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Abstract
Finite element based formulations for ﬂexible multibody systems are becoming increasingly popular
and as the complexity of the conﬁgurations to be treated increases, so does the computational cost. It
seems natural to investigate the applicability of parallel processing to this type of problems; domain
decomposition techniques have been used extensively for this purpose. In this approach, the
computational domain is divided into non-overlapping sub-domains, and the continuity of the
displacement ﬁeld across sub-domain boundaries is enforced via the Lagrange multiplier technique. In
the ﬁnite element literature, this approach is presented as a mathematical algorithm that enables
parallel processing. In this paper, the divided system is viewed as a ﬂexible multibody system, and the
sub-domains are connected by kinematic constraints. Consequently, all the techniques applicable to
the enforcement of constraints in multibody systems become applicable to the present problem. In
particular, it is shown that a combination of the localized Lagrange multiplier technique with the
augmented Lagrange formulation leads to interesting solution strategies.
& 2009 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.
Keywords: Multibody dynamics; Parallel algorithms; Constrained dynamical systems

1. Introduction
It is often imperative to simulate the dynamic response of multibody systems in real
time. In response to this challenge, efﬁcient algorithms have been developed for modeling
multirigid body dynamical systems presenting chain or tree-like topologies. By taking
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advantage of speciﬁc system topologies, parallel OðlogðnÞÞ formulations have been
developed by Fijany et al. [1]. Anderson [2] developed an OðnÞ parallel algorithm for the
simulation of systems presenting tree topologies. Featherstone proposed a divide-andconquer parallel OðlogðnÞÞ strategy for articulated bodies [3], which he then generalized to
tree and loop conﬁgurations [4]. Anderson and Duan [5] considered general systems of
rigid bodies, which may contain arbitrary joint types, multiple branches, and/or closed
loops. Their proposed scheme allows a substantially higher degree of parallelization than is
generally obtainable using the more conventional recursive OðnÞ procedures. Critchley and
Anderson [6] further reﬁned the approach by introducing a new recursive coordinate
reduction parallel algorithm that provides improved computation performance.
In recent years, the ﬁeld of ﬂexible multibody dynamics has embraced the ﬁnite element
approach for modeling ﬂexible structures, as described in the textbook of Geradin and
Cardona [7] and numerous references therein. In those formulations, the kinematic constraints
found in multibody systems are typically enforced via the Lagrange multiplier technique,
leading to differential algebraic governing equations. In most cases, complex ﬂexible
multibody systems do not present the tree-like topology that characterizes traditional
multirigid body dynamical systems. For instance, when modeling a shell structure, all degrees
of freedom are coupled through the two-dimensional ﬁnite element mesh. On the other
hand, the ﬁnite element modeling of ﬂexible multibody systems involves orders of magnitude
more degrees of freedom than those typically involved in the modeling of multirigid body
systems. Consequently, detailed and accurate time simulation of ﬂexible multibody systems
using the ﬁnite element approach can typically not be performed in real time. The use of a
ﬁnite element approach, however, does not preclude the development of parallel solution
algorithms.
In fact, a voluminous body of literature deals with the development and implementation
of parallel computational strategies for ﬁnite element models. A complete review of the
ﬁeld is beyond the scope of this paper, but the many approaches that have been proposed
fall into the following categories.
First, because the single most expensive operation in a ﬁnite element simulation is the
factorization of the stiffness matrix, strategies for parallel implementation of factorization
algorithms have been developed. The use of vector computers was proposed to speed up
the factorization algorithm. This approach is very robust, but seems to have met limited
success in terms of scalability [8]. Multi-frontal solvers [9] have also been proposed for the
task of factorization [10]. This approach seems to be very arduous to implement;
furthermore, for multibody systems, the presence of Lagrange multipliers as additional
solution variables would require the development of appropriate multi-frontal solvers.
This helps explain why this approach does not seem to have been applied to the types of
problems appearing in ﬂexible multibody dynamics.
The second approach relies on iterative solvers, such as the conjugate gradient or
generalized minimal residual algorithms [11]. This approach has been applied to the
solution of structural dynamics problems. It must be noted, however, that their efﬁciency
crucially depends on system conditioning. Hence, good pre-conditioners are required for
the efﬁcient implementation of this approach. Flexible multibody systems often involve
rigid body modes associated with zero frequencies, and the Lagrange multipliers used to
enforce kinematic constraints introduce numerous ‘‘inﬁnite frequencies.’’ Consequently,
ﬂexible multibody problems are typically ill-conditioned, more so than their structural
dynamics counterparts, and the use of iterative solvers does not seem to be desirable.
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Finally, domain decomposition techniques have been the approach of choice for the last
two decades. In particular, the FETI method developed by Farhat and coworkers has
