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Floquet theory has been extensively used for assessing the stability characteristics of systems with periodic coefficients. 
In classical application of the theory, the Floquet transition matrix (FTM) of the system is explicitly computed first, then 
its eigenvalues a re  evaluated. Stability of the system depends on the dominant eigenvalue: if this eigenvalue is larger than 
unity, the system is unstable. The proposed implicit Floquet analysis extracts the dominant eigenvalues of the FTM using 
the Arnoldi algorithm, wifhouf fhe explicit computation of this matrix. As a result, the proposed method yields stability 
information a t  a fa r  lower computational cost than that of classical Floquet analysis, and is ideally suited for stability 
computations of systems involving a large number of degrees of freedom. Examples of application demonstrate the accuracy 
and computational efficiency of the proposed method. 

Introduction 

Due to increased available computer power, rotorcraft comprehensive 
analysis codes are relying on increasingly complex, large scale models. 
Full finite element analysis codes and computational fluids dynamics 
codes are now routinely used as structural dynamics and aerodynamic 
tools, respectively. These codes should provide increasingly reliable pre- 
dictions of the aeroelastic response of rotorcraft systems. 

An important aspect of aemelastic response is the potential pres- 
ence of instabilities which can occur both on the mound and in the air. - 
Vpically, Floquet theory is used for this purpose because the system 
to be analyzed presents periodic coefficients. Floquet theory requires 
the computation of the Floquet transition matrix which relates all the 
states of the system at a given instant to the same states one period 
later. The size of this transition matrix is equal to the total number of 
states; stability of the system is then related to the eigenvalues of this 
matrix. 

Application of Floquet theory to rotorcraft problem has been limited 
to systems with a relatively small number of degrees of freedom. In- 
deed, as the number of degrees of freedom increases, the computational 
burden associated with the evaluation of the transition matrix becomes 
overwhelming. Typically, the columns of the transition matrix are com- 
puted one at a time, and correspond to the responses of the system after 
one period to linearly independent initial conditions. As aresult, thecom- 
putation of the transition matrix of a system with N states requires N 
integrations of the system response over oneperiod, fora set of N linearly 
independent initial conditions. This approach has been widely used for 
the assessment of stability of systems with periodic coefficients (Ref. 1). 
The review paper by Friedmann (Ref. 2) describes the applications of this 
methodology to rotorcraft stability analysis and to general linear systems 
with periodic coefficients. 

The computational cost associated with the evaluation of the transi- 
tion matrix becomes overwhelming when N > 100. As a result, stability 
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analysis is typically performed on simplified models with the smallest 
number of degrees of freedom required to capture the physical phe- 
nomenon that causes the instability. When the system is stable, the eval- 
uation of damping levels in the least damped modes becomes critical. 
These damping levels depend on all the forces acting on the rotor, and an 
accurate estimate of these loads is critical to obtain an accurate estimate 
of damping levels. 

A number of methods have been proposed to improve the efficiency 
of Floquet analysis. The first approach (Ref. 3) takes advantage of the 
emerging massively parallel computer architectures that are becoming 
more and more widely available. In this approach, the N independent 
tasks of computing N responses of the system to N linearly independent 
initial conditions are distributed among up to N independent processors, 
resulting in a potential N-fold speed-up of the computation. A second 
approach is the fast Floquet theory (Ref. 4) which allows additional in- 
formation to be extracted from every period of integration by invoking 
rotor symmetries. For a four bladed rotor, the fast Floquet theory gives 
a four-fold speed-up in computations. In the third approach, approxi- 
mate transition matrices are constructed based on a limited number of 
carefully selected initial conditions and corresponding responses of the 
system over one or more periods (Ref. 5). This approach leads to ap- 
proximate estimations of stability information and damping levels, the 
accuracy of which cannot always be properly assessed as it depends on 
the choice of appropriate initial conditions. 

