r) = V T
r BVr = Σ−1

r UT
r H1Vr. (20)

The stability characteristics of the system are then extracted from the eigenvalues of the
approximate auto-regression matrices, B or B̂, using eq. (9). Bauchau and Wang [4] have
shown that the complex exponential method [16], also called Prony’s method, is, in fact, an
autoregressive method. Autoregressive methods are often combined with moving average
techniques to yield the ARMA algorithm [34]. However, when dealing with stability
problems, the excitation of the system often comes in the form of an initial impulse.
The moving average component of the ARMA algorithm then automatically vanishes,
simplifying to the present autoregressive approach.

The stability analysis algorithms presented in this section produce estimates of r char-
acteristic exponents of the system. The analyst is now faced with the following dilemma:
how reliable are these estimates? Poor estimates are due to two broad categories of errors.
First, if the excitation of the system is chosen inappropriately, some relevant modes might
not be excited, and no matter what signals are used for stability analysis, the dynamics
associated with such modes cannot be extracted by any algorithm. Exact evaluation of
the characteristic exponents requires the response of all modes to 2N linearly independent
initial conditions, i.e. all modes must be excited to obtain the exact solution. Second,
assuming that all relevant modes have sufficient excitation, the noise in the data or a
poor choice of signals might lead to inaccurate estimates of system dynamics. Error from
the first source cannot be remedied by better algorithms, rather, better judgement is re-
quired of the analyst. Note that this problem is also present when running an experiment:
the excitation device must be properly designed to provide enough energy to all relevant
modes.

Errors from the second source can be alleviated by better algorithms; two comple-
mentary approaches are presented here. The first approach eliminates the need to select
specific signals as input to the stability analysis by using all the available data, i.e. the
response of all degrees of freedom of the system. While this approach certainly eliminates
the guesswork, it will require the singular value decomposition of very large matrices, re-
sulting in significant computational costs. The proper orthogonal decomposition method
is proposed as a solution of this problem, as discussed in the next section. The second
approach relies on the reconstruction or synthesis of the signals associated with the esti-
mates of r characteristic exponents of the system. If the reconstructed signals are in close
agreement with the original signals, it is likely that the identified characteristic exponents
are reliable estimates. The combination of these two approaches is expected to yield more
reliable estimates of stability characteristics, and warn the analyst when poor predictions
are obtained.
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4 Use of proper orthogonal modes

When applying the stability algorithms described in the previous section to numerical
systems, the responses of all degrees of freedom of the system are available as a result of
the simulation. This contrasts with experimental applications where only a small number
of signals are available. To extract the most accurate predictions, it is logical to use
all available data, i.e. in eq. (17), the number of signals equals the number of degrees
of freedom of the system, Ns = 2N . Clearly, in view of its size, the singular value
decomposition of matrix H0(2Nm×n) will be very expensive.

To bypass this high computational cost, a preprocessing step, based on the proper
orthogonal decomposition, is used to condense the available data. This technique provides
a unique decomposition of system response in terms of a set of orthogonal modes associated
with decreasing energy content. The few proper orthogonal modes with the highest energy
content are then selected to span the orthogonal subspace. Projections of system response
onto this subspace are used as “generalized” or “optimized sensors” to drive the stability
analysis. To implement this approach, the following matrix is assembled from the time
histories of all degrees of freedom

T0 = [u0 u1 . . . un] , (21)

where array uk stores all the degrees of freedom of the system at time k∆t. Here again,
the singular value decomposition is used to compute the proper orthogonal modes of T0 as
T0 = UrTΣrTV

T
rT
, where UrT stores the proper orthogonal modes, and rT is the estimated

rank of T0. The system response is then projected onto the space of the proper orthogonal
modes to find the rT signals, UT

rT
T0 = ΣrTV

T
rT
, or

h
i
= σivi, i = 1, 2, . . . , rT , (22)

where vi is the i
th column of VrT . The rT signals, h

i
, are generalized, or optimized signals:

while they are not the response of any specific degree of freedom of the system, they form
a set of rT orthogonal signals containing most of the energy of the system, as measured by
the index defined in eq. (34). Each describes the history of the amplitude of the associated
proper orthogonal mode.

The singular value decomposition of matrix T0 of size 2N×n is an expensive operation,
the cost of which is estimated to be O(4N2n + n3). However, in the present application,
it is not necessary to extract all the singular values of T0, rather, only the rT dominant
singular values are required. Several algorithms have been proposed for this task [35, 36],
but one of the most effective tool is Lanczos’s algorithm [33] that operates on the following
real symmetric matrix

T =

[

0 T0

T T
0 0

]

. (23)

It produces the rT dominant singular values and the matrices UrT and VrT at a reasonable
computational cost.

