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Abstract

The parameterization of rotation and motion is the
subject of continuous research and development in
many theoretical and applied fields of mechanics such
as rigid body, structural, and multibody dynamics.
Tensor analysis expresses the invariance of the laws
of physics with respect to change of basis and change
of frame operations. Consequently, it is imperative
to formulate mechanics problems in terms of tenso-
rial quantities. This paper presents a formal proof
that rotation and motion parameters vectors are ten-
sors if and only if they are parallel to the eigenvectors
of the rotation and motion tensors, respectively, asso-
ciated with their unit eigenvalues. The tensorial na-
ture and properties of the resulting vectorial param-
eterization of rotation and motion are investigated in
details and explicit expressions are given for the rota-
tion and motion tensors, as well as the corresponding
tangent tensors. Several important tensor identities
are shown to hold for all vectorial parameterization
of rotation and motion.

1 Introduction

The description of finite rotations, simply called ro-
tations in this paper, is a fundamental tool used in
dynamics, multibody dynamics, and mechanics. Nu-
merous techniques presenting various properties and
advantages have been proposed to parameterize ro-
tations, and exhaustive reviews of these techniques
may be found in refs. [1, 2, 3, 4].

Whether originating from geometric, algebraic, or
matrix approaches, parameterizations of rotation are
most naturally categorized into two classes: vectorial
and non-vectorial parameterizations. For vectorial
parameterizations, a rotation parameter vector is de-
fined, whose components transform according to the

rules of transformation for first order tensors under a
change of basis operation. Bauchau and Trainelli [5]
have introduced the vectorial parameterization of ro-
tation by selecting the rotation parameter vector to
be parallel to the eigenvector of the rotation tensor
associated with its unit eigenvalue.

The description of finite motion, simply called mo-
tion in this paper, is an equally important topic used
in dynamics, multibody dynamics, and mechanics.
Here again, a distinction must be made between vec-
torial and non-vectorial parameterizations of motion.
For vectorial parameterizations, a motion parameter
vector is defined, which combines the components of
two vectors, a displacement related parameter vector
and a rotation related parameter vector. The com-
ponents of each vector transform according to the
rules of transformation for first order tensors under
a change of basis operation. Bauchau and Choi [6]
introduced the vectorial parameterization of motion
by selecting the motion parameter vector to be paral-
lel to the eigenvector of the motion tensor associated
with its unit eigenvalue.

Tensor analysis expresses the invariance of the laws
of physics with respect to change of basis and change
of frame operations [7]. Consequently, it is imperative
to formulate mechanics problems in terms of tensorial
quantities. In references [5] and [6], the rotation and
motion parameter vectors were chosen to be parallel
to the eigenvector of the rotation and motion tensors,
respectively. Although this approach yields interest-
ing properties for the parameter vectors, this choice
seems to be rather arbitrary.

This paper presents a formal proof of the equiva-
lence between the two fundamental properties of the
vectorial parameterizations of rotation and motion:
their tensorial nature and their parallelism to the
eigenvector of the rotation and motion tensors, re-
spectively. In other words, selecting the rotation and
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motion parameters to be parallel to the eigenvector
of the rotation and motion tensors, respectively, is
not an arbitrary choice, but rather, is the only choice
that leads to tensorial parameterizations of rotation
and motion, respectively.
The rotation and motion tensors are intrinsic, i.e.,

they are independent of the parametrization used to
represent them. Furthermore, they are second order
tensors. The rotation and motion parameter vectors
are no intrinsic (they are “parameters”), but they
form first order tensors when the vectorial parame-
terization of rotation or motion is used.
The angular velocity vector, ω, is a nonholonomic

vector, i.e., there exist no vector, say x, such that
ω = ẋ. Rather, if q denotes a set of three rotation
parameters, ω = H(q)q̇, where H is the tangent op-
erator that depends on the rotation parameters. Be-
cause it depends on the selected parameterization ex-
plicitly, the tangent operator is not intrinsic, but it is
a second order tensor when the vectorial parameter-
ization of rotation is used. These results generalize
for the case of motion, provided that the vectorial
parameterization of motion is used.
Because this paper focuses on the tensorial nature

of the vectorial parameterizations of rotation and mo-
tion, expressions are given for the rotation and mo-
tion tensors that explicitly exhibit their tensorial na-
ture. Generic expressions are also given for the tan-
gent tensor of the vectorial parameterization of both
rotation and motion. These generic expressions ap-
ply to all vectorial parameterizations of rotation and
motion. Finally, it is shown that many of the tensor
identities related to rotation operations also apply,
mutatis mutandis, to motion operations.
Section 2 reviews the fundamental properties of ro-

tation, and leads to the formal proof that tensorial
parameterizations must feature rotation parameter
vectors parallel to the eigenvector of the rotation ten-
sor, presented in section 3. Finally, explicit expres-
sion for the rotation and tangent tensors are given in
section 3.2, which also states important properties of
these tensors. A similar pattern is followed in sec-
tions 4, 5, and 5.4 for the vectorial parameterization
of motion.

2 Fundamental properties of
rotation

Euler’s theorem [8] on rotations states that any arbi-
trary rotation that leaves a point fixed can be viewed
as a single rotation of magnitude ϕ about a unit vec-
tor n̄. Consider an arbitrary vector a, and let the
rotation of magnitude ϕ about unit vector n̄ bring

this vector to b, as depicted in fig. 1. The rotation
tensor, R, relates these two vectors, b = Ra, and can
be determined from basic geometric arguments to be

R = I + sinϕ ñ+ (1− cosϕ)ññ, (1)

where I indicates the unit tensor. This result is
known as Euler’s rotation formula [9]. Notation ã in-
dicates the second order, skew-symmetric tensor con-
structed from the component of vector a,

ã =

 0 −a3 a2
a3 0 −a1

−a2 a1 0

 . (2)
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Figure 1: A rotation of magnitude ϕ about axis n̄.