In this paper, a novel approach is proposed, the implicit Floquet anal- 
ysis, which evaluates the dominant eigenvalues of the transition matrix 
using the Arnoldi algorithm, without the explicit computation of this ma- 
trix. This method is far more computationally efficient than the classical 
approach and is ideally suited for systems involving a large number of 
degrees of freedom. The paper is structured in the following manner. 
The next section presents a review of Floquet theory and its application 
to stability analysis. Then, the Arnoldi algorithm is reviewed, and the 
proposed implicit Floquet analysis is presented. This is followed by a de- - - 

scription of ~umericalapplications that validate the proposed method and 
demonstrate its accuracy and efficiency. Finally, conclusions are spelled 
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Stability Analysis Based on Floquet Theory 

Consideraset of ordinarydifferential equations (Ref. 6) with periodic 
coefficients governed by the following N first order differential equations 

where (') denotes a derivative with respect to time t ,  and A(t + T )  = A(t) 
is a periodic matrix, T the period of the system and X a column vector 
of system states. Note that when A(t)=A is a constant matrix, this rep- 
resents a set of ordinary differential equations with constant coefficients, 
and the period ofthesystemis arbitrary. Let *(t) be afundamental matrix 
solution of Eq. (I), i.e., 

Since A is periodic, it is clear that 

This shows that *(I + T )  is also a fundamental matrix solution of the 
same system. Linearity guarantees that two fundamental matrix solutions 
*(I + T )  and W(t) are uniquely dependent. 

The Floquet transition matrix O(0, T )  relates the states of the system 
at time 0 and T 

As follows from the definition of fundamental matrix, the same relation- 
ship applies to the fundamental matrix solution 

Consider now the following Jordan decomposition (Ref. 7) 

where P is a nonsingular matrix and 3 a matrix in the Jordan canonical 
form, both dependent on the initial time I .  J, is an n,  x n, matrix 

where j = Q. Hence, the system damping rates <, and frequencies w, 
can be computed from the eigenvalues of the FTM. 

In aview ofthe above analysis theeigenvectors of thetransition matrix 
corresponding to an eigenvalue A, of multiplicity n, can be represented 
as 

i - l  

L' . ( t ) = e A q ' z  - 9, ,i-k (r) i I . .  n (11) 
-P. l  

X=O ( A l T Y  

where 4 ( t )  are orthogonal vector-functions of period T. 
-q.r 

Tnestability criterioncannow hestated.ThesystemdefinedhyEq. (1) 
is stable if andonly if the spectral radius p of the FTM defined by Eq. (4) 
is less than unity, i.e., 

If, in addition, O(0, T) does not have repeated eigenvalues without dis- 
tinct eigenvectors, then the sum in Eq. (1 1) is equal to unity, and, in this 
case, the system is stable if and only if the spectral radius is less or equal 
than unity (Refs. 6, 8). Note that with the sign convention of Eq. (lo), 
positive damping is associated with an instability. 

The above developments provide a framework for stability analysis 
of linear systems with constant or periodic coefficients. The procedure is 
conveniently broken into the following three steps 

1) Evalrrare the FTM. Eq. (4) suggests the following method: select 
N independent initial conditions Y(0) = I and integrate the governing 
equation (I)  for each set of initial conditions to find O(0, T) = Y(T). 

2) Evaluate the eigenvalues of the FTM. This requires the solution of 
a standard eigenproblem, which can he readily obtained with the help of 
linear algebra software packages. 

3) Use stahiliry cr-iterion (12) to assess system stability. 
The above discussion clearly shows the difficulties associated with 

the application of Floquet theory for stability assessment. The evalua- 
tion of the FIhl can become an ovenvhelming task as it requires one 
integration of the system of equations for an entire period for each state. 
As the number of degrees of freedom increases this computational effort 
becomes prohibitive. 

where n, is the multiplicity of complex eigenvalue A, of O(0, T). Pre- 
multiplying Eq. (5) by the inverse of P(0, T) yields 

where T(t)= P-'(0, T) W(t) is again a fundamental matrix solution of 
the system. 

If the system has constant coefficients, the solution of Eqs. (1) is 
(Ref. 6) 

In view of Eq. (4), the Floquet transition matrix (FTM) is then 
O(0, T )  = eTA. If A, are the eigenvalues of A, it can be readily shown that 
the eigenvalues of eTA are Z b ,  and it follows that A, =eTba. Hence, 
the eigenvalues A, and A, of the system matrix A and FTM O(0, T), 
respectively, arc related by 

Arnoldi Algorithm 

One of the most reliable methods for extracting the eigenvalues of a 
general, unsymmetric matrix A of size N x N is the Amoldi algorithm 
(Refs. 7, 9). The algorithm will be reviewed in this section; complete 
methematical developments can be found in (Ref. 10). The algorithm is 
based on the iterative construction of a Krylov suhspace 

where b is an arbitrary vector. The basic idea is to use this suhspace to 
reduce A to an upper Hessenberg matrix H. 