5 Signal synthesis

Because of noise in the data or the possibility of a poor choice of signals, the algorithms
described above can lead to inaccurate estimates of system dynamics. To detect eventual
problems, it is important to reconstruct or synthesize the signals associated with the r
estimated characteristic exponents of the system. Let hk and ĥk be the original and
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reconstructed signals, respectively; if the total length of the discrete data series is n, the
discrepancy between the two is quantified by the following discrepancy index

ǫ =

√

√

√

√

1

n

n
∑

k=1

(ĥk − hk)2. (24)

If the reconstructed signals are in close agreement with the original signals, i.e. if ǫ is
small, it is likely that the identified characteristic exponents are reliable estimates.

The response of a degree of freedom of the system, h(t), can be expressed in terms
of the characteristic exponents as h(t) =

∑2N
j=1 ℓj(t) exp(λjt)cj, where ℓj(t) and cj are the

jth elements of arrays L(t) and c = P−1
0 u0, respectively. This expression is further sim-

plified by defining aj(t) = ℓj(t)cj , to find h(t) =
∑2N

j=1 aj(t) exp(λjt). Note that for the
actual signal, the summation extents over all 2N characteristic exponents of the system;
on the other hand, the estimated signal is ĥ(t) =

∑r
j=1 âj(t) exp(λ̂jt), where the summa-

tion extends over the r estimated characteristic exponents, λ̂j. Among the r estimated
exponents, a null exponent often occurs, corresponding to an offset of the signal, nr real
exponents might appear, and finally, 2nc complex conjugate exponents are also likely to
occur. When the characteristic exponents are written as exp(λ̂j∆t) = rj exp(iφj) and the
coefficients of the expansion as âj(t) = αj(t) + iβj(t), the estimated signal becomes

ĥ(t) =
nr+nc
∑

j=nr+1

2r
t/∆t
j [αj(t) cos(φjt/∆t)− βj(t) sin(φjt/∆t)] +

nr
∑

j=1

αj(t)r
t/∆t
j + α0(t), (25)

At time t = k∆t, the discrete value of the estimated signal is

ĥk =

nr+nc
∑

j=nr+1

2rkj [αj,k cos(kφj)− βj,k sin(kφj)] +

nr
∑

j=1

αj,kr
k
j + α0,k = qT

k
ak, (26)

where the subscript k indicates a quantity computed at time k∆t, and the two arrays ak
and q

k
were defined as

ak =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

α0,k

α1,k
...

αnr ,k

αnr+1,k

βnr+1,k
...

αnr+nc,k

βnr+nc,k

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, q
k
=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1
rk1
...

rknr

2rknr+1 cos(kφnr+1)
−2rknr+1 sin(kφnr+1)

...
2rknr+nc

cos(kφnr+nc
)

−2rknr+nc
sin(kφnr+nc

)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

respectively, and αj,k = αj(k∆t). Array q
k
stores known quantities related to the es-

timated exponents and ak the unknown coefficients of the expansion of the estimated
signal. Floquet’s theory implies that aj(t) is a periodic function and hence, ak = ak+p.
The unknown coefficients of the expansion are now computed by matching the actual and
estimated signals at discrete time steps k∆t+ ℓT , hk+ℓp = ĥk+ℓp, ℓ = 0, 1, . . . , m, to find

∣

∣

∣

∣

∣

∣

∣

∣

∣

hk

hk+p
...

hk+mp

∣

∣

∣

∣

∣

∣

∣

∣

∣

=











qT
k

qT
k+p
...

qT
k+mp











ak = Qk ak. (27)
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This set of linear equations is solved using the least squares method, such that

ak = (QT
kQk)

−1Qk

∣

∣

∣

∣

∣

∣

∣

∣

∣

hk

hk+p
...

hk+mp

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (28)

Solving this linear system for k = 0, 1, 2, . . . p− 1, will yield discrete values of the periodic
coefficients of the expansion, âj(t), over one period. Of course, for constant coefficient
systems, the procedure simplifies considerably, since the coefficients of the expansion be-
come constants. Once the coefficients of the expansion are evaluated, the estimated signal,
ĥ, follows from eq. (26) and the quality of the estimation can be assessed with the help
of eq. (24). The evaluation of the estimated signal is particularly important for periodic
systems: if the sole information available is the characteristic exponent, an indeterminacy
remains concerning the corresponding system frequency. Indeed, the contribution of the
exponent to system response is of the form aj(t) exp(λjt), where aj(t) is a periodic func-
tion. Expanding aj in Fourier series yields aj(t) =

∑

k gjk exp(ikΩt), where Ω = 2π/T , and

hence, the frequency of the system becomes ωj

√

1− ζ2j + kΩ, where k is an undetermined

integer. If the estimated signal is evaluated, aj(t) is known in discrete form and so are its
Fourier coefficients, gjk. The non vanishing coefficients gjk determine the integers k.