The first fundamental property of the rotation ten-
sor is that it possesses a unit eigenvalue, λ = +1,
associated with eigenvector n̄. Indeed, it follows from
eq. (1) that

R n̄ = n̄. (3)

The second fundamental property of the rotation ten-
sor is that it is an orthogonal tensor. Using eq. (1), it
is readily verified that RRT = RTR = I. The rota-
tion tensor belongs to the class of proper orthogonal
tensors for which det(R) = +1.
If R

2
is an orthogonal tensor, the following equiv-

alence can be proved based on simple algebraic ma-
nipulations,

ã3 = RT

2
ã1R2

⇔ a3 = RT

2
a1. (4)

Let a1 and a3 be the components of vector a resolved
in two bases, B1 and B3, respectively. Furthermore,
let R

2
be the components of the rotation tensor that

brings basis B1 to B3, resolved in basis B1. The right-
hand side of equivalence (4) now expresses the rules of
transformation for the components of the first order
tensor, a, under a change of basis operation, and the
left-hand side of the same equivalence expresses the
rules of transformation for the components of the sec-
ond order tensor, ã, under the same change of basis
operation.

Olivier Bauchau and Leihong Li CND-10-1015 2



The angular velocity vector, ω, is defined as ω̃ =
ṘRT and can be expressed in terms of the quantities
ϕ(t) and n̄(t) that characterize the rotation. Intro-
ducing the rotation tensor, eq. (1), and using vector
identities yields

ω = ϕ̇ n̄+ sinϕ ˙̄n+ (1− cosϕ)ñ ˙̄n (5)

3 The vectorial parameteriza-
tion of rotation

The vectorial parameterization of rotation consists of
a minimum set of three parameters defining the com-
ponents of a rotation parameter vector. Bauchau and
Trainelli [5] introduced this parameterization by se-
lecting the rotation parameter vector to be parallel
to the eigenvector of the rotation tensor associated
with its unit eigenvalue. While this parallelism is an
important property of the vectorial parameterization
of rotation, its tensorial nature is equally important
and is explored in the following sections.

3.1 Fundamental properties

Consider three rotations of magnitudes ϕ1, ϕ2, and
ϕ3, about unit vectors n̄1, n̄2, and n̄3, respectively.
The three rotations, denoted (ϕ1, n̄1), (ϕ2, n̄2), and
(ϕ3, n̄3), respectively, are associated with three rota-
tion tensors, denoted R

1
, R

2
, and R

3
, respectively,

through Euler’s formula, eq. (1).
Assume that the following triple product of rota-

tion tensors relates these three quantities,

R
3
= RT

2
R

1
R

2
. (6)

This operation corresponds to a change of basis for
second order tensors: R

1
and R

3
are the components

of the same rotation tensor expressed in two bases
related by rotation tensor R

2
.

Using Euler’s formula, eq. (1), eq. (6) now becomes

R
3
= I + sinϕ1R̃

T

2
n̄1 + (1− cosϕ1)R̃

T

2
n̄1R̃

T

2
n̄1,

where eq. (4) was used. Comparing this result with
Euler’s formula implies that

ϕ3 = ϕ1, (7a)

n̄3 = RT

2
n̄1. (7b)

These equations express the two conditions required
for the proper transformation of rotation tensors com-
ponents under a change of basis.
Let p(ϕ) be an arbitrary odd function of angle ϕ;

eq. (7a) then implies p(ϕ3) = p(ϕ1). Multiplication

of eq. (7b) by p(ϕ3) on the left-hand side and p(ϕ1) =
p(ϕ3) on the right-hand side then yields

p(ϕ3)n̄3 = RT

2
p(ϕ1)n̄1. (8)

This equation is equivalent to eqs. (7). Indeed, pre-
multiplying the left-hand side of eq. (8) by p(ϕ3)n̄

T
3

and the right-hand side by p(ϕ1)n̄
T
1 R2

yields p2(ϕ3) =

p2(ϕ1), or p(ϕ3) = ±p(ϕ1), since n̄1 and n̄3 are unit
vectors and R

2
an orthogonal tensor. Because p is

an odd function of ϕ, it follows that ϕ3 = ±ϕ1, and
eq. (8) then yields n̄3 = ±RT

2
n̄1. These two solu-

tions, ϕ3 = +ϕ1, n̄3 = +RT

2
n̄1, and ϕ3 = −ϕ1,

n̄3 = −RT

2
n̄1, correspond to identical rotations, both

defining eqs. (7).
The vectorial parametrization of rotation is defined

as
p = p(ϕ)n̄, (9)

where p is the rotation parameter vector. Equa-
tion (8) can now be recast in a more compact manner
as

p
3
= RT (p

2
) p

1
. (10)

The discussion presented above establishes that the
tensorial nature of the rotation tensor expressed by
the transformation rule of its components, eq. (6),
implies the tensorial nature of the rotation param-
eter vector expressed by the transformation rule of
its components, eq. (10). It is easily shown that the
process can be reversed, i.e., tensorial nature of the
rotation parameter vector implies that of the rotation
tensor.
In summary, the vectorial parameterization of ro-

tation presents two fundamental properties.
(1) The vectorial parameterization of rotation is

tensorial in nature, as expressed by the following
equivalence,

R(p
3
) = RT (p

2
)R(p

1
)R(p

2
) ⇔ p

3
= RT (p

2
)p

1
. (11)

The tensorial nature of the second order rotation ten-
sor implies and is implied by the tensorial nature of
the rotation parameter vector, a first order tensor.
(2) Rotation parameter vectors are parallel to the

eigenvector of the rotation tensor corresponding to its
unit eigenvalue. Because unit vector n̄ is the eigen-
vector of the rotation tensor associated with its unit
eigenvalue, eq. (3), the definition of the rotation pa-
rameter vector, eq. (9), implies its parallelism to n̄.
Because these two properties imply each other, ei-

ther can be taken as the definition of the vectorial
parameterization of rotation. A parameterization of
rotation is tensorial if and only if the rotation pa-
rameter vector is parallel to the eigenvector of the
rotation tensor associated with its unit eigenvalue.
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The rotation parameter vector is not yet fully de-
fined because function p(ϕ), called the generating
function, is still arbitrary. Generating functions must
be odd functions of the rotation angle, ϕ, and present
the following limit behavior

lim
ϕ→0

p(ϕ) = ϕ, (12)

i.e., all rotation parameter vectors must approach the
infinitesimal rotation vector when ϕ→ 0.
Because it is imperative to formulate mechanics

problems in terms of tensors, the vectorial param-
eterization of rotation should be the preferred choice.
Indeed, it is the only parameterization to yield rota-
tion parameter vectors that are first order tensors.