received considerable attention [12–15]. A distinctive feature of this approach is that an
auxiliary problem appears as a byproduct of the solution process. It is based on the rigid
body modes of the ﬂoating sub-domains, and because its size is small compared to that of
the overall problem, it is called the ‘‘coarse problem.’’ For plate and shell problems,
imposing the continuity of the transverse displacement at sub-domain cross-points, also
called ‘‘corner points,’’ is found to be beneﬁcial and is enforced via an additional set of
Lagrange multipliers. This leads to a two-level procedure [16–19]. Finally, the second
generation, dual–primal FETI method [20–23] combines many of the techniques developed
earlier in a uniﬁed manner.
Limited work has been done to apply the algorithms described in the previous
paragraphs to ﬂexible multibody systems. Chiou et al. [24] combined the null space
formulation with a preconditioned conjugate gradient algorithm to obtain a natural
partitioning scheme for multibody systems. Coulon et al. [25] investigated the application
of the FETI method to ﬂexible multibody systems. Finally, Quaranta [26] used a domain
decomposition method based on the Schur complement matrix to perform parallel
simulation of multibody systems.
The FETI method is an approach by which the computational domain is divided into
non-overlapping sub-domains. At the interface between the sub-domains, kinematic
constraints are imposed to enforce the continuity of the displacement ﬁeld over the entire
structure. These kinematic constraints are enforced via ﬁelds of Lagrange multipliers that
act at the interface between the sub-domains and can be interpreted as the interface
connection forces. The method then proceeds in two steps. First, an interface problem is
solved that yields the Lagrange multipliers. Second, the sub-domains are now independent
structures subjected to known boundary forces, the ﬁelds of Lagrange multipliers. The
displacement ﬁelds in each sub-domain can be computed in parallel because each subdomain is now independent of the others.
In the literature cited above, the FETI method is seen as a purely computational
algorithm, and researchers have focused on the efﬁciency and scalability of the approach.
In this paper, domain decomposition methods are investigated from the viewpoint of
constrained dynamical system. Once the system is decomposed into sub-domains for the
purpose of parallel computation, these sub-domains can be viewed as ﬂexible bodies
connected by kinematic constraints, as is typically found in ﬂexible multibody systems.
Clearly, the tools and techniques developed for the analysis of such systems become
relevant. In rigid and ﬂexible multibody dynamics, the method used to enforce the
kinematic constraints plays a pivotal role in the formulation. Bauchau and Laulusa [27,28]
have reviewed the literature on this topic. Some widely used techniques are not desirable in
this case. For instance, many approaches seek a minimum set of variable and eliminate the
Lagrange multipliers from the formulation. While this might be a computationally efﬁcient
way to proceed for sequential processing, it is not an option for parallel computations. On
the other hand, the augmented Lagrangian approach is a well established procedure for
solving constrained dynamical systems and seems to be very much applicable to the
problem at hand.
The present paper layout is as follows. A general approach to domain decomposition is
presented in Section 2. The approach is novel because two different Lagrange multiplier
techniques are used to enforce the continuity condition between sub-domain: the global
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and the local multiplier techniques. The governing equations of the system are derived in
Section 3. It is shown that the augmented Lagrange procedure can be used when
constraints are enforced via local Lagrange multipliers, but is not desirable when used in
conjunction with global Lagrange multipliers. Two extreme cases are investigated next: the
case when all Lagrange multipliers are global, and that when all are local, see Sections 4
and 5, respectively. The conditioning of the interface problem is studied for the latter case.
Finally, Section 6 investigates the mixed, global–local Lagrange multiplier approach.
2. Domain decomposition
Consider the planar solid depicted in Fig. 1. To develop a parallel solution algorithm for
this problem, the solid is partitioned into Ns non-overlapping sub-domains. Each of these
sub-domains could themselves be multibody systems comprising both elastic elements and
nonlinear kinematic constraints. For convenience, Fig. 1 depicts a planar system, but all
the developments presented here are applicable to general, three-dimensional problems.
The degrees of freedom (dofs) for each sub-domain are collected in arrays denoted by u i ,
i ¼ 1; 2; . . . Ns . Array u i stores the dofs of sub-domain i, i.e., the displacement components
at all the nodes of the sub-domain. This array is of size nui , which is the total number of
dofs for sub-domain i. The global array of dofs is deﬁned as
u T ¼ fu T1 ; u T2 ; . . . u TNs g:
ð1Þ
P s u
Array u is of size nu ¼ N
i¼1 ni , which is the total number of dofs for the complete
structure. As the original domain is divided into sub-domains, the nodes along the
interfaces and the associated dofs are duplicated. Consequently, array u contains a large
number of redundant dofs: all interface dofs appear twice or more times. The variables
stored in array u should be called ‘‘generalized coordinates’’ because they do not form a
minimum set, but the term ‘‘dofs,’’ more widely used in the ﬁnite element literature, will be
used here.
The dofs of each sub-domain can be split into two mutually exclusive groups, the
internal and boundary dofs, respectively. The boundary dofs are those that are exposed in

