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Abstract. This paper presents a vector parameterization of motion that generalizes the vector parameterization
of rotation. The Plücker coordinates of an arbitrary material line of a rigid body subjected to a screw motion are
shown to transform by the action of a motion tensor. The proposed vector parameterization completely describes
an arbitrary motion by means of two vectors that constitute an eigenvector of the motion tensor associated with its
positive unit eigenvalue. The first vector is conveniently selected as the vector parameterization of rotation, and the
second is related to the displacement of a point of the rigid body. A complete description of motion is presented in
terms of a generic vector parameterization. Relevant formulæ for specific parameterizations of this class can then
be easily obtained. More details are given for three parameterizations that present desirable properties: the Euler,
Cayley–Gibbs–Rodrigues, and Wiener–Milenkovic motion parameters. Applications to the dynamic analysis of a
rigid body are presented as an illustration.
Keywords: Motion tensor, operations, functions and motions.

1. Introduction
The effective description of rotation has led over the years to the development of numerous
techniques, presenting various properties and advantages. Reviews of these parameterization
techniques may be found in [1–6]. Whether originating from geometric, algebraic, or matrix
approaches, parameterizations of rotation are most naturally categorized into two classes:
vector and non-vector parameterizations. The former refers to parameterization in which a
set of parameters (sometimes called rotational ‘quasi-coordinates’) define a geometric vector,
whereas the latter cannot be cast in the form of a vector.
Euler’s theorem on rotation states that an arbitrary motion of a rigid body that leaves
one of its point fixed can be represented by a single rotation of magnitude φ about a unit
vector n̄. It is readily shown that the associated rotation tensor R possesses a positive unit
eigenvalue and the corresponding eigenvector is n̄. Bauchau and Trainelli [7] introduced the
vector parameterization of rotation that consists of a minimal set of parameters defining the
components of a rotation parameter vector, p = p(φ) n̄. Hence, all parameter vectors are
eigenvectors of the rotation tensor associated with its positive unit eigenvalue, with magnitude
p(φ) = p. Clearly, a specific vector parameterization is completely defined by the choice
of the generating function p(φ). The unit vector n̄ is the axis about which the rotation takes
place, but it does not determine its magnitude. The vector parameterization remedies this
situation by combining the relevant information into the rotation parameter vector p. The
exponential map of rotation, the Euler, Cayley–Gibbs–Rodrigues, and Wiener–Milenkovic
parameterizations all are special cases of the vector parameterization corresponding to specific
choices of the generating function. This generalized parameterization sheds additional light
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on the fundamental properties of these techniques, pointing out the similarities in their formal
structure and showing their inter-relationships.
This paper presents a vector parameterization of motion that generalizes the vector parameterization of rotation. Mozzi–Chasles’ theorem states that an arbitrary motion of a rigid
body can be represented by a screw motion. The axis of the screw is called the Mozzi–Chasles
axis, denoted M, and its Plücker coordinates [8] can be readily evaluated [9, 10]. The Plücker
coordinates of an arbitrary material line of a rigid body subjected to a screw motion are shown
to transform by the action of the motion tensor, and M to be an eigenvalue of this tensor
associated with its positive unit eigenvalue. The Mozzi–Chasles axis is the axis about which
the screw motion takes place, but it does not determine the magnitude of the rotation and
translation about and along this axis. The vector parameterization of motion remedies this
situation by combining all the relevant information into two vectors, q and p, that constitute an
eigenvector of the motion tensor associated with its positive unit eigenvalue. p is conveniently
selected to be the vector parameterization of rotation, and q is related to the displacement of
a point of the rigid body.
A complete description of motion is presented for a generic vector parameterization. Relevant formulæ for specific parameterizations of this class can then be easily obtained. It is
even possible to devise new parameterization techniques subjected to given requirements.
Specific expressions are given for three parameterizations that present desirable properties:
the Euler, Cayley–Gibbs–Rodrigues, and Wiener–Milenkovic motion parameters. The term
‘motion parameters’ will be used here to make a distinction between the classical rotation
parameters (e.g. Euler parameters) and the proposed motion parameters (e.g. Euler motion
parameters). Applications to dynamic problems are straightforward by extending the classical
concepts of virtual motion and velocity to the proposed parameterization of motion.
The proposed vector parameterization of motion is closely related to other approaches
presented in the literature. For instance, the proposed Euler motion parameters are closely
related to the dual-number quaternion algebra technique used in kinematics [11–13]. Dual
numbers, vectors and matrices [14] have also received considerable attention in kinematics [8, 10, 15] and dynamics [16]. Many of these studies have shown that the most efficient and
elegant implementations of dual-number techniques are based on general screw theory with
the screw expressed by means of Plücker coordinates; this approach is also the starting point of
this work. A systematic, coordinate-free exposition of the different algebraic operations in the
set of infinitesimal displacements (screws) and their relation with finite displacement was developed by Chevallier [17]. Finally, Borri et al. [18] have recently proposed parameterizations
based the exponential map of motion and on Cayley’s parameterization. These two specific
parameterizations are special cases of the proposed vector parameterization of motion.
This paper is organized in the following manner. In Section 2, the motion tensor is introduced as the tensor that transforms the Plücker coordinates of a line of a rigid body undergoing
a general screw motion. The motion tensor is also shown to perform change of frame operations for kinematic and co-kinematic quantities. Next, time derivatives of finite motion
operations are discussed in Section 3. Virtual motions and velocities are also introduced. The
Euler motion parameters are presented in Section 4, and the basic formulæ for manipulating
finite motions are given in terms of these parameters. The vector parameterization of motion
is introduced in Section 5, and specific choices of the generating function are proposed in
Section 6. In Section 7, two parameterizations of motion are presented in detail. The paper concludes with the application of one of the proposed parameterizations to the dynamic
analysis of a rigid body.
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Figure 1. A line of a rigid body in the initial and final configurations.

2. The Motion Tensor
2.1. T RANSFORMATION OF A L INE OF A R IGID B ODY
Figure 1 depicts a rigid body in its reference configuration as defined by frame F R = (a, B R ),
where a is a reference point on the body and B R = (ē1 , ē2 , ē3 ) the orthonormal basis that
determines its orientation. Let s p and s q be the relative position vectors of point p and q of the
body, respectively, with respect to point a. The rigid body now undergoes an arbitrary motion
that brings it to a final configuration defined by a frame F = (A, B), where point A is the
reference point of the body and B = (Ē1 , Ē2 , Ē3 ) a body attached orthonormal basis. The
displacement vector of point a is denoted u. The relative position vectors of points P and Q
with respect to point A are denoted S P and S Q , respectively. Finally, let R be the rotation
tensor that brings basis B R to B. All vectors and tensors are measured in the inertial frame
F I = (O, B I ), where B I = (ı̄1 , ı̄2 , ı̄3 ) is an orthonormal basis.
Consider a line joining two points of a rigid body, such as line pq in Figure 1. In the initial
configuration, the line is defined by one of its points, say p, and its orientation
l¯ =

sq − sp
s q − s p 

(1)

.