3.2 Basic operators

The explicit expression of the rotation tensor in term
of the vectorial parameterization is easily obtained
from Euler’s formula, eq. (1),

R = I + ζ1(ϕ) p̃+ ζ2(ϕ) p̃p̃, (13)

where ζ1(ϕ) and ζ2(ϕ) are even functions of the rota-
tion angle, ϕ, defined as

ζ1(ϕ) =
sinϕ

p
= ν cos

ϕ

2
=
ν2

ε
, (14a)

ζ2(ϕ) =
1− cosϕ

p2
=
ν2

2
=
εζ1
2
. (14b)

Two even functions of the rotation angle play an
important role in the vectorial parameterization of
rotation,

ν =
2 sinϕ/2

p
, (15a)

ε =
2 tanϕ/2

p
=

ν

cosϕ/2
. (15b)

Functions p(ϕ), ζ1(ϕ), and ζ2(ϕ) solely depend on
the magnitude, ϕ, of the rotation. Because this angle
is invariant under a change of basis, these functions
are also invariant under a change of basis, and hence,
are zeroth order tensors. Since p̃ is a second order
tensor, see eq. (4), eq. (13) proves that the rotation
tensor is a second order tensor because it is obtained
through tensor operations from zeroth and second or-
der tensors.
An important multiplicative decomposition of the

rotation tensor is R = GG, where the half-angle ro-
tation tensor is

G = I +
ν

2
p̃+

1− cosϕ/2

p2
p̃p̃, (16)

A second multiplicative decomposition of the rotation
tensor is

R = (I+
ε

2
p̃)(I− ε

2
p̃)−1 = (I− ε

2
p̃)−1(I+

ε

2
p̃). (17)

Furthermore,

(I − ε

2
p̃)−1 =

R+ I

2
. (18)

Taking a time derivative of the rotation parameter
vector yields ṗ = p′ϕ̇n̄+p ˙̄n, where p′ = dp/dϕ and the
notation (·)′ indicates a derivative with respect to ϕ.
Vector identities then lead to ññṗ = pññ ˙̄n = −p ˙̄n =

p′ϕ̇n̄− ṗ, because n̄ is a unit vector and hence, n̄T ˙̄n =
0. Introducing these results into the expression for
the angular velocity, eq. (5), then leads to

ω = H(p)ṗ. (19)

The tangent operator, H(p), is given by

H(p) = σ0(ϕ) I + σ1(ϕ) p̃+ σ2(ϕ) p̃p̃, (20)

where σ0(ϕ), σ1(ϕ), and σ2(ϕ) are even functions of
the rotation angle, ϕ, defined as

σ0(ϕ) =
1

p′
, (21a)

σ1(ϕ) =
1− cosϕ

p2
= ζ2, (21b)

σ2(ϕ) =
σ0 − ζ1
p2

. (21c)

These three functions are zeroth order tensors be-
cause they are functions of angle ϕ, which is invariant
under a change of basis.
The inverse of this operator is

H−1(p) = χ0I −
1

2
p̃+ χ2p̃p̃, (22)

where χ0(ϕ) and χ2(ϕ) are even functions of the ro-
tation angle, ϕ, defined as

χ0(ϕ) = p′, (23a)

χ2(ϕ) =
1

p2

(
p′ − 1

ε

)
. (23b)

The tangent operator, H, enjoys the following re-
markable properties,

R = HH−T = H−TH, (24a)

R− I = p̃H = H p̃, (24b)

I −RT = ν2p̃H−1 = ν2H−1p̃, (24c)

p̃ = H−T −H−1. (24d)
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The tangent operator is specific to a particular vec-
torial parameterization, i.e., its expression depends
on the choice of the generating function. It is, how-
ever, a second order tensor. Using the definition of
this operator, eq. (20), the following result is easily
established,

H(p
3
) = RT (p

2
)H(p

1
)R(p

2
) ⇔ p

3
= RT (p

2
)p

1
.
(25)

Although the tangent tensor is not an intrinsic tensor
because it depends on the choice of a specific gen-
erating function, it is a second order tensor for all
vectorial parameterizations of rotation.

All the properties presented in this section are valid
for all vectorial parameterization of rotation. Spe-
cific choices of the generating function lead to well-
know parameterizations such as the exponential map
of rotation, the Cayley-Gibbs-Rodrigues parameter-
ization, or the Wiener-Milenković parameterization.
More details are found in reference [5, 10].

4 Fundamental properties of
motion

Mozzi-Chasles’ theorem [11, 12] states that the most
general motion of a rigid body consists of a trans-
lation along an axis n̄ followed by a rotation about
that same axis. In contrast with the rotation oper-
ation described in the previous sections, the motion
of a rigid body is characterized by both translation
and rotation. Frames FI = [O, I = (̄ı1, ı̄2, ı̄3)] and
F =

[
A,B∗ = (b̄1, b̄2, b̄3)

]
are attached to the rigid

body in its reference and final configurations, respec-
tively.

P
P

O

Reference
configuration

Final
Configuration

i1

i2

i3

u, R

sP

SP

SQ

I

sQ

b1

b2

b3

A

B
*

Q

Q

Figure 2: A line of a rigid body in the reference and
final configurations.

Consider a material line, PQ, of a rigid body, as
depicted in fig. 2. The Plücker coordinates of this
material line evaluated with respect to point A and
resolved in basis B∗ are denoted Q∗, and Q denotes

the Plücker coordinates of the same material line eval-
uated with respect to point O and resolved in ba-
sis I. The relationship between these two sets of
Plücker coordinates is Q = C Q∗, where the motion
tensor [13, 10] and its inverse are defined as

C(u,R) =
[
R ũR
0 R

]
, (26a)

C−1(u,R) =

[
RT RT ũT

0 RT

]
. (26b)

The displacement of the reference point on the rigid
body is denoted u and R is the rotation tensor that
defines the final orientation of the rigid body.