A new vector zj+' of the Krylov subspace is constructed using the 
following recurrence formula 

It is desirable to normalize I,+,. i.e. I = I, implying 

Furthermore, -I+] q , ismadeorthogonal toallpreviousvectorsq -I .,implying 
that 
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The basic recurrence relationship, Eq. (14). is conveniently written in a 
matrix form as 

Lhj.j 1 
The following notations are introduced 

and 

(19) 

Combining the recurrence relationships in Eq. (17) at all steps then yields 
the fundamental relationships of the Amoldi algorithm 

where $ = LO, 0, . . . , 0 .  11. Furthermore 

Consider now the eigenvalue problem 

An approximate solution of this problem is sought within the Krylov 
subspace Q j  obtained after j step. The projection ofgonto this subspace 
is 

where the subscript j was dropped for clarity. The eigenproblem in 
Eq. (22) is now approximated as 

where i, are theeigenvaluesofthis reducedeigenproblem. UsingEqs. (20) 
and (ZI), together with the orthogonality of f j + ,  to all previous q ., then 

-1 
yields 

In summary, the eigenvalues of the upper Hessenberg matrix H approx- 
imate those of the original matrix A. 

The Amoldi algorithm is summarized here: 
Algorithm 1 
Choose an arbitrary starting vector 5 

h1,o = llcll; 
f 1  = d h , , o :  
for j = I : j ~ a x  (Muin Anzoldi loop) 

w = A q . ;  - -I 
r = &  - 
f o r i = l : j  

h .  . = q T w .  
I., a -  ,. = r - h . .  . 

- - 813.. 
end 
h j + ~ , j  = l l ~ l l ;  
f j , ,  =LJhj+ l , j ;  

end 

Ateachstepofthe Arnoldi IoopanewcolumnoftheupperHessenberg 
matrix H is computed. Round-off errors greatly affect the performance 
of this algorithm. If a strict orthogonality of Q is not maintained, the 
algorithm fails to converge. Consequently, explicit re-orthogonalization 
of q . with respecttoall previously computed 3. using Gramm-Schmidt 
pro~%ure is added at each step 

Tne QR algorithm (Ref. 7) is then used to extract the eigenvalues fi; 
and eigenvectors xi of H which are an increasingly accurate approxima- 
tion to theeigensolution of A, i.e., Ai and:; % Qx;. The eigenvalues 
of largest modulus are the first to converge. The quality of this approxi- 
mation can be readily evaluated. Indeed, after j Amoldi steps, it can be 
shown that 

with the help of Eqs. (20) and (25). If matrix A is diagonalizable, so that 
V-IAV = D, then 

 where^;,^ is thelast entry of theeigenvectors;, a n d ~ z ( V )  = I 1  VIlz11 V-I I I z  
is a condition number for matrix V. In N Amoldi steps, A is transformed 
into an N x N upper Hessenberg matrix HN whoseeigenvalues are iden- 
tical to those of A. However, theeigenvalues of Hj very rapidly converge 
to the dominant eigenvalues of A for j << N. The spacing between the 
dominant eigenvalues determines their rate of convergence. 

The most important feature of the Amoldi algorithm is that ma- 
trix A whose eigenvalues are being computed is not explicitly ma- 
nipulated. Considering algorithm 1, A only appears in the operation 
w = A q .  Inother words,extractingtheeigenvaluesof A with the Arnoldi - 

-I 
algorithm, only requires the ability to perform the matrix multiplication 
w = Aq ..This feature makes the Amoldi algorithm ideally suited for the - 
extract& of dominant eigenvalues of large, sparse matrices. Indeed, the 
sparsity of A can be used to compute u= Aq . in an efficient manner. 

-1 

Implicit Floquet Analysis 

Previously, Floquet theory was shown to predict the stability of a 
system with periodic coefficients from the knowledge of the dominant 
eigenvalues of the F71uI. In classical application of Floquet theory, this 
matrix is explicitly evaluated and then its eigenvalues are computed. 