Fig. 1. Planar solid separated into four non-overlapping sub-domains.
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the process of dividing the original problem into sub-domains, whereas the remaining dofs
are internal. Kinematic constraints will be imposed at the boundary nodes to enforce the
continuity of the displacement ﬁeld, thereby ensuring that the behavior of the connected
sub-domains is identical to that of the original, un-partitioned solid.
The continuity of the displacement ﬁeld across sub-domain boundaries is enforced by
imposing linear constraints, the equality of the dofs of corresponding nodes in adjacent
sub-domains. Fig. 1 illustrates this approach: the double-headed dashed arrows symbolize
the Lagrange multipliers used to impose the linear constraints on the dofs of nodes
belonging to adjacent sub-domains.
This approach corresponds to the classical Lagrange multiplier method, but it is not the
only possible approach. An alternative implementation is to ﬁrst deﬁne independent
interface nodes, then imposing two kinematic constraints: the displacement components at
the boundary nodes in the two sub-domains adjacent to the interface must equal those at
the independent interface nodes. In ﬁnite element formulations, this approach has been
used to enforce the continuity of displacement ﬁelds between adjacent incompatible
elements [29]. The same approach, called ‘‘localized version of the method of Lagrange
multipliers,’’ has been advocated by Park et al. [30,31]. Fig. 1 also illustrates this approach:
the double-headed solid arrows symbolize the two sets of Lagrange multipliers used to
impose the equality of the displacement components at nodes belonging to adjacent subdomains with those of the independent interface nodes. At a corner node, i.e., at subdomain cross-points, a single interface node is deﬁned and Lagrange multipliers are used to
enforce equality of the interface node dofs with those of all adjacent nodes. This feature of
local Lagrange multipliers was emphasized by Park et al. [31].
In this paper, continuity conditions enforced through the classical Lagrange multiplier
method will be called ‘‘global constraints’’ and the associated Lagrange multiplier ‘‘global
Lagrange multipliers;’’ in contrast, when using the localized version of the method of
Lagrange multipliers, the corresponding quantities are called ‘‘local constraints’’ and
‘‘local Lagrange multipliers,’’ respectively.
The conﬁguration shown in Fig. 1 is just an illustration. Clearly, the continuity conditions
could be enforced exclusively through global Lagrange multipliers, exclusively through local
Lagrange multipliers, or through a combination of both. These three approaches will be
investigated in this paper. As stated in Fig. 1, the independent interface nodes will be called
the ‘‘coarse mesh nodes,’’ because they deﬁne a coarse mesh for the problem.
Boolean matrices can be deﬁned to partition the dofs listed in array u i . For instance,
array ‘ i , of size n‘i , stores the internal dofs of sub-domain i,
‘ i ¼ Li u i ;

ð2Þ

where Li is the Boolean matrix that extract the internal degrees of freedom from array u i .
The boundary dofs to be connected to coarse mesh dofs through local Lagrange
multipliers are denoted by s i and represented by open square symbols in Fig. 1. The dofs of
sub-domain i associated with these nodes are stored in array s i , of size nsi , and extracted by
Boolean matrix Si ,
s i ¼ Si u i :

ð3Þ

The remaining boundary dofs of sub-domain i, denoted by r i , are represented by open
circle symbols in Fig. 1, and are each associated with a speciﬁc interface; the dofs
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associated with interface j, denoted by r ij , are extracted by Boolean matrix Rij ,
r ij ¼ Rij u i :

ð4Þ

Finally, array c collects the dofs at the Nc coarse mesh nodes and those nodes to be
connected to sub-domain i are stored in array c i of size nci and extracted by Boolean matrix Ci ,
c i ¼ Ci c:

ð5Þ

To enforce the continuity conditions, two types of constraints are deﬁned. First, at the
boundary nodes to be connected to coarse mesh nodes, the local continuity conditions are
C Li ¼ Si u i  Ci c i ¼ 0 for i ¼ 1; 2; . . . ; Ns , and are written in a compact form as
C L ¼ Su  Cc ¼ 0;