4.1 Intrinsic expression of the motion
tensor

The motion tensor was defined by eq. (26a), which is
not an intrinsic expression because the displacement
vector of the reference point of the rigid body, u,
explicitly appears in this definition. In this section,
an intrinsic expression of the motion tensor is sought
in which vector u does not appear explicitly.
It seems logical to express the displacement vec-

tor of the reference point of the rigid body with
as u = dn̄ − (R − I)sQ, where d = n̄Tu is the
intrinsic displacement of the rigid body and sQ =

ñGTu/(2 sinϕ/2) the position vector of an arbitrary
point of the Mozzi-Chasles axis. Introducing eq. (16)
leads to u = dn̄− 2 sinϕ/2 GñsQ, and finally

ũR = dñR− 2 sin
ϕ

2
G̃ñsQR

= d cosϕ ñ+ d sinϕ ññ− 2 sin
ϕ

2
G̃ñsQR.

(27)

This equation now relates the product ũR to the in-
trinsic displacement of the body and to the position
vector of an arbitrary point of the Mozzi-Chasles axis,
sQ.

4.1.1 The displacement related vector

A vector, m, related to the displacement of the rigid
body is now introduced, m = −ñsQ; given the dis-
placement of the body, the position vector, sQ, of
a point of the Mozzi-Chasles axis can be evaluated
to yield m. The inverse operation, however, is not
possible because ñ is a singular tensor.
To remedy this situation and enable a one-to-one

mapping between vectors m and u, the displacement
related vector is modified to become m = −ñsQ +
λn̄, where λ is an arbitrary scalar. Because m is a
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displacement related vector, scalar λ is chosen to be
proportional to the intrinsic displacement of the body

λ =
αd

2 sinϕ/2
, (28)

where α(ϕ) is an arbitrary function of the rotation
angle, ϕ.
The displacement related vector, m, now becomes,

m = −ñsQ + λn̄ = −
ññGT

2 sinϕ/2
u+

α

2 sinϕ/2
n̄n̄Tu.

(29)
Use of vector identities now yields

m = E(ϕ)u, (30)

where the second-order tensor, E(ϕ), is defined as

E(ϕ) =
α

2 sinϕ/2
I− 1

2
ñ+

[
α

2 sinϕ/2
− 1

2 tanϕ/2

]
ññ.

(31)

4.1.2 Properties of the generalized vector
product operator

The generalized vector product operator is defined as

W(N ) =

[
ñ m̃
0 ñ

]
, (32)

where vector N combines the displacement related
vector, m, and the axis about which the rotation is
taking place, n̄,

N =

{
m
n̄

}
. (33)

The generalized vector product operator enjoys re-
markable properties that generalize those of the skew-
symmetric operator.
First, the skew-symmetric operator, ñ, possesses a

null eigenvalue, ñn̄ = 0n̄. Similarly, the generalized
vector product operator possesses a null eigenvalue
with a multiplicity of two. Two linearly independent
eigenvectors associated with this null eigenvalue are

N †
1 =

{
n̄
0

}
, N †

2 =


GTu

2 sinϕ/2
n̄

 , (34)

The fact that N †
1 is an eigenvector of the gener-

alized vector product operator stems from the corre-
sponding property for the skew-symmetric operator,
ñn̄ = 0n̄. It is readily verified that N †

2 is also an
eigenvector of the generalized vector product opera-
tor, indeed, ñ GTu/(2 sinϕ/2)+m̃n̄ = sQ−ñ(−ñsQ−
λn̄) = 0.

The second property of the generalized vector
product operator generalizes the behavior of the
skew-symmetric operator under a change of basis op-
eration, eq. (4). Consider the following triple matrix
product[
ñ3 m̃3

0 ñ3

]
=

[
RT

2
RT

2
ũT2

0 RT

2

] [
ñ1 m̃1

0 ñ1

] [
R

2
ũ2R2

0 R
2

]
.

This equality implies two conditions. The first con-
dition is ñ3 = RT

2
ñ1R2

, and, in view of eq. (4),

results in n̄3 = RT

2
n̄1. The second condition is

m̃3 = RT

2
(m̃1 + ñ1ũ2 − ũ2ñ1)R2

, and tensor iden-

tities then lead to m3 = RT

2
(m1 + ñ1u2). The results

can be summarized by the following equivalence,

W(N 3) = C−1

2
W(N 1)C2

⇔ N 3 = C−1

2
N 1. (35)

The third property of the generalized vector prod-
uct operator generalizes the following identity, ñññ+
ñ = 0, which holds for any unit vector, n̄,

W3(N ) + Z(2λ, 1)W(N ) = 0, (36)

where λ = n̄Tm. In eq. (36), tensor Z, a function of
two scalars, α and β, is defined as

Z(α, β) =

[
βI αI
0 βI

]
. (37)

4.1.3 Intrinsic expression of the motion ten-
sor

To obtain an intrinsic expression of the motion ten-
sor, eq. (27) is now recast in terms of the displacement
related vector, m. Using eq. (16), Gñ = cosϕ/2 ñ +
sinϕ/2 ññ; it then follows that−GñsQ = cosϕ/2(m−
λn̄) + sinϕ/2 ñm, and finally, −2 sinϕ/2GñsQ =
sinϕ(m − λn̄) + (1 − cosϕ) ñm. Using Euler’s for-
mula to express the rotation tensor, eq. (27) becomes

ũR = d cosϕ ñ+ d sinϕ ññ+ sinϕ m̃+ (1− cosϕ)

(ñm̃+ m̃ñ)− λ sinϕ ñ− 2λ(1− cosϕ)ññ

=sinϕ m̃+ dc1ñ+ (1− cosϕ) (ñm̃+ m̃ñ) + dc2ññ,

where eq. (28) was used to eliminate λ, and coeffi-
cients c1 and c2 are defined as

c1 = cosϕ− α(ϕ) cosϕ/2, (38a)

c2 = sinϕ− 2α(ϕ) sinϕ/2. (38b)

The motion tensor, eq. (26a), and its inverse now
become

C(N ) = I + Z(dc1, sinϕ)W(N )

+ Z(dc2, 1− cosϕ)W(N )W(N ), (39a)

C−1(N ) = I − Z(dc1, sinϕ)W(N )

+ Z(dc2, 1− cosϕ)W(N )W(N ). (39b)
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The parallel between this intrinsic expression for the
motion tensor and that for the rotation tensor given
by Euler’s formula, eq. (1), is striking. Clearly, the
skew-symmetric tensor, ñ, appearing in the expres-
sion for the rotation tensor is generalized by tensor
W, appearing in that for the motion tensor. The two
scalars, sinϕ and (1 − cosϕ), appearing in the ex-
pression for the rotation tensor becomes the second
arguments of operator Z appearing in that for the
motion tensor.