6 Signal power

Defined in last section, the estimated signal can be rewritten as ĥ(t) =
∑r

j=1 âj(t) exp(λ̂jt),

where the summation extends over the r estimated characteristic exponents, λ̂j. At time

step k∆t, the discrete time formulation becomes ĥk =
∑r

j=1 âj(k ∆t) exp(λ̂jk ∆t). If

notating each item of the summation as ĥ
(j)
k = âj(k ∆t) exp(λ̂jk ∆t), then the estimated

signal can be simplified to ĥk =
∑r

j=1 ĥ
(j)
k , which means the estimated signal is consisted

of several signals ĥ
(j)
k . With the help of the following notation

ĥ
(j)T

=
[

ĥ
(j)
0 ĥ

(j)
1 . . . ĥ

(j)
k . . . ĥ

(j)
Nd

]

, (29)

where Nd is the total length of the signal. The signal power is defined as

P (j)
w = ĥ

(j)T
ĥ
(j)
. (30)

Corresponding, the ratio

Pj =
P

(j)
w

∑r
j=1 P

(j)
w

(31)

approximately measures the contribution of each extracted mode to the reconstructed
signal.

7 Stability analysis procedure

The algorithms described in the last two sections are combined to provide a robust ap-
proach to the stability analysis of complex systems. The overall procedure involves the
following steps.
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1. Determine the dynamic response of the system to given excitations.

2. Construct matrices T0 and T, defined in eq. (21) and eq. (23), respectively.

3. Evaluate rT proper orthogonal modes of matrix T using Lanczos’ algorithm.

4. Compute the rT optimal signals defined by eq. (22).

5. From these signals, assemble matrices H0 and H1 defined by eq. (13).

6. Perform the singular value decomposition of H0.

7. Evaluate matrix Q̂ or B̂, using eq. (16) or (20), respectively, and compute its eigen-
values.

8. Compute the associated system frequencies and damping rates using eq. (9).

9. Compute the coefficients of the expansion, ak, using eq. (28).

10. Evaluate the estimated signal, ĥk, using eq. (26), and compute the discrepancy index
using eq. (24).

The above procedure calls for the following remarks.

1. The procedure presented above is equally applicable for constant coefficient and
periodic systems. In the former case, many of the steps of the procedure considerably
simplify.

2. The first step of the procedure is critical as it involves the selection of the suitable
excitations. The excitations should provide an adequate amount of energy to the
modes of interest, typically, the least damped modes of the system. Clearly, this
step requires the understanding of the dynamic behavior of the system.

3. Steps 2, 3 and 4 can be bypassed and replaced by a choice of suitable signals, typically
the response of specific degrees of freedom of the system. The computation of the
proper orthogonal decomposition and associated optimal signals relieves the analyst
from having to select suitable signals, leading to a more robust procedure.

4. Steps 3 and 7 involves the estimations of the rank of matrices T and H0, respectively;
these are crucial steps of the procedure. The energy index, defined by eq. (34), is
conveniently used for this estimation by requiring ErT > 1 − ǫ and ErH0

> 1 − ǫ,
where ǫ is a small, user defined number. It is sometimes convenient to let rT and
rH0

be user specified inputs.

8 The Singular Value Decomposition

The present work requires the manipulation of large data sets that are highly redundant
and noisy. The main tool for extracting reliable information from these data sets is the
singular value decomposition [33]. The singular value decomposition of a real rectangular
matrix S ∈ R

m×n, m > n, of rank n is

Sm×n =
[

Um×n Γm×(m−n)

]

[

Σn×n

0(m−n)×n

]

V T
n×n, (32)
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where Σ = diag(σi) is a unique diagonal matrix of nonnegative singular values σi; [U Γ] an
orthogonal matrix, implying UTU = I, ΓTΓ = I, UTΓ = 0 and ΓTU = 0; V an orthogonal
matrix, implying V TV = V V T = I, and Γ forms the null space of ST , i.e. STΓ = 0. The
compact form of the singular value decomposition is S = UΣV T .

When dealing with highly redundant data sets, many of the singular values of S will be
nearly zero. Typically, if the singular values are ordered in descending order, the following
situation is encountered

σ1

σ1
≥ σ2

σ1
≥ . . . ≥ σr

σ1
≥ σr+1

σ1
≈ σr+2

σ1
≈ σn

σ1
≈ 0. (33)

In practice, this situation is met when σr+1/σ1 < ε, i = r+1, r+2, . . . , n, where ε is a small
number. In effect, it follows that rank(S) = r < n. Matrix S can now be approximated
as S ≈ Sr = UrΣrV

T
r , where matrices Ur and Vr consist of the first r columns of U and

V , respectively, and Σr is the r × r principal minor of Σ; it can be shown that Sr is the
rank r matrix that is closest to S in the Frobenius norm. This approximation is based on
the selection of the small quantity, ε; a more physically meaningful criterion to determine
the rank of S is the following energy ratio criterion

Er =

(

r
∑

i=1

σi

)

/

(

n
∑

i=1

σi

)

, (34)

that indicates the amount of energy captured in the retained modes as a fraction of the
total amount of energy contained in the signal.
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