The Plücker coordinates [8] of this line are

  
q
s̃p l¯
∗
= ¯ .
Q =
l¯
l

(2)

The skew-symmetric matrix formed with the components of a vector s is denoted s̃. Note
that the coordinates1 were evaluated with respect to point a. In the final configuration, the
orientation of the line becomes
L̄ =

SQ − SP
S Q − S P 

,

1 Some authors define the Plücker coordinates as Q∗T = l¯T , q T , reversing the order of the two vectors.

(3)
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and its Plücker coordinates with respect to point a are

  
Q
(ũ + S̃P ) L̄
.
=
Q=
L̄
L̄

(4)

¯ and hence
Since the body is rigid, S P = R s p and S Q = R s q ; it then follows that L̄ = R l,

 


ũ R l¯ + R s̃p l¯
R ũ R
s̃p l¯
Q=
=
.
(5)
0 R
R l¯
l¯
The motion tensor is defined as


R ũ R
C=
,
0 R

(6)

and Equation (5) can now be written in a compact form as
Q = C Q∗ .

(7)

Clearly, the motion tensor is the operator that transforms the Plücker coordinates of an arbitrary line of the rigid body in the initial configuration to their counterparts in the final
configuration [8, 10, 15].
In general, an arbitrary line of a rigid body is different in the initial and final configurations.
The following question can then be asked: does there exist a line of the rigid body that is
identical in the initial and final configurations? If such line exists, its Plücker coordinates in
¯ i.e.
the initial and final configurations are identical, i.e. Q = Q∗ . This first implies l¯ = R l,
l¯ must be the eigenvector of the rotation tensor corresponding to a unit eigenvalue. It is well
known that this eigenvector is the axis of the rotation, n̄, and hence l¯ = n̄. Next, it also implies
R q + ũ R l¯ = q, or (R − I ) q = ñ u. In view of [7, equation (81)], R − I = GG − GT G =
(G − GT )G = 2 sin φ/2 ñ G and this equation becomes


φ
(8)
ñ 2 sin G q − u = 0.
2
The non-trivial solution of this homogeneous problem is in the null space of ñ, which implies
2 sin φ/2 G q = u + β n̄, where β is an arbitrary constant. Since q is part of the Plücker
coordinates, it must be orthogonal to n̄, and hence, β = n̄T u. It follows that 2 sin φ/2 G q =
(I − n̄ n̄T ) u = −ñ ñ u, and finally
q=−

GT ñ ñ
u.
2 sin φ/2

(9)

In summary, the Plücker coordinates of the line of the rigid body that is identical in the initial
and final configurations, are q, given by Equation (9), and l¯ = n̄. However, these coordinates
are those of the Mozzi–Chasles axis associated with the motion of the body [9, 10]. Hence,
the Mozzi–Chasles axis is the line of the rigid body that is identical in the initial and final configurations. This can be written as QMC = C QMC : the Mozzi–Chasles axis is an eigenvector
of the motion tensor corresponding to a unit eigenvalue.
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2.2. F RAME C HANGE FOR K INEMATIC Q UANTITIES
Let the final configuration of the rigid body depicted in fig. 1 be time dependent whereas the
reference configuration is that of the body at a fixed, initial time. Consider now two vectors
associated with the rigid body: the velocity vector at point A, v A , a bound vector, and the
angular velocity vector of the body, ωA , a free vector. The components of these two vectors
measured in basis B are denoted v ∗A and ω∗A , respectively, where the subscript on the latter
symbol is, of course, superfluous since the angular velocity is identical for all points of the
body. The following velocity vector is now defined:
 ∗ 
v 
∗
(10)
V =  A∗  .
ωA
Since the motion tensor was shown in the previous section to transform the Plücker coordinates of a line from one frame to the other, it is interesting to consider the following
transformation:


v 
a

 = C V ∗.
(11)
V=
ω 
a

To understand the physical meaning of this transformation, the physical meaning of the velocity vectors v a and ωa must first be identified. It is clear that v A = R v ∗A and ωA = R ω∗A are
the components of vectors v A and ωA , respectively, measured in basis B R . This corresponds
to a change of basis operation that establishes the relationship between the components of
vectors in two orthonormal bases. Next, since v a = R v ∗A + ũ R ω∗A = v A − ω̃A u, the velocity
vector v a is that of the point of the rigid body which instantaneously coincides with the origin
of the reference frame, point a. Of course, ωA can also be interpreted as the angular velocity
vector of the same point, since the angular velocity vector is the same for all points of a rigid
body. Hence, this second operation corresponds to a change of reference point that establishes
the relationship between the velocities of two different points of the rigid body.
In summary, the operation described by Equation (11) corresponds to a change of frame
that combines a change of basis and a change of reference point [18]. The motion tensor can
be factorized in the following manner



I ũ
R 0
C=
= T R.
(12)
0 I
0 R
This factorized form clearly underlines the double effect of a frame change; it consists of two
operation: first a change of basis operation characterized by the rotation operator R, then a
change of reference point operation characterized by the translation operator T .
This change of frame operation can be inverted to yield
V ∗ = C −1 V,
where the inverse of the motion tensor is
 T T T 
R R ũ
−1
.
C =
0
RT

(13)

(14)
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2.3. F RAME C HANGE FOR C O -K INEMATIC Q UANTITIES
A similar study can be made concerning two other vectors associated with the rigid body: the
force vector acting at a point A, f A , a bound vector, and the moment acting on the body, mA ,
a free vector. The components of these two vectors measured in basis B are denoted f ∗A and
m∗A , respectively, where the subscript on the former symbol is, of course, superfluous since the
force vector is the same at all points of the rigid body. The following force vector is defined:
 ∗ 
f 
∗
(15)
F =  A∗  .
mA
Consider now the effect of the following transformation:


f 

 = C −T F ∗ .
a
F =
ma 

(16)

Here again, it is clear that f A = R f ∗A and mA = R m∗A are the components of the force and
moment vectors, respectively, in basis B R . This corresponds to a change of basis operation.
Next, since ma = R m∗A + ũ R f ∗A = mA + ũ f A , the moment vector ma is the applied moment
computed with respect to the point of the rigid body that instantaneously coincides with point
a. Of course, f a can also be interpreted as the force applied on the rigid body at the same
point, since this force is the same at all points of the rigid body.
In summary, the operation described by Equation (16) is a change of frame operation
that combines a change of basis and a change of reference point [18]. This change of frame
operation can be inverted to yield
F ∗ = CT F .