ð6Þ

where the subscript ðÞL indicates that these are local constraints, S ¼ diagðSa Þ,
C TL ¼ fC TL1 ; C TL2 ; . . . ; C TLN s g, and C T ¼ ½C1T ; C2T ; . . . ; CNTs . In this paper, the notation diagðMa Þ
is used to denote a block diagonal matrix whose diagonal blocks are M1 , M2 , . . . ; MNs . Because
the constraints are linear, matrices S and C form the constraint Jacobian matrix S ¼ @C L =@u
and C ¼ @C L =@c. Note that SiT Si is a diagonal matrix whose diagonal entries are unit for each
boundary dof connected to a coarse mesh node and zero for all other entries.
Next, the global continuity conditions at the remaining boundary nodes along interface j
are Rpj u p  Rqj u q ¼ 0, where p and q are the indexes of the two sub-domains adjacent to
interface j. When expressed for all interfaces, these continuity conditions can be written in
a compact form as
C G ¼ Ru ¼ 0;

ð7Þ

where the subscript ðÞG indicates that these are global constraints. Here again, because the
constraints are linear, matrix R forms the constraint Jacobian matrix R ¼ @C G =@u.
3. Governing equations
The total strain energy in the structure, A, can be evaluated by summing the strain
energies, Ai , of the various sub-domains
A¼

Ns
X
i¼1

Ns
1X
1
Ai ¼
u Ti Ki u i ¼ u T diagðKa Þu;
2 i¼1
2

ð8Þ

where Ki is the stiffness matrix for sub-domain i. The stiffness matrix of each sub-domain is
obtained from the stiffness matrices of each ﬁnite element of the sub-domain using standard
ﬁnite element assembly procedures. The block diagonal, global stiffness matrix of the system,
diagðKa Þ, is of size ðnu  nu Þ. If the original solid is suitably constrained by a set of boundary
conditions that prevent overall rigid body motions, the global stiffness matrix will not be
singular. This property is not shared by the stiffness matrices of individual sub-domains:
indeed, due to the partitioning of the solid into possibly unconstrained or ‘‘ﬂoating subdomains,’’ the stiffness matrix of each sub-domain is potentially singular.
Domain decomposition methods exploit the special structure of the global stiffness
matrix. Because it is block-diagonal, its inverse is readily computed as diagðKa1 Þ. Since the
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sub-domain stiffness matrices are independent of each other, their inverses, Ka1 , can be
computed independently by Ns independent processors.
The total potential of the externally applied loads, F, is found by summing up the
potentials for each of the sub-domains
F¼

Ns
X
i¼1

Fi ¼ 

Ns
X
i¼1

u Ti Q i ¼ u T Q;

ð9Þ

where Q i is the load array for sub-domain i. The system’s global load array is deﬁned as
Q T ¼ fQ T1 ; Q T2 ; . . . ; Q TN g.
s

The kinematic constraints of the problem give rise to the potential of the constraints, V c ,
which is written as
c

V ¼

l TG diagðpGa ÞC G


Ns 
X
1 T
1
T
T
þ C G diagðp Ga ÞC G þ
pLi l Li C Li þ p Li C Li C Li :
2
2
i¼1

ð10Þ

In this expression, l G and l TL ¼ fl TL1 ; l TL2 ; . . . ; l TLN s g are the global and local Lagrange
multipliers used to enforce the global and local constraints, respectively. Matrix diagðpGa Þ
is a block diagonal matrix of scaling factors for the global Lagrange multipliers; matrix pGi
is itself a diagonal matrix, which means that pGi is the scaling factor for sub-domain i.
Similarly, pLi are the scaling factors for the local Lagrange multipliers. Coefﬁcients p Gi and
p Li are penalty coefﬁcients for the global and local constraints, respectively. The ﬁrst and
third terms of Eq. (10) are the classical potential associated with Lagrange multipliers,
while the second and fourth terms are characteristic of penalty methods.
This approach, which combines the traditional Lagrange multiplier approach with the
penalty method is known as the augmented Lagrangian formulation and has been studied
extensively [32,33]. It is an effective approach for the enforcement of kinematic constraints
in multibody dynamics, as proposed by Bayo et al. [34,35]. Furthermore, scaling of the
Lagrange multipliers and the addition of the penalty terms was shown to help the solution
of differential algebraic [36,37].
The total potential energy of the system, P ¼ A þ F þ V c , is found by combining
Eqs. (8)–(10) to ﬁnd
1
1
P ¼ u T diagðKa Þu  u T Q þ l TG diagðpGa ÞC G þ C TG diagðp Ga ÞC G
2
2