The proposed i,nplicit Floqlref utralysis is a method that extracts the 
dominant eigenvalues of the FTM withorn the explicit corr~pritafion of 
this matrix. The method relies on the properties of the Amoldi algorithm 
described in the previous section. As pointed out, this algorithm only 
requires the matrix multiplication g = Aq . . For the problem at hand, the 
operation u= O q  corresponds to the &nputation of the response g 
of the system afte7one period to initial conditions f j .  In other words, it 
is not necessary to explicitly compute the complete transition matrix O 
before extracting its eigenvalues. At each step of the Amoldi algorithm, 
the operation g= Aq . is replaced by the evaluation of the response II! of 

-I 
the system after one period to initial conditions 1,. 

If N Amoldi steps are performed, all the eigenvalues of the FTM 
are computed exactly, and N integrations of the periodic system are 
required. In this case, the implicit Floquet analysis requires the same 
computational effort as classical Floquet analysis, and yields the same 
results. However, the advantage of the implicit Floquet analysis is that an 
excellent approximation to thedominanteigenvalues of O can be obtained 
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in j << N Amoldi steps, i.e., the stability of the system, which depends 
on the dominant eigenvalues only, can be assessed in j << N steps. This 
results in considerable computational savings. It should be noted that the 
rate of convergence of the dominant eigenvalue depends on the spacing 
between these eigenvalues, but does not dependon the size of 0. In other 
words, the convergence rate depends on the physical characteristics of 
the system (the spacing between the eigenvalues), but not on its size 
(the number of degrees of freedom used in the analysis). This makes 
the implicit Floquet method particularly well suited for the analysis of 
periodic systems involving a large number of degrees of freedom. 

Numerical Applications 

Various applications of the proposed approach are presented in this 
section. The first example is a text book case that will be used for val- 
idation of the methodology. The second example deals with the more 
practical problem of ground resonance. The proposed implicit Floquet 
approach will be validated against classical Floquet analysis for a sim- 
plified, rigid body model of the problem. The last example deals with a 
complex rotorcraft problem-the stability analysis of a rotor system with 
control linkages and a flexible shaft. 

Parametric excitation of a beam 

Consider a uniform, simply supported beam of length L subjected 
to a time varying, axial compressive load P(t) = Po + PI coso,t. The 
governing equation of the problem based on Bernoulli beam theory is 

a4v a2u au a 2 ~  
El- +(Pa  + P, coso,t)- + c + n t  = 0 (29) 

a x d  ax2 at  at2 

where u is the transverse displacement of the beam, EI  its bend- 
ing stiffness, m its mass per unit span, c a damping coefficient, and 
Po + PI coso,r the time dependent, axial compressive load. In the clas- 
sical approach, a solution of the following form is sought 

krrx 
U(X, t)  = h(f)s in  - k = 1 , 2 , 3 ,  . . . . 

L (30) 

The governing equations for the time dependent amplitudes f d t )  of the 
responseare thenin the formofthewell-known Mathieuequation (Ref. 8) 

where 

The solution of this equation is found with the help of the harmonic 
balance method that leads to Hill's infinite determinant and the stabilitv 
boundaries. Figure I shows the well-known S m t t  diagram that depicts 
theregions of instability in the plane of the nondimensional excitation pa- 
rameter w and excitation frequency 52, = w,/2o1, fork = I. For clarity, 
the subscript k is dropped in the remainder of the discussion. 

The proposed implicit Floquet analysis will now be validated by com- 
parison of the predictions of three distinct approaches to this problem. 
The first approach is Hill's infinite determinant which yields the stability 
boundaries. The second approach is adirect application of Classical Flo- 
quet Theory to Eq. (31). and the last approach uses the proposed implicit 
Floquet analysis. In the latter case, the beam is modeled with a linear fi- 
nite element discretization. A total of 10 linear beam elements were used 

I 
0 0.0s 0.I 0.15 0.2 0.25 0.3 0.35 0.4 0 4 5  0.5 

EXClTATlON PARAMETER,w 

Fig. 1.Strutt diagram.Hill'sdeterminantsolution: solidline; implicit 
Floquet analysis: stable (a), unstable (x). 

ui .1.5C : . !  .......... :. . j .  . i . . . .  j ...... .: 

Fig. 2. Spectral radius of the transition matrix versus excitation fre- 
quency. Top figure fi = 0.15, bottom figure fi = 0.25. Implicit Floquet 
analysis (40 states): solid line; classical Floquet theory (2 states): 
dash-dotted line; Hill's determinant stability boundaries: dashed 
line. 

to model the beam, corresponding to a total of 20 degrees of freedom, 
i.e., 40 states. 