(17)

It is important to note that the components kinematic and co-kinematic quantities transform differently under a frame change operation, as indicated in Equations (11) and (16),
respectively. Both transformations, however, are based on the motion tensor which appears
to be a fundamental quantity associated with frame changes. It is clear that C −T = T −T R.
This factorized form underlines again the double effect of a frame change for co-kinematic
quantities; it consists of two operations: first, a rotation operation using the rotation operator
R, then a translation operation using the reference point translation operator T −T .
2.4. P ROPERTIES OF THE M OTION T ENSOR
The eigenvalues of the motion tensor are easily computed from Equation (12). Indeed
det(C) = det(T ) det(R) = det(T ) (det(R))2 .

(18)

Since det(T ) = 1, it follows that det(C) = (det(R))2 . Hence, the eigenvalues of the motion
tensor are identical to those of the rotation tensor, but each with a multiplicity of two. However,
the motion tensor, unlike the rotation tensor, is not an orthogonal tensor. An eigenvector N
associated with the unit eigenvalue is denoted
 
q
(19)
N =   .
p
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If N is the desired eigenvector, if must satisfy the following relationship

 
q
R − I ũ R
  = 0.
0
R−I p 

(20)

The bottom three equations imply (R − I ) p = 0. Since R − I is a singular matrix, p must be
in the null space of R − I , n̄. Hence, a valid choice of p is the vector parameterization of R.
Next, the top three equations imply (R − I ) q − p̃ u = 0. Introducing equation (18) from [7]
then leads to p̃ (νG q − u) = 0. Since p̃ is a singular matrix, the homogeneous system admits
a non trivial solution νG q = u + µ p, where µ is an arbitrary coefficient. It is convenient to
select this coefficient as µ = α(p T u)/p 2 , where α is, again, an arbitrary coefficient. It then
follows that


p pT
1
T
u = D u,
G +α 2
(21)
q=
ν
p
where operator D writes
1
1+α 1
− p̃ + 2
D=
ν
2
p



1+α 1
−
ν
ε


p̃ p̃.

The desired eigenvector now becomes


 Du 

.
N =
p 

(22)

(23)

Numerous solutions are possible, due to the presence of the arbitrary coefficient α; this stems
from the fact that the eigenvalue λ = +1 of C has a multiplicity of two. Hence, any linear
combination of two eigenvectors associated with this eigenvalue is still an eigenvector. If
an additional constraint is applied, this coefficient can be evaluated. For instance, imposing
the orthogonality condition q T p = 0 implies α = −1, and the resulting eigenvector then
corresponds to the Plücker coordinates of the Mozzi–Chasles axis, as discussed in Section 2.1.
3. Derivatives of Finite Motion Operations
The derivatives of finite rotation operations lead to the concept of angular velocity vector.
Dealing with derivatives of finite motion operations, both velocity and angular velocity vectors
will emerge. Virtual changes in motion will also be investigated.
3.1. T HE V ELOCITY V ECTOR
Let frame F = (A, B) depicted in Figure 1 be time dependent. Hence, the motion tensor
C that brings reference frame F R to frame F is also time dependent and Equation (7) then
implies
Q(t) = C(t) Q∗ ,

(24)

where t denotes time. Taking a time derivative of this equation leads to Q̇ = Ċ Q∗ , and
eliminating Q∗ then yields
Q̇ = Ċ C −1 Q.

(25)
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It is clear that expression Ċ C −1 generalizes expression ṘR T that leads to the definition of the
angular velocity vector ω, such that ω̃ = ṘR T . This expression can be readily evaluated
 


 T T T  
 
ω̃ ṽ
R R ũ
Ṙ ũ˙ R + ũ Ṙ
−1
+
ũ
ω
ω̃
u̇
=
.
(26)
=
Ċ C =
0 ω̃
0 RT
0
Ṙ
0
ω̃
This gives rise to the velocity vector v = u̇ + ũ ω and angular velocity vector ω =
axial(Ṙ R T ). These quantities can be interpreted as the linear and angular velocities of the
point of the rigid body that instantaneously coincides with the origin of the reference frame,
point a, see Section 2.2. The following notation is now introduced:


ω̃ ṽ
,
(27)
W (V) =
0 ω̃
and Equation (25) now becomes
Q̇ = W (V) Q.

(28)

The components of the derivative of the Plücker coordinates can also be measured in the
material frame
C −1 Q̇ = C −1 Ċ Q∗ .

(29)

It is clear that expression C −1 Ċ generalizes expression R T Ṙ that leads to the components of
the angular velocity vector in the material frame ω∗ , such that ω̃∗ = R T Ṙ. It is readily found
that
  ∗ ∗
 T T T 
  ∗
ω̃ ṽ
R R ũ
Ṙ ũ˙ R + ũ Ṙ
ω̃ R T u̇
=
=
.
(30)
C −1 Ċ =
0 RT
0 ω̃∗
0 ω̃
0
Ṙ
This expression gives rise to the velocity vector v ∗ = R T u̇ and angular velocity vector ω∗ =
axial(R T Ṙ). These quantities are the components of the linear and angular velocities of point
A of the rigid body, expressed in the material frame F . Equation (29) now becomes
C −1 Q̇ = W (V ∗ ) Q∗ .

(31)

The above developments are summarized in the following relationships:
Ċ C −1 = W (V);

C −1 Ċ = W (V ∗ ).

(32)

Similar developments lead to C Ċ −1 = −W (V) and Ċ −1 C = −W (V ∗ ).
3.2. T HE V IRTUAL V ELOCITY V ECTOR
The virtual motion vector is introduced by analogy to the velocity vector by forming the
following expression:

 T T T 
R R ũ
δR δu R + ũ δR
−1
=
δCC
0 RT
0
δR
 



δψ δu
+
ũ
δψ)
δψ
(δu
=
.
(33)
=
0 δψ
0
δψ
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where δψ is the virtual rotation vector defined as δψ = δRR T , and δu = δu + ũ δψ. Note that
there exist no vector ψ such that δ(ψ) is the virtual rotation vector. δ(u) represents the virtual
displacement of point A, the frame reference point, whereas δu = δu + ũ δψ represents a
virtual change in the displacement of the material point of the rigid body that instantaneously
coincides with point a. Of course, there exist no displacement vector, say x, such δ(x) =
δu+ ũ δψ. Hence, the notations δu and δψ will be used to denote the virtual displacement and
rotation vectors, respectively. By analogy to Equation (32), the following compact notation is
adopted
δC C −1 = W (δU);

C −1 δC = W (δU∗ ),

where the components of the virtual motion vector are defined as


 ∗ 

 δu 

∗
 and δU =  δu ∗  ,
δU = 


δψ
δψ 

(34)

(35)

in the reference and material frames, respectively. The components of the virtual rotation and
∗
displacement vectors, both measured in the material frame, are δψ = R T δR and δu∗ =
R T δu, respectively. It is now clear that
δU = C δU∗ ;

δU∗ = C −1 δU.