Ns
X
1
þ
pLi l TLi C Li þ p Li C TLi C Li :
2
i¼1

ð11Þ

The principle of minimum total potential energy then yields the equations of motion as
3
2
K
diagðp La SaT ÞC RT diagðpGa Þ diagðpLa SaT Þ
7
6
0
C T diagðpLa Þ 7
6 C T diagðp La Sa Þ C T diagðp La ÞC
7
6
7
6 diagðpGa ÞR
0
0
0
5
4
diagðpLa Sa Þ
diagðpLa ÞC
0
0

Author's personal copy

ARTICLE IN PRESS
O.A. Bauchau / Journal of the Franklin Institute 347 (2010) 53–68

60

8 9
u >
>
>
>
>
>
>
=
< c >

8 9
Q>
>
>
>
>
=
<0>
¼
;
lG >
>
>
0>
>
>
>
>
>
> >
>
>
; :0;
:l >

ð12Þ

L

where K  ¼ diagðKa Þ þ RT diagðp Ga ÞR þ diagðSaT p La Sa Þ. The solution of this system of
equations yields the complete solution of the problem.
The computational efﬁciency of domain decomposition methods stems from the fact
that the lead matrix of this system is block diagonal. Unfortunately, with the present
formulation, K  is the sum of three matrices: the ﬁrst and third matrices are block
diagonal, matrix RT diagðp Ga ÞR is not. From now on, the penalty terms associated with
global constraints will be ignored, i.e., p Gi ¼ 0. The lead matrix now reduces to
K  ¼ diagðKa þ SaT p La Sa Þ, which is a block diagonal matrix. For simplicity, the remaining
scaling and penalty coefﬁcients are selected as pi ¼ p Li ¼ pLi ¼ pGi , where pi is the
common value of the penalty and scaling factors for sub-domain i.

4. All Lagrange multipliers are global
This section focuses on a special case of the general formulation developed in Section 3.
The coarse mesh is assumed to vanish, which implies that all constraints are global. The
equations of motion are easily obtained by eliminating c, the coarse mesh, l L , the
associated Lagrange multipliers, and matrices S and C, deﬁning the local constraints, see
Eqs. (5) and (3). Eq. (12) now reduces to
"

diagðKa Þ

RT diagðpa Þ

diagðpa ÞR

0

#(

u
lG

)


¼


Q
:
0

ð13Þ

This approach corresponds to the well-known FETI method. The solution strategy
proceeds as follows. First, the sub-domain dofs are evaluated as u ¼ diagðKa1 Þ½Q
RT diagðpa Þl G . Introducing this result in the global constraint then leads to
FG l G ¼ Q G ;

ð14Þ

where FG ¼ diagðpa ÞR diagðKa1 ÞRT diagðpa Þ is the interface ﬂexibility matrix and Q G ¼
diagðpa ÞR diagðKa1 ÞQ the interface load array. In this approach, the sub-domain stiffness
matrices must be invertible, i.e., Ka1 must exist. In the FETI method, this problem is overcome
by deﬁning a coarse problem based on the rigid body motions of the sub-domains. This
approach will not be developed further here as all the details can be found in the literature.
5. All Lagrange multipliers are local
This section focuses on a special case of the general formulation developed in Section 3.
All constraints are assumed to be local, which means that the coarse mesh is deﬁned along
the entire interface. The equations of motion are easily obtained by eliminating l G and
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matrix R deﬁning the global constraints. Eq. (12) now reduce to
2
38 9 8 9
T
T
diagðK a Þ
diagðS a ÞC
diagðS a Þ
> u > >Q >
6
7< = < =
6 C T diagðS a Þ C T diagðpa ÞC C T diagðpa Þ 7 c
4
5 > > ¼ > 0 >;
:l ; : ;
0
diagðpa ÞC
0
diagðS a Þ
L

61

ð15Þ

where K i ¼ Ki þ pi SiT Si and S i ¼ pi Si . Because SiT Si is a diagonal matrix, the penalty
coefﬁcient, pi , is added to each diagonal entry of Ki corresponding to a boundary dof to be
connected to a coarse mesh node. Physically, this corresponds to adding springs of stiffness
constant pi to each of these dofs. Whereas stiffness matrix Ki is singular for ﬂoating
domains, matrix K i is not, provided that a sufﬁcient number of coarse mesh nodes are
associated with each sub-domain.
Two sets of variables, c and l L , now deﬁne the interface problem. First, the sub-domain
displacement dofs, u, are evaluated by solving the ﬁrst equation of system (15).
Introducing the result in the other two equations then yields the interface problem
"
#( ) (
)
c
C T diagðpa  F a ÞC C T diagðpa  F a Þ
CT
1
ð16Þ
¼
diagðS a K a ÞQ;
lL
diagðpa  F a ÞC
diagðF a Þ
I
1