Euler’s formula, eq. (1), provides an intrinsic ex-
pression for the rotation tensor and is a direct conse-
quence of Euler’s theorem on rotation. The intrinsic
expression for the motion tensor is based on the loca-
tion of the Mozzi-Chasles axis, and hence, is a direct
consequence of the Mozzi-Chasles theorem.

4.2 Properties of the motion tensor

The motion tensor can be factorized in the following
manner

C =

[
I ũ
0 I

] [
R 0
0 R

]
= T R, (40)

where R is the rotation operator and T the
translation operator. The eigenvalues of the mo-
tion tensor are now easily computed. Indeed,
det(C) = det(T ) det(R) = det(T ) det2(R) and be-

cause det(T ) = 1, it follows that det(C) = det2(R).
Hence, the eigenvalues of the motion tensor are iden-
tical to those of the rotation tensor, but each with a
multiplicity of two. The motion tensor, however, un-
like the rotation tensor, is not an orthogonal tensor.

The intrinsic expression of the motion tensor,
eq. (39a), shows that the eigenvectors of the gen-
eralized vector product operator associated with its
null eigenvalue are identical to the eigenvectors of the
motion tensor associated with its unit eigenvalue. It
follows that two linearly independent eigenvectors of
the motion tensor associated with its unit eigenvalues
are given by eq. (34).

Any linear combination of eigenvectors N †
1 and N †

2

is still an eigenvector of the motion tensor. For in-
stance, vector N , defined by eq. (33), can be ex-
pressed as follows

N =
(α− 1)d

2 sinϕ/2
N †

1 +N †
2. (41)

This means that vector N , the key to the intrinsic
expression of the motion tensor, is an eigenvector of
the motion tensor, for any value of α.

4.3 Frame change for the incremental
motion vector

Consider the incremental displacement of point A
shown in fig 2. The components of this incremental
displacement vector resolved in bases I and B∗ are
denoted du and RTdu, respectively. The components
of the incremental rotation vector of the body are de-
noted dψ = axial(dRRT ) and dψ∗ = axial(RTdR) in
the same bases, respectively. The incremental motion
vector of point A is now defined as

dU∗ =

{
RTdu
dψ∗

}
. (42)

Consider now the following frame change operation

dU =

{
du+ ũdψ

dψ

}
= C(u,R)dU∗. (43)

The change of frame operation involves two consecu-
tive operations: a change of basis operation followed
by a change of reference point operation. The first
three components of the incremental motion vector,
du + ũ dψ, represent the components of the incre-
mental displacement of the rigid body that instan-
taneously coincides with the origin of the reference
frame, point O, resolved in basis I. The next three
components are the components of the incremental
rotation vector resolved in the same basis.

4.4 Frame change for the applied load
vector

Let F andM be the force and moment applied to the
rigid body at point A, see fig 2. The components of
these two vectors resolved in basis B∗ form the load
vector, A∗T =

{
F ∗T ,M∗T}. The following change of

frame operation is now considered

A =

{
F

M + ũ F

}
= C−T (u,R)A∗. (44)

The change of frame operation involves two consecu-
tive operations: a change of basis operation followed
by a change of reference point operation. The first
three components of the load vector are the compo-
nents of the force vector resolved in basis I. The next
three components, M + ũ F , represent the moment
applied to the rigid body computed with respect to
the point of the rigid body that instantaneously co-
incides with point O, resolved in basis I. Loads A
and A∗ are equipollent, but their components are ex-
pressed in two different bases.
It is clear from the presentation of the previous

sections that the linear and angular parts of motion
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are treated here in a coupled manner. For instance,
the first three entries of the incremental motion “ar-
ray” defined in eq. (43) store the components of the
incremental displacement vector, and the next three
entries store the components of the incremental ro-
tation vector. Similarly, the first three entries of the
load “array” defined in eq. (44) store the components
of the force vector, and the next three entries store
the components of the moment vector. In this paper,
these arrays are called vectors because they comprise
two vectors; the calligraphic notation used for these
quantities is a reminder of their composite nature.
Similarly, the motion tensor defined in eq. (26a) is
comprised of four, second order tensors.

4.5 The velocity vector

Time derivatives of the rotation tensor give rise to the
angular velocity vector given by eq. (5). The present
section focuses on the study of time derivatives of
the motion tensor, which leads to both velocity and
angular velocity vectors. Expression ω̃ = Ṙ RT , as-
sociated with the rotation tensor, defines the angular
velocity vector. The corresponding expression, Ċ C−1,
associated with the motion tensor, leads to

Ċ C−1 =

[
ω̃ ˜(u̇+ ũω)
0 ω̃

]
=

[
ω̃ ṽ
0 ω̃

]
. (45)

This expression gives rise to the velocity vector of
the rigid body, v = u̇+ ũω, which can be interpreted
as the linear velocity of the point of the rigid body
that instantaneously coincides with the origin of the
reference frame, point O.
The velocity vector of the rigid body resolved in

the inertial frame is defined as VT =
{
vT , ωT

}
, and

the following notation is introduced

W(V) =
[
ω̃ ṽ
0 ω̃

]
. (46)

Expression ω̃∗ = RT Ṙ, associated with the rota-
tion tensor, defines the components of the angular ve-
locity vector in the rotating frame. The correspond-
ing expression, C−1Ċ, associated with the motion ten-
sor, leads to

C−1Ċ =

[
ω̃∗ R̃T u̇
0 ω̃

]
=

[
ω̃∗ ṽ∗

0 ω̃∗

]
. (47)

This expression gives rise to two quantities. First,
the components of the angular velocity of the rigid
body resolved in the rotating basis, ω∗ = axial(RT Ṙ).
Second, the components of the velocity vector of the
reference point of rigid body resolved in the rotating

basis, v∗ = RT u̇. The components of the velocity
vector of the rigid body resolved in the material frame
are now defined as

V∗ =

{
v∗

ω∗

}
= C−1V. (48)

The above developments are summarized in the fol-
lowing relationships

Ċ C−1 = W(V), (49a)

C−1Ċ = W(V∗). (49b)

5 The vectorial parameteriza-
tion of motion

The vectorial parameterization of motion consists of
a minimal set of parameters defining the components
of a motion parameter vector, which itself, consists of
the components of two vectors. Bauchau and Choi [6]
introduced this parameterization by selecting the mo-
tion parameter vector to be parallel to the eigenvector
of the motion tensor associated with its unit eigen-
value. While this parallelism is an important prop-
erty of the vectorial parameterization of motion, its
tensorial nature is equally important and is explored
in the following sections.