(36)

Similar developments lead to C δC −1 = −W (δU) and δC −1 C = −W (δU∗ ).
Taking a variation of Equation (32) and a time derivative of Equation (34) leads to
W (δV) = δ Ċ C −1 + Ċ δC −1

and

˙ = δ Ċ C −1 + δC Ċ −1 ,
W (δU)

(37)

respectively. Subtracting these two equations then yields
˙ = −W (V) W (δU) + W (δU) W (V).
W (δV − δU)

(38)

Expanding this expression then leads to the following important result
˙ − W (V) δU,
δV = δU

(39)

that relates virtual changes in the velocity vector to the virtual motion vector and its time
˙ ∗ + W (V ∗ ) δU∗ ,
derivative. The following results are obtained in a similar manner: δV ∗ = δU
˙ ∗ , and δV ∗ = C −1 δU.
˙
δV = C δU
4. Euler Motion Parameters
The definition of the motion tensor, Equation (6), requires six parameters, three parameters to
define the displacement vector u and three parameters to define the finite rotation tensor R.
The goal of this section is to develop a parameterization of finite motion, i.e. to derive a set of
parameters that are convenient to manipulate finite motion operations. Euler parameters [1, 19]
and quaternion algebra [20, 21] have been shown to provide an effective tool to manipulate
finite rotation operation in an algebraic manner. The vector part of Euler parameters is oriented
along the eigenvector of the rotation tensor corresponding to a unit eigenvalue. To generalize
Euler parameters to the problem of finite motion, a set of parameters are derived that are
parallel to the eigenvector of the motion tensor corresponding to a unit eigenvalue. To ease the
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algebra, the motion tensor, Equation (6), is expanded to an 8 × 8 operator using the notations
defined for quaternion algebra, see Appendix A,


D(ê) S(û) D(ê)
C=
,
(40)
0
D(ê)
where ê is the unit quaternion representing the finite rotation tensor R, and ûT = 0, uT 
a non-unit quaternion with a vanishing scalar part. An eigenvector of this expanded motion
tensor associated with the unit eigenvalue is
  


1
 B(ê) û   q̂ 
(41)
N= 2
 =  .
ê


ê
As discussed in Section 2.4, several expressions for the eigenvector can be found, due to
the multiplicity of two of the unit eigenvalue. However, the above expression is convenient
because a one to one correspondence exists between quaternions û and q̂; indeed,
q̂ =

1
B(ê) û ⇐⇒ û = 2B T (ê) q̂.
2

(42)

Since B(ê) is an orthogonal operator, this mapping presents no singularities. The scalar part
of q̂ is q0 = −1/2 eT u. On the other hand, the scalar part of û is u0 = 0 = 2 êT q̂. This implies
that quaternions ê and q̂ are orthogonal to each other, êT q̂ = 0.
The Euler motion parameters are proposed as a convenient parameterization of the motion
tensor. They form a bi-quaternion
 
 q̂ 
ǧ =   .
(43)
ê
It is important to note the redundancy in this representation that required eight parameters instead of the six forming the minimum set. The eight Euler motion parameters are subjected to
two constraints: the normality condition for quaternion ê and the orthogonality of quaternions
ê and q̂.
4.1. T HE M OTION T ENSOR
The motion tensor can be evaluated in terms of the Euler motion parameter as


D(ê) A(q̂) B T (ê) + A(ê) B T (q̂)
,
C(ǧ) =
0
D(ê)

(44)

where identities (A7) and (A5) were used together with Equation (42). Introducing operator
A and B̄ as defined in Equations (B2) and (B3), leads to
C(ǧ) = A(ǧ) B̄(ǧ) = B̄(ǧ) A(ǧ),

(45)

a bilinear operation in terms of the Euler motion parameters. Note the parallel between this
expression and that for the rotation tensor, Equation (A9). The inverse of the motion tensor is

 T
D (ê) B(q̂) AT (ê) + B(ê) AT (q̂)
−1
,
(46)
C (ǧ) =
0
D T (ê)
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and hence,
C−1 (ǧ) = Ā(ǧ) B(ǧ) = B(ǧ) Ā(ǧ).

(47)

4.2. T HE V ELOCITY V ECTOR
The components of the velocity vector measured in the fixed frame are obtained from their
definition, Equation (32). This definition is expressed by means of 8 × 8 operators to ease the
algebraic manipulations
.
ˇ Ā(ǧ) + B̄(ġ)
ˇ B(ǧ),
(48)
Ċ(ǧ) C−1 (ǧ) = A(ǧ) B̄(ǧ) B(ǧ) Ā(ǧ) = A(ġ)
˙ B = −B̄ Ḃ, and the previous
where identities (B4) and (B7) were used. Since B̄ B = I, B̄
expression becomes
ˇ Ā(ǧ) − B̄(ǧ) B(ġ)
ˇ = W(v̌),
Ċ(ǧ) C−1 (ǧ) = A(ġ)

(49)

where v̌ T = v̂ T , ω̂T  is the velocity bi-quaternion in the fixed frame. Identities (A5) and (A6)
˙ These results are written in
are used to obtain v̂ = 2B T (q̂) ê˙ + 2B T (ê) q̂˙ and ω̂ = 2B T (ê) ê.
a compact manner as
v̌ = 2B̄(ǧ) ġˇ .

(50)

The velocity vector becomes a bilinear expression in terms of the Euler motion parameters and
their derivatives. The vector parts of quaternions v̂ and ω̂ are the velocity and angular velocity
˙ = 0,
vectors, respectively. The scalar part of the velocity quaternion is v0 = 2[êT q̂˙ + q̂ T ê]
since q̂ and ê are orthogonal quaternions. The scalar part of the angular velocity quaternion
ω0 = 2êT ê˙ = 0, since ê is a unit quaternion. The components of the velocity vector measured
in the material frame are obtained in a similar manner
C−1 (ǧ) Ċ(ǧ) = W(v̌ ∗ ),

(51)

where v̌ ∗T = v̂ ∗T , ω̂∗T  is the velocity bi-quaternion in the material frame. These results are
written in a compact manner as
ˇ
v̌ ∗ = 2Ā(ǧ) ġ,

(52)

4.3. C OMPOSITION OF F INITE M OTIONS
Let ǧ T = q̂ T , êT , ǧ1T = q̂1T , ê1T , and ǧ2T = q̂2T , ê2T  be the bi-quaternions of three motion
tensors such that
C(ǧ) = C(ǧ1 ) C(ǧ2 ).