T

where F i ¼ S i K i S i is the coarse mesh ﬂexibility matrix for sub-domain i.
Solving the second equation of system (16) for the coarse mesh dofs and introducing the
result into the ﬁrst equation yields
Ns
X

CiT pi l Li ¼ 0:

ð17Þ

i¼1

This equation simply expresses the fact that the pair of Lagrange multipliers enforcing the
equality of the dofs of two adjacent sub-domains with a common coarse mesh dof must be
equal and of opposite sign, as expected from Newton’s third law.
Because the local Lagrange multipliers are sub-domain variables, it is convenient to
combine the sub-domain dofs and local Lagrange multipliers into a single array,
T

uˇ i ¼ fu Ti ; l TLi g, and system (15) further reduces to
2
3( )
 
ˇT
ˇ
u
Q
diagðS a ÞC
diagðK a Þ
ˇ
4
5
¼ ˇ
;
ˇ
c
0
C T diagðSa Þ
C T diagðpa ÞC

ð18Þ

ˇ T

ˇ

where S i ¼ ½S i pi , Q ¼ fQ T ; 0g, and
"
#
T
Þ
diagðS
Þ
diagðK
ˇ
i
i
Ki ¼
:
diagðS i Þ
0

ð19Þ

Solving the ﬁrst equation of system (18) for the sub-domain variables, uˇ , and
introducing the result into the second equation yields the coarse mesh dofs as
ˇ

ˇ

K cc ¼ Qc;

ð20Þ
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ˇ

ˇ

where K c and Q c are the interface problem stiffness matrix and load array, respectively.
The stiffness matrix obtained by assembling the sub-domain coarse mesh stiffness
P s T
ˇ ˇ 1 ˇ T
ˇ
matrices, ki ¼ pi  S i K i Si , as K c ¼ N
i¼1 Ci ki Ci . This is a typical ﬁnite element
assembly procedure where Ci is the connectivity matrix for the coarse problem, as expected
from its deﬁnition, Eq. (5). The load array is obtained by assembling the sub-domain
PN s T
ˇ ˇ
ˇ
ˇ
coarse mesh load arrays, f i ¼ Si K 1
i Q i , as Q c ¼
i¼1 Ci f i .
5.1. Effect of the penalty terms
Combining the sub-domain and coarse mesh dofs into a single array, system (15) is now
recast as
"
#( ) ( )
u^
K^
B^ T diagðpa Þ
Q^
;
ð21Þ
¼
lL
diagðpa ÞB^
0
0
T
^ B^ ¼ ½diagðSa Þ  C, u^ T ¼ fu T ; c T g, and Q^ T ¼ fQ T ;
where K^ ¼ diagðKa Þ þ B^ diagðpa ÞB,
0g. To deﬁne an interface problem, the sub-domain displacements and coarse mesh
are computed from the ﬁrst equation and the result is introduced into the second equation
to ﬁnd

FL l L ¼ diagðpa ÞB^ K^

1

^;
Q

ð22Þ

where the ﬂexibility matrix is
1 T
FL ¼ diagðpa ÞB^ K^ B^ diagðpa Þ:

ð23Þ

It is interesting to look at the behavior of the ﬂexibility matrix in the limiting case where
pi -1, i.e.,
1 T
^ 1 B^ T :
^ B^ T BÞ
lim FL ¼ lim diagðpa ÞB^ K^ B^ diagðpa Þ ¼ diagðpa ÞBð

p-1

p-1

ð24Þ

T
Consider now the following singular value decomposition of matrix B^ , assumed to be of
full rank,
 
S
T
VT;
B^ ¼ U
ð25Þ
0

where U and V are orthogonal matrices, and S the diagonal matrix of singular values.
T
^ and its Moore–Penrose inverse, denoted by ðB^ T BÞ
^ y , now become
Matrices ðB^ BÞ
"
#
"
#
2
2
0
0
S
S
T
T
^ ¼U
^ y¼U
ð26Þ
ðB^ BÞ
U T ; ðB^ BÞ
UT;
0 0
0
0
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respectively. Replacing the inverse of matrix ðBT BÞ by its Moore–Penrose inverse in
Eq. (24), the limiting behavior of the ﬂexibility matrix now becomes
"