Figure 1 shows the excellent agreement between the stability bound- 
aries predicted by Hill's determinant and those predicted by the pro- 
posed implicit Floquet analysis for values of the excitation parameter 
w E [0, 0.51. In Fig. 2, the norms of the maximum eigenvalues of the 
FI'M, i.e., its spectral radii, are compared for values of the excitation 
parameter w = 0.15 and 0.25. The predicted stability boundaries are 
found to be in excellent agreement for all three methods. The spectral 
radii are in close agreement in the regions of instability. In the stable 
regions, the implicit Floquet analysis predicts a spectral radius equal 
to unity, whereas smaller values are predicted by Floquet theory. This 
discrepancy is due to the difference in modeling: 2 states versus 40 for 
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Table 1. Moduli of four domlnant eigenvalues of the Floauet 
transition matrix using the Classical a i d  Implicit Floquet theories. 
For the implicit approach, results are shown atter 10,20,30, and 40 . . 

Arnoldi steps. p = 0.35, stiffness proportional damping c = 0.1 

Implicit Floquet Theory 
Eigenvalue Classical 
number Floquet Theory 10 steps 20 steps 30 steps 40 s teps 

1 1.0429 1.2369 1.0434 1.0429 1.0429 
2 0.9237 1.1539 0.9984 0.9231 0.9237 
3 0.9230 1.1314 0.9386 0.9230 0.9230 
4 0.9218 1.1067 0.9370 0.9221 0.9218 

Fig. 3. Spectral radius of the transition matrix versus excitation fre- 
quency. Top figure p = 0.35, bottom figure p = 0.45. lmplicit Floquet 
analysis (40 states): solid line; classical Floquet theory (2 states): 
dash-dotted line; Hill's determinant stability boundaries: dashed 
line. 

classical and implicit Floquet analyses, respectively. In the regions of 
instability, the single mode selected in classical Floquet analysis controls 
the overall behavior of the system, and gives the correct spectral radius. 
On the other hand, in the stable regions, several modes participate in the 
response of the system. The 40 state model captures the combined effect 
of all modes, whereas the 2 state model captures that of the first mode 
only. 

Table I shows a comparison between the Classical and Implicit Flo- 
quet theories. The moduli of the four dominant eigenvalues are listed. For 
the implicit Floquet approach, results after 10, 20, 30, and 40 Amoldi 
steps are shown. Note the convergence of the eigenvalues predicted by 
the Implicit Floquet Theory to those of the Classical Floquet Theory, as 
the number of Amoldi steps increases. 

Figure 3 shows the corresponding results for values of the excita- 
tion parameter p =0.35 and 0.45. Excellent agreement among the three 
methods is observed here again. The small differences observed between 
the various methods are due to the different models used in the various 
approaches. 

For further validation of the implicit Floquet analysis, the same prob- 
lem was modeled using a nonlinear finite element code (Refs. 11, 12). 
Although Floquet theory is developed for linear, periodic-coefficient sys- 
tems, it is interesting to investigate the behavior of the implicit Floquet 
analysis in the presence of a moderate level of nonlinearity. 

Fig. 4. Spectral radius of the transition matrix versus excitation fre- 
quency, p = 0.25. Implicit Floquet analysis (69 states): (0); classical 
Floquet theory (2 states): dashed line. 

The nonlinear, finite element model consists of two cubic beam el- 
ements for a total of 69 states. This model includes axial degrees of 
freedom. As a result, the transverse "softening" of the beam under the 
effect of axial compressive loads is captured as a nonlinear effect related 
to presence of axial strains. The various initial conditions involved at 
each step of the Amoldi algorithm were scaled so as to represent small 
perturbations, thereby providing an effective numerical linearization of 
the problem. The nonlinear orbit about which small perturbations were 
taken was selected to he the linear solution of the problem under the 
periodic loading, for initial conditions at rest. 