(53)

The problem at hand is to determine bi-quaternion ǧ as a function of the other two. With the
help of Equation (45), this expands to
A(ǧ) B̄T (ǧ) = A(ǧ1 ) B̄(ǧ1 ) A(ǧ2 ) B̄(ǧ2 ) = A(ǧ1 ) A(ǧ2 ) B̄(ǧ1 ) B̄(ǧ2 ),

(54)

where identity (B4) was used. Expanding the products and using identities (A5) and (A6) then
implies q̂ = A(ê1 ) ê2 + A(q̂1 ) ê2 and ê = A(ê1 ) ê2 . These results are written in a compact
manner as
ǧ = A(ǧ1 ) ǧ2 = B(ǧ2 ) ǧ1 .

(55)
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Here again, this operation is bilinear in terms of the Euler motion parameters of the two
motions. It is readily shown that ǧ is also a bi-quaternion that represents a frame change.
Indeed, êT ê = ê2T AT (ê1 ) A(ê1 ) ê2 = ê2T ê2 = 1, since ê1 and ê2 both are unit quaternions.
Furthermore, êT q̂ = ê2T AT (ê1 ) A(ê1 ) q̂2 + ê2T AT (ê1 ) A(q̂1 ) ê2 = ê2T q̂2 + ê1T B T (ê2 ) B(ê2 ) q̂1 =
ê2T q̂2 + ê1T q̂1 = 0, since (ê1 , q̂1 ) and (ê2 , q̂2 ) are orthogonal quaternions.
4.4. D ETERMINATION OF THE E ULER M OTION PARAMETERS
Finally, an expression for the Euler motion parameters in terms of the components of the
motion tensor is sought. Unfortunately, this inverse relationship cannot be expressed in a
simple manner. In view of Equation (45), the motion tensor written in the following form


R(ê) Z(q̂, ê)
C(ǧ) =
,
(56)
0
R(ê)
where R(ê) is given by [7, equation (51)] and

Z(q̂, ê) = 2 e0 q̃ + q0 e + e q̃ + q̃ e .

(57)

The determination of the bi-quaternion ǧ = q̂, ê proceeds in two steps. At first, quaternion
ê is determined from the the finite rotation tensor R(ê) by following the procedure described
in appendix A of [7].
The second step is to determine quaternion q̂ from operator Z(q̂, ê). Consider the following
symmetric matrix constructed from the components of Z(q̂, ê)


Z13 − Z31
Z21 − Z12
tr(Z)
Z32 − Z23

 Z32 − Z21
 = 4 (ê q̂ T + q̂ êT ). (58)
T =
T

 Z13 − Z31
Z + Z − tr(Z) I
Z21 − Z12
Quaternion q̂ can readily be computed from any column of this matrix. However, this determination will involve a division by components of quaternion ê; hence, inaccurate results will
be obtained if dividing by small, or zero values. The most accurate results will be obtained by
selecting index m such that |em | > |ei |, i  = m. The components of q̂ are then




1 Tmm
1 Tmi
; qi =
− ei qm , i  = m.
(59)
qm =
em
8
em 4
Of course, the integrity of the data should be checked by verifying that q̂ and ê are orthogonal
quaternions.
5. The Vector Parameterization of Motion
In the previous section, the Euler motion parameters were shown to provide an elegant, purely
algebraic representation of finite motion. In fact, when using bi-quaternions, all finite motion
operations become bi-linear expressions of various bi-quaternions. However, these advantages
come at a tremendous cost: eight parameters must be used instead of six, i.e. the Euler motion parameters do not form a minimum set. Furthermore, the normality and orthogonality
conditions inherent to the representation must be enforced as external constraints.
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The vector parameterization of motion consists of a minimal set of parameters defining of
the components of a motion parameter array
  

 q  Du



.
(60)
G= =
p 
p
Each of the vectors q and p follow the transformation rules for first order tensors when subjected to a change of basis. All parameterizations in the class feature motion parameter arrays
that are eigenvectors of the motion tensor corresponding to the eigenvalue +1. However, as
discussed in Section 2.4, this eigenvector is not uniquely defined, due to the multiplicity of
two of the eigenvalue λ = +1. Note that the bottom three components of the eigenvector are
uniquely defined (within a multiplicative constant), whereas multiple solutions arise for the
top three components. In the following sections, the motion parameter arrays will be based on
a value of α = νp  − 1, which corresponds to D = H −1 , or
 −1 
H u
.
(61)
G1 = 
p 
However, it should be noted that similar developments could be based on any value of the
arbitrary coefficient α.
5.1. T HE M OTION T ENSOR
The explicit expression for the motion tensor in terms of motion parameters is obtained from
Equation (6)


R(p) H
(p) q R(p)
.
(62)
C(G) =
0
R(p)
where R(p) and H (p) are given by equations (14) and (22) in [7], respectively.
5.2. T HE V ELOCITY V ECTOR
The velocity vector is obtained from a time derivative of the motion tensor, as indicated in
Equation (26), and writes

  
 

 v   u̇ + ũ ω   Ḣ (p) q + H (p) q̇ + H

(p)
q
H
(p)
ṗ
=
(63)
V =   = 
.
 
ω
ω

H (p) ṗ
The operator L(q, p) is implicitly defined by the following relationship: Ḣ (p) q = L(q, p) ṗ.
The velocity vector now becomes
 

H (p) L(q, p) + H
(p) q H (p)  ṗ 
(64)
V=
 q̇ 
0
H (p)
Operator H is defined as


(p) q H (p)
H (p) L(q, p) + H
,
H=
0
H (p)

(65)
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and the velocity vector becomes
V = H Ġ.

(66)

Similar developments lead to
V ∗ = H ∗ Ġ,
where
∗



H =

(67)


H T (p) R T L(q, p)
.
0
H T (p)

(68)

The inverse of these operators are readily found as



−1
−1
−1

H
(p)
−H
p)
H
+
H
(p)
q
H
(p)
L(q,
,
H −1 =
0
H −1 (p)
and
H

∗−1


=

H −T (p) −H −1 L(q, p)H −T
0
H −T (p)

(69)


.