5.1 Fundamental properties

Consider three motions characterized by displace-
ment vectors, u1, u2, and u3, and rotation tensors,
R

1
, R

2
, and R

3
, respectively. The three motions,

denoted (u1, R1
), (u2, R2

), and (u3, R3
), respectively

are associated with three motion tensors, C
1
, C

2
, and

C
3
, respectively, through the intrinsic expression for

the motion tensor, eq. (39a).
Assume that the following triple product of motion

tensors relates these three quantities,

C
3
= C−1

2
C
1
C
2
. (50)

This operation corresponds to a change of frame op-
eration for motion tensors: C

1
and C

3
are the com-

ponents of the same motion tensor expressed in two
frames related by motion tensor C

2
.

Using the intrinsic expression for the motion ten-
sor, eq. (39a), eq. (50) now becomes

C
3
= I + Z(d1c1, sinϕ1)W(C−1

2
N 1)

+ Z(d1c2, 1− cosϕ1)W2(C−1

2
N 1),

where eq. (35) was used. Comparing this result with
the intrinsic expression for the motion tensor implies
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that

ϕ3 = ϕ1, (51a){
m3

n̄3

}
= N 3 = C−1

2
N 1 =

{
RT

2
(m1 + ñ1u2)

RT

2
n̄1

}
.

(51b)

These equations express the two conditions required
for the proper transformation of motion tensors com-
ponents under a change of frame. Note that an ad-
ditional condition is required, d3 = d1, but is im-
plied by eqs. (51). Indeed, eq. (51b) yields n̄T3m3 =
n̄T1 R2

RT

2
(m1 + ñ1u2) = n̄T1m1, or λ3 = λ1, where λ

is defined by eq. (28). In view of eq. (51a) and (28),
λ3 = λ1 then yields d3 = d1.
Let p(ϕ) be an arbitrary scalar function of angle ϕ;

eq. (51a) then implies p(ϕ3) = p(ϕ1). Multiplication
of eq. (51b) by p3 = p(ϕ3) on the left-hand side and
p1 = p(ϕ1) = p(ϕ3) on the right-hand side then yields{

p3m3

p3n̄3

}
=

{
RT

2
p1(m1 + ñ1u2)

RT

2
p1n̄1

}
. (52)

This equation is equivalent to eqs. (51). Indeed, the
last three equations of eqs. (51b) and (52) are easily
shown to be identical though a reasoning identical to
that used to show the equivalence of eqs. (7) and (8).
The vectorial parametrization of motion is defined

as
P = p(ϕ)N , (53)

where P is the motion parameter vector. Equa-
tion (52) can now be recast in a more compact man-
ner as

P3 = C−1

2
P1. (54)

The discussion presented above establishes that the
tensorial nature of the motion tensor expressed by
the transformation rule of its components, eq. (50),
implies the tensorial nature of the rotation param-
eter vector expressed by the transformation rule of
its components, eq. (54). It is easily shown that the
process can be reversed, i.e., tensorial nature of the
rotation parameter vector implies that of the rotation
tensor.
In summary, the vectorial parameterization of mo-

tion presents two fundamental properties.
(1) The vectorial parameterization of motion is

tensorial in nature, as expressed by the following
equivalence,

C(P3) = C−1

2
C(P1)C2

⇔ P3 = C−1

2
P1. (55)

The tensorial nature of the second-order motion ten-
sor implies and is implied by the tensorial nature of
the motion parameter vector, a first-order tensor.

(2) Motion parameter vectors are parallel to an
eigenvector of the motion tensor associated with its
unit eigenvalue. Equation (41) shows that vector N
is a linear combination of two linearly independent
eigenvectors of the motion tensor, both associated
with its unit eigenvalue; equation (53) then implies
that the motion parameter vector shares this prop-
erty.
Because these two properties imply each other, ei-

ther can be taken as the definition of the vectorial
parameterization of motion. A parameterization of
motion is vectorial if and only if the motion param-
eter vector is parallel an eigenvector of the motion
tensor associated with its unit eigenvalue.

5.2 The motion parameter vector

A more explicit expression of the motion parameter
vector is as follows

P =

{
q
p

}
= pN =

{
pm
pn̄

}
=

{
pE(ϕ)u
pn̄

}
=

{
D(p)u
p

}
,

(56)
where p is the vectorial parameterization of rotation
and tensor E is defined by eq. (31). Using the nota-
tion developed for the vectorial parameterization of
rotation, tensor D becomes

D(p) = δ0I −
1

2
p̃+ δ2p̃p̃, (57)

where functions δ0(ϕ) and δ2(ϕ) are given by

δ0 =
α

ν
, (58a)

δ2 =
1

p2

(
δ0 −

1

ε

)
. (58b)

The determinant of this tensor is det(D) = α/ν3.
The inverse of this tensor is readily found as

F (p) = D−1(p) = φ0I + φ1p̃+ φ2p̃p̃, (59)

where functions φ0(ϕ), φ1(ϕ), and φ2(ϕ) are given by

φ0 =
ν

α
, (60a)

φ1 = ζ2, (60b)

φ2 =
1

p2
(φ0 − ζ1) . (60c)

where coefficients ζ1 and ζ2 are given by eqs. (14).
Tensor F enjoys the following remarkable proper-

ties

R = F F−T = F−TF , (61a)

R− I = F p̃ = p̃F , (61b)

p̃ = F−T − F−1, (61c)
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which are similar to those of the tangent tensor,
eqs. (24).
The motion parameter vector is not yet fully de-

fined yet because it depends on the choice of the gen-
erating function, p(ϕ), of the vectorial parameteri-
zation of rotation and furthermore, scalar function
α(ϕ) can be selected arbitrarily. Generating func-
tions must be odd functions of the rotation angle and
present the limit behavior expressed by eq. (12), i.e.,
all rotation parameter vectors must approach the in-
finitesimal rotation vector when ϕ→ 0.
Similarly, the displacement related part of the mo-

tion parameter vector, q, should approach the in-
finitesimal displacement vector when u → 0 and
ϕ → 0. In view of eq. (56), this requirement implies
limϕ→0D(p) = I, or limϕ→0 α/ν = 1, and finally

lim
ϕ→0

α = 1. (62)