Figure4 compares the results obtained with the implicit Floquet anal- 
ysis using the nonlinear finite element code and with classical Floquet 
analysisusing the2statemodel. A small amount of damping was added to 
the model. The results are inexcellent agreement for the two approaches. 
It should he noted that the results of the implicit Floquet analysis are 
presented after 20 iterations of the Arnoldi algorithm only. This clearly 
demonstrate the main advantage of the proposed approach: it is not nec- 
essary toconstruct thecompleteFTM toextract itsdominanteigenvalues. 
This results in very significant computational savings. 

The ground resonance problem 

The second example deals with the ground resonance problem de- 
picted in Fig. 5. A four-bladed rotor rotating at an angular velocity SZ is 
mounted on an elastic tower. The tower has a height h =6.0 m, bend- 
ing stiffnesses IZ2 = 133 = 3.87 MN . m2, a torsional stiffness G J =2.97 
MN . m2, and a mass per unit span ,nr = 12.72 kglm. A 30 kg concen- 
trated mass is located at the top of the tower. Thenacelle is attached atthe 
tip of the tower and projects 1 .Om forward; its elastic and mass properties 
are identical to those of the tower. The rotor huh is located at the tin of 
the nacelle and is represented by a 20 kg concentrated mass. Each blade 
is uniform and has a length 1 =4.25 m, a mass rnb = 12.75 kg, in- and 
out-of-plane bending stiffnesses of 133 =4.71 kN . mZ, and 122 =0.547 
IrN . m2, respectively. The blade hinge is located at distance e = 0.25 m 
from the huh center. 

Damping in the tower was modeled by viscous forces E: propor- 
tional to the strain rates, E: =p,C*P', where p, is the damping co- 
efficient, e* the rate of change of the strain components, and C* the 
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Table 2. Moduli of the four dominant eigenvalues after 10,20, and 
30 Arnoldi steps. The numbers in parenthesis indicate the predicted 

error on the corresponding eigenvalue 

Eigenvalues after 
Eigenvalue 
number 10 steps 20 steps 30 steps 

Fig. 5. The ground resonance problem; wire-frame model Oeff figure) 
and beam model (right figure). 

cross-sectional stiffness matrix. Viscous dampers are located at the blade 
hinges; Md = w d $ ,  where Md is the viscous moment in the joint, $ the 
rate of change of the relative rotation, and wd the damping coefficient. 

The problem was modeled using a finite element based moltihody dy- 
namics code (Refs. 12-15). This code features geometrically exact, shear 
deformable beam elements and an extensive library ofjoint elements; it is 
developed within the framework of energy preserving and decaying time 
integration schemes that provide unconditional stability for nonlinear, 
flexible multibody systems of arbitrary topology. The energy decaying 
scheme presents third order accuracy in time, together with high fre- 
quency numerical dissipation (Ref. 12); this scheme was used in all the 
examples presented below. The tower and nacelle are discretized with 
two and one cubic beam elements, respectively, whereas each blade is 
discretized with three cubic elements. A revolute joint (Ref. 16) located 
at the tip of the nacelle allows rotation of the rotor, and four revolute 
joints model the four lead-lag hinges of the blades. The complete model 
involves 491 states, a number that is prohibitive for classical application 
of Floquet theory. 

Preliminary runs were performed to study the convergence character- 
istics of the proposed algorithm. The following parameters were selected 

=25 radlsec, f i ,  = lo-) sec, and wd = 100 N . m . seclrad. The time 
step was At = lo-) sec, corresponding to 251 time steps per revolution. 
Table 2 shows the convergence of the four dominant eigenvalues after 
10,20, and 30 Amoldi steps. The error bounds predicted by Eq. (28) are 
indicated in parenthesis. The second eigenvalue is aspurious root that can 

R a o r  speed Iradlseel 

Fig. 6. Damping rates versus rotor speed. Top figure f i d  = 0, bottom 
figure pd = 100 N . m . sedrad. Classical Floquet analysis (10 state 
model): dashed line; implicit Floquet analysis (491 statemodel): solid 
lines with symbols. 

be attributed to the fact that a nonlinear model was used at each step of 
the Arnoldi algorithm. The dominant eigenvalue converges very rapidly 
and is determined within five digit accuracy after 20 Amoldi steps only. 
This represents a 25 fold reduction in computational effort as compared 
to the491 steps that would be requiredfor classical application of Floquet 
theory. 