(70)

The operators enjoy the following remarkable properties
C = H H ∗−1 ;

C −1 = H ∗ H −1 .

(71)

that echo the corresponding properties for the rotation tensor, see [7, equation (28)].
5.3. D ETERMINATION OF THE M OTION PARAMETERS
The motion tensor, Equation (62) can be written as


R(p) Z(p, q)
.
C(G) =
0
R(p)

(72)

To determine the components of the vector parameterization from this motion tensor, the
vector parameterization of R(p) is extracted first by following the procedure described in
[7]. Then array q is extracted from Z


(73)
q = H −1 (p) axial Z(p, q) R T (p) .
5.4. C OMPOSITION OF F INITE M OTIONS
Let G, G1T = q T1 , p T1 , and G2T = q T2 , p T2  correspond to motion tensors C(G), C(G1 ), and
C(G2 ), respectively. If C(G) = C(G1 ) C(G2 ), the problem is to relate is G to G1 and G2 . The
first step of the process is to note that R = R1 R2 , and hence, equations (18) and (19) in [7]
yield p as a function of p 1 and p2 . Next, the relationship between q and q 1 , q 2 is obtained as
q = H −1 (p) H (p1 ) q 1 + H −T (p) H T (p 2 ) q 2 .

(74)
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6. Special Choices of the Generating Function
The vector parameterization of motion presented in the previous section, Equation (60), consists of a set of displacement related parameters, q = D u, and of the vector parameterization
of rotations, p, forming an eigenvector of the motion tensor corresponding to its positive unit
eigenvalue. This leads to families of parameterizations that depend on two choices: the choice
of the generating function determining p, and on the choice of the arbitrary coefficient α.
As discussed in [7], the generating function, p(φ), can be selected to simplify some of
the operators involved in manipulating rotations. But more importantly, judicious choices of
this function can eliminate singularities that occur in the various rotation operators. The occurrence of singularities is also a major concern when dealing with the vector parameterization of
motion: a one to one, singularity free relationship must exist between the motion parameters
q = D u and the physical displacements u. In turn, this implies that det(D) = (1 + α)/ν 3  = 0
or ∞. While this condition does not determine α, it limits the possible choices.
A simple choice is α = 0. This implies D = 1/ν GT and det(D) = 1/ν 3 . A second
choice is α = νp  − 1. This implies D = H −1 and det(D) = det(H −1 ) = p  /ν 2 . The
choice α = ν/ε leads to a particularly simple form D = 1/ε − p̃/2, where the quadratic term
in p vanishes; in this case, det(D) = 1/(εν 2 ). The next possible choice is α = ν/R1 − 1
leading to D = (I + R T )/2R1 and det(D) = 1/(ν 2 R1 ). A final choice, α = ν 3 − 1, gives
D = ν 2 − p̃/2 + (ν 2 − 1/ε) p̃ p̃/p 2 and det(D) = 1.
Singularity-free rotation parameterizations [7] require ν  = 0 or ∞, and det(H −1 )  = 0
or ∞. Consequently, the first two choices of α leads to singularity-free parameterizations of
motion when singularity-free rotation parameterizations are used. The next two choices lead
to additional requirements, ε  = 0 or ∞, and R1  = 0 or ∞ to avoid singularities; this, in
turn, would limit the validity range of these parameterizations to |φ| < π . The last choice
clearly is singularity-free, but involves an operator D that has no simple relationship to other
rotation related operators. Other choices of α might lead to singularity-free parameterizations
of motion but are likely to involve an operator D that is unrelated to other rotation related
operators.
Clearly, the first two choices of α appear to be most desirable. Furthermore, if the Cayley–
Gibbs–Rodrigues parameters are selected for the rotation parameterization, α = νp  − 1 =
ν/R1 − 1 and if the Wiener–Milenkovic parameters are used, α = νp  − 1 = 0. In other words,
α = ν/R1 − 1 and α = 0 are special cases of α = νp  − 1 for specific choices of the rotation
parameterization. In view of this discussion, the optimum choice seems to be α = νp  − 1,
leading to the motion parameters defined by Equation (61).
7. Specific Parameterizations of Motion
Once the form of the eigenvector of the motion tensor has been selected as Equation (61),
parameterizations of motion then only depend on the choice of the generating function, p(φ).
Many alternatives choices of this function and their respective advantages and drawbacks were
discussed in [5, 7], where two parameterizations were shown to present unique properties: the
Cayley–Gibbs–Rodrigues and the Wiener–Milenkovic parameterization that will be presented
in detail in the following sections. One of the simplest choices of the generating function is
p(φ) = φ that leads to the exponential map of motion [18]. This parameterization involves
the evaluation of numerous trigonometric functions and will not be discussed here, although
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all the relevant formulæ can be obtained by introducing the generating function p(φ) = φ
into the expression given in the previous section.
7.1. T HE C AYLEY–G IBBS –RODRIGUES M OTION PARAMETERS
The Cayley–Gibbs–Rodrigues motion parameters are defined as


 −1 
1 I + RT
H u
u
,
G=
=  r0
2
r
r

(75)

where r = 2 tan φ/2 n̄ are the Cayley–Gibbs–Rodrigues parameters of the finite rotation
tensor, see [7], and r0 = 1/(1 + r T r/4). This motion parameterization is valid for rotations of
magnitude |φ| < π , since the Cayley–Gibbs–Rodrigues parameters suffer this limitation.
7.1.1. The Motion Tensor
The motion tensor expressed in terms of Cayley–Gibbs–Rodrigues motion parameters is found
from Equation (6)
 

R+I R+I 
R HqR
q̃
R
.
(76)
=
C=
2
2
0
R
0
R
The inverse of the motion tensor is readily obtained as


T
T
T R +I T R +I
q̃
.
C −1 =  R
2
2
T
0
R
Cayley’s decomposition applies to this parameterization, i.e.