5.2.1 Time derivative of the displacement

In the manipulation of the time derivatives of the
motion tensor, it will be necessary to evaluate u̇ =
(F q)· = Ḟ q + F q̇, which can be written as u̇ =
L(q, p)ṗ+F q̇, where operator L is implicitly defined
as follows

Ḟ (p)q = L(q, p)ṗ. (63)

Using eq. (59), operator L is easily found as

L(q, p) =
1

p′

(
φ′
0

p
+
φ′
1

p
p̃+

φ′
2

p
p̃ p̃

)
q pT

− φ1q̃ − φ2 (2p̃ q̃ − q̃ p̃) .

Operator L enjoys the following properties,

RT

1
L(q, p)R

1
= L(RT

1
q,RT

1
p), (64a)

L(q
1
+ q

2
, p) = L(q

1
, p) + L(q

2
, p), (64b)

L p̃ = F̃ q − F q̃, (64c)

p̃ L = F̃ q −R q̃ HT , (64d)

L(p̃ q, p) = p̃ L(q, p)− L(q, p) p̃. (64e)

The first property, eq. (64a), expresses the trans-
formation of the components of operator L under a
change of basis of both of its arguments. The second
property, eq. (64b), expresses the linearity of operator
L with respect to its first argument. Property (64d)

stems from the definition of operator L, p̃Ḟ q = p̃L ṗ,

and noting that eq. (61b) implies p̃Ḟ = Ṙ− ˙̃pF .

5.3 The generalized vector product
tensor

The skew-symmetric tensor p̃ plays an important role
in the vectorial parameterization of rotation as it ap-

pears in the explicit expression of all rotation related
tensors. The generalized vector product tensor, W,
defined by eq. (32), can also be written for the motion
parameter vector as

W(P) =

[
p̃ q̃
0 p̃

]
. (65)

This operator plays an important role in the vectorial
parameterization of motion.
The tensorial nature of the generalized vector prod-

uct operator directly follows from eq. (35), leading to

W(P3) = C−1

2
W(P1)C2

⇔ P3 = C−1

2
P1. (66)

This statement generalizes eq. (4), which expresses
the tensorial nature of the skew-symmetric operator,
p̃.
Identity (36) generalizes as

W3(P) + Z(2ϱ, p2)W(P) = 0, (67)

where scalar ϱ is closely related to the intrinsic dis-
placement of the rigid body,

ϱ = pT q =
pd

φ0
. (68)

5.4 Basic operators

The motion tensor and its inverse are obtained from
eqs. (39) as

C(P) = I + Z(ζ̄1, ζ1)W(P) + Z(ζ̄2, ζ2)W2(P),

(69a)

C−1(P) = I − Z(ζ̄1, ζ1)W(P) + Z(ζ̄2, ζ2)W2(P).

(69b)

The parallel between the expressions for the rotation
and motion tensors, eqs. (13) and (69), is now evi-
dent. Coefficients ζ1 and ζ2 are given by eqs. (14),
and

ζ̄1 = ϱ(φ2 − φ0ζ2), (70a)

ζ̄2 = ϱ(φ2ζ1 − ζ22 ). (70b)

The following multiplicative decomposition of the
motion tensor generalizes the corresponding expres-
sion for the rotation tensor, eq. (17),

C(P) =

[
I +

1

2
Z(ε̄, ε)W

] [
I − 1

2
Z(ε̄, ε)W

]−1

=

[
I − 1

2
Z(ε̄, ε)W

]−1 [
I +

1

2
Z(ε̄, ε)W

]
.

(71)
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Furthermore, eq. (18) also generalizes as

[
I − 1

2
Z(ε̄, ε)W

]−1

=
C + I
2

, (72a)[
I +

1

2
Z(ε̄, ε)W

]−1

=
C−1 + I

2
. (72b)

In these last two equations, coefficient ε is given by
eq. (15b) and

ζ1ε̄ = 2ζ̄2 − εζ̄1. (73)

The velocity vector is obtained from a time deriva-
tive of the motion tensor, as indicated in eq. (45).
For the vectorial parameterization of motion, this be-
comes

V =

{
v
ω

}
=

{
Ḟ (p)q + F (p)q̇ + F̃ (p)q H(p)ṗ

H(p)ṗ

}
.

The velocity vector is now related to the time deriva-
tive of the motion parameter vector, V = HṖ, where
tensor H is defined by eq. (75a). Using eq. (47),
similar developments for the components of the ve-
locity vector resolved in the material frame lead to
V∗ = H∗Ṗ, where tensor H∗ is defined by eq. (75b).

In summary, the components of the velocity vec-
tor resolved in the inertial and material frames, de-
noted V and V∗, respectively, are related to the time
derivatives of the motion parameter vectors through
the following relationships,

V = HṖ, (74a)

V∗ = H∗Ṗ. (74b)

Explicit expressions for tensors H, H∗, and their
inverses are

H =

[
F L+ F̃ q H
0 H

]
, (75a)

H∗ =

[
FT RTL

0 HT

]
, (75b)

H−1 =

[
F−1 −F−1

(
LH−1 + F̃ q

)
0 H−1

]
, (75c)

H∗−1 =

[
F−T −F−1LH−T

0 H−T

]
, (75d)

where operator L(q, p) is defined by eq. (63).