S2
lim FL ¼ diagðpa ÞV ½S 0
p-1
0

0
0

#


S
V T ¼ diagðpa Þ:
0

ð27Þ

If the penalty coefﬁcients for all sub-domains are selected to be equal, the ﬂexibility
matrix converges to an ideally preconditioned, identity matrix as the magnitude of the
penalty coefﬁcient increases. This observation is very important if the interface
problem is solved using iterative methods. In this case, the conditioning of the system
matrix dictates the convergence rate of the method. If the system matrix has a condition
number of unity, iterative methods will converge in one single iteration. Clearly, the use
of penalty terms provides the ideal conditioning of the ﬂexibility matrix.
When performing an iterative solution of the interface problem, Eq. (22), a ‘‘matrix
times vector’’ operation of the type x ¼ FL a, where a is an arbitrary array, will be
1
required. In turn, this requires the ability to evaluate y ¼ K^ b, which corresponds to the
solution of the linear system K^ y ¼ b, where matrix K^ is not block-diagonal. This problem
is recast as
"

T

diagðS a ÞC
diagðK a Þ
C T diagðS a Þ C T diagðpa ÞC

(

#( )
u
c

¼

qu
qc

)
:

ð28Þ

Because the lead matrix of this system is block-diagonal, an efﬁcient procedure is to solve
for the sub-domain displacements ﬁrst, then introduce the results in the second equation to
deﬁned a coarse mesh problem of the form
Kc c ¼ Q c ;

ð29Þ

where Kc and Q c are the interface problem stiffness matrix and load array, respectively.
The stiffness matrix obtained by assembling the sub-domain coarse mesh stiffness
P s T
1 T
matrices, ki ¼ pi  S i K i S i , as Kc ¼ N
i¼1 Ci ki Ci . The load array is obtained by
1

assembling the sub-domain coarse mesh load arrays, f i ¼ S i K i q ui , as
P s T
Qc ¼ qc  N
i¼1 Ci f i .
In conclusion, the use of penalty terms in the formulation of the constraints, Eq. (10),
leads to a natural conditioning of the interface problem, see Eq. (27). This has
profound implications on the efﬁciency of iterative methods used for the solution of the
interface problem. On the other hand, this advantage comes at the expense of the
solution of the coarse mesh problem, Eq. (29). When all Lagrange multipliers are local,
as discussed in this section, the size of the coarse mesh problem could be large (it is not
necessarily a ‘‘coarse mesh’’). The advantage of the natural conditioning of the system
stemming from the use of penalty terms is offset by the cost of solving for a ‘‘large’’
coarse mesh problem. This observation prompts the investigation of the mixed case,
where some of the constraints are local, and others are global constraints.
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6. Mixed local–global Lagrange multipliers
In this section, the strategy illustrated in Fig. 1 is investigated. Some of the constraints
used to enforce the continuity of the displacement ﬁelds across sub-domain interfaces are
local, and the remaining are global. The governing equations of the problem are now given
by Eq. (12).
Because the local Lagrange multipliers are sub-domain variables, it is convenient to
combine the sub-domain dofs and local Lagrange multipliers into a single array,
2
3
8 ˇ 9
ˇT
ˇ
ˇT 8 ˇ 9
u
Þ
diagðS
ÞC
R
diagðK
>
>
a
a
=
<Q >
6
7< = >
6
7 c
ˇ
T
T
¼
ð30Þ
6 C diagðS a Þ C diagðpa ÞC 0 7
0 ;
4
5>
; >
;
: >
: >
lG
ˇ
0
R
0
0
ˇ

ˇ

where R ¼ ½diagðpa ÞR 0, and matrix K i is deﬁned by Eq. (19).
To deﬁne an interface problem, the sub-domain displacements and local Lagrange
multipliers are computed from the ﬁrst equation and the result is introduced into the
second equation and third equation to ﬁnd the interface system
9
2 ˇ
3( ) 8
ˇT
ˇ >
ˇ ˇ T
>
<
Q=
C
ðRC Þ
Kc
c
4
5
;
ð31Þ
¼
1
ˇ ˇ
ˇ
ˇ 1 ˇ T
lG
>
;
: Rˇ diagðKˇ Þ Qˇ >
ðRC Þ R diagðK a ÞR
a
ˇT

ˇ

1
1
T ˇ ˇ
T
;
p
C
S
K
2
2
1
2 ; . . . ; pN s C N s
2

ˇ

where C ¼ ½p1 C1T S1 K

ˇ

ˇ 1

S Ns K Ns . The coarse mesh stiffness

ˇ

matrix, K c , is obtained by assembling the sub-domain coarse mesh stiffness matrices,
P s T
ˇ ˇ 1 ˇ T
ˇ
ki ¼ pi  S i K i Si , as K c ¼ N
i¼1 Ci ki Ci .
Finally, an interface problem expressed in terms of the sole global Lagrange multipliers
is easily obtained by elimination to ﬁnd
ˇ ˇ