−1 
−1 


1
1
1
1
= I − W (G)
I + W (G) ,
C = I + W (G) I − W (G)
2
2
2
2

(77)

(78)

which generalizes the well-known decomposition of the rotation tensor [7, equation (95)]. This
important decomposition of the motion tensor could be taken as the basis for the determination
of this specific parameterization [18].
7.1.2. The Velocity Vector
Operators H, H ∗ and their inverses are obtained from Equations (65), (68), (69), and (70),
respectively. First, operator L(q, p) is found to be

r0 
q̃ + H q r T .
(79)
L(q, r) = −
2
It then follows that


r0
[q̃ − (r T q)H ]
H
,
H=
2
0
H

H∗ =

HT
0


r0 T
[q̃ − (r T q)H T ]
,
2
HT

(80)

(81)


H

−1

=

H −1
0


H ∗−1 =

H −T
0
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r0 −1 T −1
[H q̃ H + (r T q)H −1 ]
,
(82)
2
H −1

r0 −T
[H q̃H −T + (r T q)H −T ]
.
2
H −T

(83)

7.1.3. Composition of Motions
The composition of motion follows the general procedure described in section 5.4: the parameters r of the relative rotation are first determined from the formulæ for the composition
of rotation [7, equations (18) and (19)]; next, parameters q are evaluated with the help of
Equation (74).
7.2. T HE W IENER –M ILENKOVIC M OTION PARAMETERS
The Wiener–Milenkovic motion parameters are defined as
 −1   1 T 
H u
G u
= ν
,
G=
c
c

(84)

where c = 4 tan φ/4 n̄ are the Wiener–Milenkovic [22] parameters of the rotation tensor. This
parameterization of rotation is singularity free for rotations of arbitrary magnitude when using
the rescaling technique [7]. Consequently, the Wiener–Milenkovic motion parameterization
is singularity free for displacements and rotations of arbitrary magnitude provided that the
rescaling operation is applied to the rotation parameterization.
7.2.1. The Motion Tensor
The motion tensor expressed in terms of Wiener–Milenkovic motion parameters is found from
Equation (6)
 
 




R HqR
R G νq G
G 0
I νq
G 0
=
=
.
(85)
C=
0
R
0 G
0 I
0 G
0
R
The factorization of the motion tensor affords the following geometric interpretation: the
motion is decomposed into the half-angle rotation characterized by the rotation tensor G,
followed by a translation of magnitude νq, and finally a half-angle rotation. The inverse of the
motion tensor is readily obtained as
 T

R GT νq T GT
−1
,
(86)
C =
0
RT
7.2.2. The Velocity Vector
Operators H, H ∗ and their inverses are obtained from Equations (65), (68), (69), and (70),
respectively. First, operator L(q, p) is found to be
ν2
L(q, c) = − G
2






c̃
1 T
1+
q + (c q) .
4
4

(87)
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It then follows that





c̃
1 T
ν
H H
1−
q − (c q) 
H =
,
2
4
4
0
H

 HT
H∗ = 

0

(88)



 T

cT q
ν T 
c̃

H
q −
1+
,
2
4
4


(89)

HT


 H −1
H −1 = 

0




 T
cT q
c̃
ν 
 H −1
1−
q +
2
4
4


,


(90)

H −1


 H −T
H ∗−1 = 



ν
2





cT q
c̃
1+
q+
H −T 
.
4
4
−T
H



0

(91)

7.2.3. Composition of Motions
The composition of motion follows the general procedure described in Section 5.4: the parameters r of the relative rotation are first determined from the formulæ for the composition
of rotation [7, equations (18) and (19)]; next, parameters q are evaluated with the help of
Equation (74).
8. Numerical Example
Consider the rigid body depicted in Figure 1. Its velocity in the material frame is given by
Equation (10). The kinetic energy of the rigid body is K = 1/2 V ∗T M ∗ V ∗ , where the mass
matrix in the material frame is


I η̃∗T
∗
.
(92)
M =µ
η̃∗ ι∗
The following notation was used: µ is the total mass of the body; η∗ the components the
position vector of the center of mass of the rigid body in the material frame F ; and µ ι∗ the
components the moment of inertia tensor of the rigid body in the material frame F . Hamilton’s
principle then states that


δK + δU∗T F ∗ dt = 0,
(93)
t

where F ∗ , given by Equation (15), is the vector of externally applied loads measured in the
material frame. If C0 is the motion tensor that bring frame F I to frame F R , measured in

The Vector Parameterization of Motion 183

Figure 2. Time history of the Wiener–Milenkovic motion parameters: parameters q (top figure), and p (bottom
figure). Components along ı̄1 , solid line; ı̄2 , dashed line; and ı̄3 , dashed-dotted line.

frame F I , V = CC0 V ∗ then represents the velocity vector in the inertial frame. The virtual
velocity vector now becomes

δV ∗ = (CC0 )−1 δV + CδC −1 V

˙
˙ − W (V) δU − W (δU) V = (CC0 )−1 δU,
(94)
= (CC0 )−1 δU
where Equation (39) was used. Hamilton’s principle then becomes
 

˙ T (CC0 )−T M ∗ (CC0 )−1 V + δUT (CC0 )−T F ∗ dt = 0.
δU

(95)

t

The mass matrix of the rigid body in the inertial frame F I is M = (CC0 )−T M ∗ (CC0)−1 .
This transformation performs two tasks: a change of reference point from A to O and a change
of orthonormal basis from B to B I .
Hamilton’s principle now becomes
 

˙ T P + δUT F dt = 0,
δU
(96)
t

where P = M V is the momentum vector and F = (CC0 )−T F ∗ the vector of externally
applied loads, both measured in the inertial frame. The equations of motion of the rigid body
then are
Ṗ = F .

(97)

This simple example demonstrates the advantages of formulations based on the motion
tensor. First, the derivation of the equations of motion is simplified as compared to classical
formulations that deal with separate displacement and rotation fields. Second, the equations
of motion present a simpler form, as seen in Equation (97). In the absence of externally
applied loads, the momentum vector P remains a constant; this is the well known property of
conservation of linear and angular momentum of the body.
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Figure 3. Time history of the time derivatives of the Wiener–Milenkovic motion parameters: parameters q̇ (top
figure), and ṗ (bottom figure). Components along ı̄1 , solid line; ı̄2 , dashed line; and ı̄3 , dashed-dotted line.