5.4.1 Properties of tensor H

TensorsH, H∗, and their inverses enjoys the following
remarkable properties,

C = HH∗−1, (76a)

C−1 = H∗H−1, (76b)

C − I = WH = HW, (76c)

C−1 − I = −WH∗ = −H∗ W, (76d)

W = H∗−1 −H−1. (76e)

These properties are established directly from the def-
inition of the tangent tensor, eqs. (75), taking into
account the properties of the tangent tensor for the
vectorial parameterization of rotation, eqs. (24), and
those of tensor F , eqs. (61). The properties of oper-
ator L, eqs. (64), must also be used.
Operator H is specific to a particular vectorial pa-

rameterization, i.e., its expression depends on the
choice of the generating function. It is, however, a
second-order tensor because the following equivalence
holds

H(P3) = C−1

2
H(P1)C2

⇔ P3 = C−1

2
P1. (77)

Although tensor H is not an intrinsic tensor be-
cause it depends on the choice of a specific gener-
ating function, it is a second-order tensor for all vec-
torial parameterizations of motion. Equation (77) is
established directly from the definition of tensor H,
eq. (75a) by using eqs. (24), (61), and eqs. (64).

5.5 Selection of function α

The vectorial parameterization of motion presented
in the previous sections consists of a set of displace-
ment related parameters, q = Du, and of the rotation
parameter vector, p. The motion parameter vector is
parallel to an eigenvector of the motion tensor asso-
ciated with its unit eigenvalue. This leads to families
of parameterizations that depend on two choices: the
choice of the generating function, p(ϕ), and that of
the arbitrary function, α(ϕ), appearing in tensor D.
As discussed in ref. [5], the generating function can

be selected to simplify some of the operators involved
in manipulating rotations. But more importantly, ju-
dicious choices of this function can eliminate singu-
larities that occur in the various rotation operators.
The occurrence of singularities is also a major con-

cern when dealing with the vectorial parameteriza-
tion of motion. Two criteria guide the selection of
function α(ϕ). First, a one to one, singularity free
relationship must exist between the displacement re-
lated part of motion parameter vector, q, and the
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physical displacement vector, u. Second, the limit
behavior expressed by eq. (62) must be satisfied.

5.5.1 Alternative choices of the motion pa-
rameter vector

The presence of the arbitrary function, α(ϕ), reflects
the non-uniqueness of the eigenvector of the motion
tensor associated with its unit eigenvalue. An addi-
tional constraint is required to evaluate this function.
For instance, imposing the orthogonality condition,
qT p = 0, leads to α = 0, and the resulting motion
parameter vector then corresponds to the Plücker
coordinates of the Mozzi-Chasles axis. This choice,
however, does satisfy the limit behavior condition,
eq. (62), and furthermore, because det(D) = α/ν3 =
0, a one-to-one mapping between q and u ceases to
exist.
A simple choice is to select α = 1 it then follows

that D = GT /ν and F = νG. The determinant of

tensor D is det(D) = 1/ν3. This choice satisfies the
limit behavior condition, eq. (62).
The close connection between tensors D and H−1

is evident when comparing eqs. (57) and (22). Select-
ing α = νp′ results in D = H−1 and F = H. The

determinant of tensor D is det(D) = p′/ν2. Here
again the limit behavior condition is satisfied.
It is possible to eliminate the quadratic term in

p of tensor D by choosing α = ν/ε. This leads to
the following expressions: D = (I− εp̃/2)/ε and F =
ε(R+I)/2. The determinant of tensor D is det(D) =

1/(εν2).
One final alternative is to select α = ε/ν, lead-

ing to D = (I + RT )/(2ζ1), F = ζ1(I + εp̃/2), and

det(D) = 1/(ν2ζ1). This choice leads to Cayley’s
motion parameters [13].
Of all the choices presented in this section, α =

νp′ seems to the most desirable because it leads to
D = H−1. This choice satisfies the limit behavior
expressed by eq. (62), and because the tangent ten-
sor, H, plays a critical role in manipulating rotations,
eliminating singularities from this tensor is already a
criterion for the selection of appropriate generating
functions. A singularity free tangent tensor in the
vectorial parameterization of rotation will then au-
tomatically lead to a one-to-one mapping between q
and u, avoiding the occurrence of singularities in the
vectorial parameterization of motion.

5.5.2 Alternative expressions of tangent ten-
sor

Tangent tensors H, H∗, and their inverses are given
by eqs. (75), which are valid for any choice of param-

eter α. If this parameter is selected to be α = νp′,
alternative expressions of tangent tensor can be ob-
tained,

H(P) = Z(σ̄0, σ0) + Z(ζ̄2, ζ2)W(P)

+ Z(σ̄2, σ2)W(P)W(P), (78a)

H∗(P) = Z(σ̄0, σ0)−Z(ζ̄2, ζ2)W(P)

+ Z(σ̄2, σ2)W(P)W(P), (78b)

H−1(P) = Z(χ̄0, χ0)− 1
2W(P)

+ Z(χ̄2, χ2)W(P)W(P), (78c)

H∗−1(P) = Z(χ̄0, χ0) +
1
2W(P)

+ Z(χ̄2, χ2)W(P)W(P). (78d)

The parallel between these expressions and those for
the vectorial parameterization of rotation, eqs. (20)
and (22), is evident.
Coefficients σ0, σ1, and σ2 are given by eqs. (21),

and

σ̄0 = ϱφ′
0/(pp

′), (79a)

p2σ̄2 = σ̄0 − 2ϱφ2 − ζ̄1. (79b)

Coefficient χ0 and χ2 are given by eqs. (23), and

χ̄0 = −χ0δ0σ̄0, (80a)

p2ζ2χ̄2 =
ζ̄2
ε

− ζ̄1
2

+ χ̄0ζ2 − 2ϱζ2δ2. (80b)

6 Conclusions

Tensor analysis expresses the invariance of the laws of
physics with respect to change of basis and change of
frame operations. Mechanics formulations involving
finite rotation and motion should be based parame-
terizations that give rise to tensor quantities. This
paper has presented two formal proofs. First, ro-
tation parameter vectors are tensors if and only if
they are parallel to the eigenvector of the rotation
tensor associated with its unit eigenvalue. Second,
motion parameter vectors are tensors if and only if
they are parallel to the eigenvector of the motion ten-
sor associated with its unit eigenvalue. Under these
conditions, families of tensorial parameterizations of
rotation and motion are obtained for which generic
expressions of the rotation, motion, and tangent ten-
sors can be obtained. Because they are based on a
unified formulation, the expressions for the rotation
and motion related tensors are very similar to each
other, and furthermore, tensor identities associated
with rotation have their counterpart associated with
motion. Applications of the formulation developed
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in this paper will be presented in an upcoming pa-
per dealing tensorial deformation measures for finite
elastic bodies.
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