ˇT

ˇ ˇ

ˇ

RF G R l G ¼ RF G Q ;

ð32Þ
ˇ

ˇ 1

ˇ ˇ 1 ˇ T

where the interface compliance matrix is F G ¼ diagðK a Þþ C K c C . The inverse of the
ˇ 1

coarse problem stiffness matrix, K c , is now part of the ﬂexibility matrix of the interface
problem, which it preconditions. When all constraints are enforced via local Lagrange
multipliers, the penalty terms provide the ideal preconditioning because the interface
ﬂexibility matrix converge to the identity matrix for large penalty coefﬁcients, see Section
5.1. On the other hand, when all constraints are enforced via global Lagrange multipliers,
the penalty terms alter the bandwidth of the system matrix, destroying its block diagonal
structure; it is not desirable to use penalty terms in this case. Finally, when both local and
global Lagrange multipliers are used to enforce the constraints, the inverse of the coarse
problem stiffness matrix must be evaluated. Because the coarse problem is of small size,
this operation does not incur high computational cost, but it provides preconditioning for
the iterative solution of the interface problem expressed in terms of the sole global
Lagrange multipliers.
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Fig. 2. Two dimensional, plane stress problem divided into four sub-domains.
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Fig. 3. Conditioning of the ﬂexibility matrix measured as kðFI Þ  1.

7. Numerical example
Consider the simple, two dimensional, plane stress elasticity problem depicted in Fig. 2.
The complete problem, modeled by 36, four-noded ﬁnite elements, was divided into four
sub-domains, each comprising nine elements. A total of 12 coarse mesh nodes, i.e., 24
interface degrees of freedom, are necessary to represent the interface displacement ﬁeld. A
total of 52 kinematic constraints are required to enforce the compatibility of the subdomain nodal displacements with those of the coarse mesh nodes. The material is linearly
elastic with Young’s modulus E ¼ 73 GPa and Poisson’s ratio n ¼ 0:3. The sheet of
material is subjected to uniform loading along its right edge.
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This particular case was solved using the three approaches described in this paper, i.e.,
using all global Lagrange multipliers, all local Lagrange multipliers (depicted in Fig. 2),
and the mixed approach. In the latter two approaches, penalty terms were added to the
potential of the constraint forces to improve the conditioning of the interface ﬂexibility
matrix. When using all global Lagrange multipliers, the condition number of the interface
ﬂexibility matrix was found to be k ¼ 9:4  105 . If all local Lagrange multipliers are used,
this condition number of the ﬂexibility matrix deﬁned by Eq. (23) becomes a function
of the penalty coefﬁcient, p. Fig. 3 shows the condition number, kðFL Þ  1 as a function
of the non-dimensional penalty coefﬁcient, p ¼ p=JKii J1 . As predicted in Section 5.1,
this condition number approaches unity as the penalty coefﬁcient increases. For
p ¼ 1, kðFI Þ ¼ 1:7917, which means that iterative methods will be fast converging even
for modest values of the penalty coefﬁcient.
8. Conclusions
A novel approach has been proposed for parallel computation in ﬂexible multibody
dynamics. The approach relies on two distinct strategies for the enforcement of the
kinematic constraints at the interface between sub-domains. The traditional approach is to
use global Lagrange multipliers to enforce all constraints. In the proposed approach, a
hybrid strategy is used: some constraint are enforced using local Lagrange multipliers,
while the remaining are imposed via global Lagrange multipliers. A coarse mesh is deﬁned
as a byproduct of the local Lagrange multiplier technique. Furthermore, an augmented
Lagrangian formulation is used in conjunction with the local Lagrange multipliers. If all
kinematic constraints are enforced via this technique, the penalty terms stemming from the
augmented Lagrangian formulation provide a natural conditioning of the interface
problem expressed in terms of the local Lagrange multipliers. In fact, as the penalty factor
increases, the condition number of the interface problem ﬂexibility matrix tend to unity.
Clearly, this approach is ideally suited for iterative solutions of the interface problem. This
advantage, however, comes at the expense of the solution of a large sized coarse mesh
problem. When the proposed combination of global and local Lagrange multipliers is
used, it is still possible to obtain an interface problem expressed in terms of the sole global
Lagrange multipliers and the solution of the coarse mesh problem provides a natural
preconditioning of this interface problem.
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