A rigid body with the following properties was simulated: total mass, µ = 1.8 kg, center of
mass location, η∗ = (0.1, −0.4, 0.3) m, moments of inertia, µ(ι∗11 , ι∗22 , ι∗33 ) = (1.1, 0.6, 0.9)
kg.m2 , and µ(ι∗12 , ι∗13 , ι∗23 ) = (0.012, −0.015, 0.023) kg.m2 . The rigid body had an initial
velocity v T0 = [5, 0, 0] m/sec and initial angular velocity ωT0 = [0, 4, 0] rad/sec. The configuration of the rigid body was computed for 5 sec period using a central difference scheme with
a constant time step 8t = 0.0125 sec. The Wiener–Milenkovic motion parameters were used
to represent the motion of the body. Figure 2 depicts the evolution of these parameters. The
sudden changes in parameter value are associated with rescaling operations that circumvent
the singularities associated with the Wiener–Milenkovic parameterization [7]. Figure 3 shows
the time derivatives of the parameters which are unaffected by the rescaling operations. The
physical displacements and rotations of the body are depicted in Figure 4 and the components
of the linear and angular velocity vectors are shown in Figure 5. In these last two figures, the
predictions of a classical formulation of the rigid body problem are also given; as expected,
excellent correlation is found between the two formulations.
9. Conclusions
This paper developed vector parameterizations of motion that generalizes the well-known
parameterizations of rotation. The Plücker coordinates of an arbitrary material line of a rigid
body were shown to transform by the action of a motion tensor. The proposed vector parameterization completely describes an arbitrary motion by means of two vectors that constitute an
eigenvector of the motion tensor associated with its positive unit eigenvalue.
The parallelism between the proposed vector parameterization of motion and that of rotation is striking. Most techniques and formulæ developed for rotation have their counterparts
for motion. In fact, the proposed formulation allows any rotation parameterization to become
the basis for a motion parameterization. Several parameterizations were presented for which
the treatment of motion is reduced to purely algebraic operations. First, the well known Euler
motion parameters that are singularity free and are particularly simple to manipulate but
form a redundant set of parameters. Next, the Cayley–Gibbs–Rodrigues motion parameters
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Figure 4. Time history of the physical displacement (top figure) and direction cosines of vector E 1 (bottom figure).
Components along ı̄1 , solid line; ı̄2 , dashed line; and ı̄3 , dashed-dotted line. Solution with Wiener–Milenkovic
motion parameters (◦) and classical solution ().

Figure 5. Time history of the linear (top figure) and angular (bottom figure) velocity vectors. Components along
ı̄1 , solid line; ı̄2 , dashed line; and ı̄3 , dashed-dotted line. Solution with Wiener–Milenkovic motion parameters (◦)
and classical solution ().

present the desirable Cayley decomposition property, but present a singularity for rotations of
|φ| = π . Finally, the Wiener–Milenkovic motion parameters offer a singularity free treatment
of motion without redundancy. This appear to be the first purely algebraic, singularity free
parameterization of finite motion.
With the proposed formalism, any singularity free vector parameterization of rotation gives
rise to a singularity free vector parameterization of motion. Furthermore, different families of
parameterizations can be obtained by selecting a single parameter α that controls the definition
of the displacement related motion parameters. For instance, the purely algebraic, singularity
free parameterization of rotation defined as p = 4 sin φ/4 n̄ proposed in [7] also leads to a
purely algebraic, singularity free parameterization of motion.
The vector parameterization of motion is well suited for applications to dynamics. The
velocity and virtual motion vectors allow the derivation of the equations of motion of systems
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whose kinematics are described with the proposed parameterization. Classical formulations
of dynamics can be used to this effect. The proposed formalism was presented for rigid bodies
but could also be used for the modeling of flexible components whose kinematic description
requires both displacement and rotation fields such as beams and shells. The governing equations of motion of for such components will be greatly simplified, as was observed for rigid
bodies.
Appendix A. Quaternion Algebra
Quaternion algebra is convenient to express finite rotation operations. A quaternion [20] is
defined as an array of four number
 
e0
,
(A1)
ê =
e
e0 is the scalar part of the quaternion and e the vector part of the quaternion. Note that this
four component array is not a vector, as it does not
 transform like a vector quantity. The norm

T
of quaternion p̂ is defined as |p̂| = p̂ p̂ = p02 + p T p. Operations on quaternions are
performed by using the following matrices:




e0 −eT
e0 −eT
; B(ê) =
;
(A2)
A(ê) =
e e0 + ẽ
e e0 − ẽ
Let p̂ and q̂ be two arbitrary quaternions. The following identities hold:
A(p̂) AT (p̂) = B(p̂) B T (p̂) = C(p̂) C T (p̂) = |p̂|2 I4 ,

(A3)

where I4 is the 4 × 4 identity matrix. The following identity is readily verified and expresses
the fact that two of the operators commute:
A(p̂) B T (q̂) = B T (q̂) A(p̂).

(A4)

These identities then imply the following results A(p̂) q̂ = B(q̂) p̂. Finally, the following
results are easily checked:
A(p̂) A(q̂) = A(r̂) ⇐⇒ r̂ = A(p̂) q̂ = B(q̂) p̂.

(A5)

Similarly
B(p̂) B(q̂) = B(r̂) ⇐⇒ r̂ = B(p̂) q̂ = A(q̂) p̂.
Finally, the skew-symmetric operator S(p̂) is defined as


1
0 0T
; S(p̂) = [A(p̂) − B(p̂)].
S(p̂) =
0 p
2

(A6)

(A7)

A quaternion ê is said to be a unit quaternion if its norm is unity, i.e. |ê| = 1. In view
of identity (A3), operators A(ê) and B(ê) now become orthogonal matrices. An additional
operator is now defined


1 0
D(ê) =
,
(A8)
0 R(ê)
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where R(ê) is the rotation operator. It is now readily verified that
D(ê) = A(ê) B T (ê) = B T (ê) A(ê).

(A9)

Appendix B. Bi-Quaternion Algebra
Bi-quaternion algebra is convenient to express finite motion operations. A bi-quaternion is
defined as an array of two quaternions
 
 q̂ 
ǧ =   ,
(B1)
ê
Operations on bi-quaternions are performed by using a number of matrices defined as
follows:



 T
A(ê) A(q̂)
A (ê) AT (q̂)
;
(B2)
A(ǧ) =
; Ā(ǧ) =
0
AT (ê)
0 A(ê)

B(ǧ) =


B(ê) B(q̂)
;
0 B(ê)


B̄(ǧ) =


B T (ê) B T (q̂)
.
0
B T (ê)

(B3)

Let ǧ T = q̂ T , êT  and ȟT = r̂ T , fˆT  be two arbitrary bi-quaternions. The following
identities hold:
A(ǧ) B̄(ȟ) = B̄(ȟ) A(ǧ).

(B4)

These identities then imply the following results:
A(ǧ) ȟ = B(ȟ) ǧ.
The operator W is defined as


1
S(ê) S(q̂)
W(ǧ) =
; W(ǧ) = [A(ǧ) − B(ǧ)].
0 S(ê)
2

(B5)

(B6)

Two quaternions q̂ and ê are said to be orthogonal if q̂ T ê = 0. For such pair of quaternions
the following identities can be shown to hold:
Ā(ǧ) A(ǧ) = A(ǧ) Ā(ǧ) = B̄(ǧ) B(ǧ) = B(ǧ) B̄(ǧ) = |ê|2 I.

(B7)
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