For the following studies the implicit Floquet analysis was run for 
about 70 Amoldi steos in order to obtain the 16 dominant eigenvalues - 
with a high level of convergence. In practice, it is not necessary tocompute 
the 16 dominant eigenvalues of the transition matrix to such a level of 
accuracy. These parameters were selected here to demonstrate the ability 
of the implicit Floquet Theory approach to extract as many eigenvalues 
as desired to a very high level of convergence if required. 

Figure 6 shows the damping rates associated with the dominant eigen- 
values of the Floquet transition matrix versus rotor speed for two cases, 
pd = 0 and 100 N . m . seclrad. Note that with the present sign conven- 
tion, n positive dnnlplng c<~nesp<~nds to nn ~~nstahlc s~ t~~a t iun .  The results 
01 3 .;~mnlifled annlv3ic. bawd on ulnssir,~l Plouuct nnalvsl~ of n 10 stdlc , . 
model of the problem assuming rigid blades and a simplified geometry, 
are presented on the same plot. Both approaches predict the same rotor 
speed, OR = 16 radlsec, at the onset of instability in the absence of damp- 
ing, p d  =O. The discrepancy between the two solutions can be attributed 
to all the approximations associated with the simplified model. 

Next, the effect of damper failure on rotor system stability was inves- 
tigated. Damping constants f i d  = 0 and 100 N . m . seclrad were assigned 
to failed and undamaged dampers, respectively, and ps = sec was 
used for the tower damping coefficient. Four cases were investigated: 
four undamaged dampers, a single damaged damper, two opposite- 
damaged dampers, and two adjacent-damaged dampen. The damping 
rates associated with the dominant eigenvalues of the transition mamx 
are presented in Figs. 7 and 8 for the four cases. The stability boundary is 
about thesame for all cases, nR = 14radlsec. but the behavior of the two 
dominant modes is clearly different. Tko unstable modes are observed 
in the case of failed dampers, although the instability regions correspond 
to the same rotor speeds. In the case of failure of two adjacent dampers, 
a first mode initially presents a mild instahility, then a second mode 
becomes unstable, corresponding to the main region of instability. The 
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4 dampers 

10 12 14 15 18 20 22 74 26 28 30 

3 dampers 

10 12 1 1  15 18 20 22 24 26 28 

Fig. 7. Damping rates of the least-damped modes versus rotor speed. 
Upper figore: all dampers functional; Lower figure: one damper 
damaged. 

2 oppo~lte dampers 

10 12 14 16 18 20 22 24 28 28 NI 

2 adjacent dampers 

10 12 14 15 i8 20 22 24 26 28 30 
Rotor speed Iradlrecl 

Fig. 8. Damping rates of the least-damped modes versus rotor speed. 
Upper figure: two opposite dampers damaged; Lower figure: two 
ad,jacent dampers damaged. 

freauencies associated with the dominant eigenmodes are  resented in 
Fig. 9fortwocases: four undamageddampers, and twoadjacentdamaged 
dampers. Damper characteristics have little effect on system frequencies. 
Note that the frequencies presented in this figure are associated with 
the least damped modes of the system. Since the five dominant modes 
only were computed, the corresponding frequencies seem to "appear" or 
"disappear2'from the figure, as thenature ofthedominant modechanges. 

Finally, stability characteristics were sh~died as a fimction of damping 
constants. In the first case, the tower damping coefficient was held at 
a constant value bs = sec, while the damping in the hinges was 
varied, fin E 11. lOnS] N . m . seclrad. In the second case, the damping in 
the hinges was held at a constant value pn= 100 N . m . seclrad, while 
the tower damping was varied, IL, E [10-0', 10-"I sec. Figure 10 shows 
the damping rates of the dominant eigenmodes for both cases. 

10 12 14 16 i 8  20 22 24 26 28 30 
Rotor speed Iradloecl 

Fig. 9. Frequencies of the least-damped modes versus rotor speed. 
Upper figure: all dampers functional; Lower figure: two adjacent 
dampers damaged. (The two straight lines are the respective 1P and 
2P lines.) 

.- 
Blade damper coelflclent ii.m.aec~adl 

lo. 
Tower damplng coenlclent [secl 

Fig. 10. Damping rates of the least-damped modes versus hinge 
damper constant (top figure), o r  tower damping constant (lower 
figure). 

Rotor system with control linkages and mast mounted sight 

The last example deals with the stability analysis of a complex rotor 
system involving control linkages and a flexible shaft. Figure 11 depicts 
theoverall systemcomprising thehlades,control linkages, mast-mounted 
sight, elastic shaft, scissors and swashplate. The topology of the system 
is shown in a schematic manner in Fig. 12. Here again, the system was 
modeledusingafiniteelementbasedmultibodydynamicscode(Refs. 12- 
14). 

The swashplate is represented by two rigid bodies, rotating and non- 
rotating,connected by arevolutejoint. Thenon-rotating lowerswashplate 
is connected to the ground by means of a universal joint followed by a 
prismatic joint. The collective input signal is provided by prescribing 
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- I Fig. 13. Frequencies and damping rates of the least-damped modes 
Fig. 11. Complex rotor system involving control linkages and a flcx- versus shaft bending stiffness. 
ible shaft. 

joints with mutually orthogonal rotation axes that provide flap, lag, and - . - 
Mast 

mounted Root Flap, lag, pitch articulations. 
All flexible and rigid elements were modeled with beam and rigid 

bodies, respectively, and the kinematics constraints associated with the 
various types of joints (Ref. 16) were eniorced via the Lagrange multi- 
plier method. Details of the implementation of the overall computational 
strategy aregiven in Ref.12. Each blade was modeled with six cubic beam 

Shaft 1 
@#Rigid body 
/ Ream 
0 Revolute joint 
o Spherical joint 
9 Universal joint 
II Prismatic joint - Ground clamp 1 

Fig. 12. Complex rotor system involving control linkages and a Rex- 
ihle shaft: schematic representation. Note that a single blade only is 
depicted, for clarity. 

the relative displacement of the prismatic joint, whereas the cyclic in- 
put signals are provided by prescribing the two relative rotations of the 
universal joint. The rotating upper swashplate is connected to the pitch 
links by means of universal joints. In turn, the pitch links are attached 
to the pitch horn through spherical joints and transfer the input control 
signals from the upper swashplate to the blades. The rotation of the upper 
swashplate is enforced by scissors that connect the upper swashplate to 
the rotating shaft. The two-part scissors are connected lo the shaft and 
to the upper swashplate by means of revolute joints. The flexible shaft is 
attached to the hub, modeled as a massive rigid body, that in turn, con- 
nects to the blades by root retention flexible beams. The mast-mounted 
sight also attaches to the rotor hub through a flexible post and a rev- 
olute joint. A non-rotating stand pipe (not shown in Fig. 12) connects 
the post to the ground, preventing rotation of the mast-mounted sight. 
The blades are connected to the root retention elements by three revolute 

-. - 
elements. The model included 36 beam elements, 32 joint elements and 
31 rigid body elements, resulting in 910 degrees of freedom. The aero- 
dynamic model was based on the dynamic inflow model developed by 
Peters and He (Ref. 17). Stability analysis involved 1347 states. Here 
again, this system is of prohibitive size for classical Floquet analysis. 

The following control signals were used: collective amplitude 0.0393 
ft (upwardmotion ofthe lower swashplateprescribed as relative motionof 
the prismatic joint), cyclic amplitudes 0.0172 rad and 0.0182 rad (tilting 
motion of the lower swashplate prescribed as relative rotations of the 
universal joint). 

As the stiffness of the shaft decreases, the possibility of an instability 
arises. Indeed, the shaft tilting creates additional blade pitching due to 
the kinematics of the various interconnected linkages. These additional 
angles of attack then result in additional aerodynamic forces that can 
destabilize the system (Ref. 18). Figure 13 shows the frequencies and 
damping rates of the least-damped modes versus shaft bending stiffness. 
The system is stable for high shaft stiffnesses. The instability appears for 
shaft stiifnesses below I, = I x lo6 lb . it2 and for all stiffnesses below 
that critical value. 

This type of instability is very hard to detect through a simple time 
simulation of the dynamic response of the system. Indeed, integration 
must be performed for a very large number of rotor revolutions before 
the instability manifests itself in the response output. Figure 14 shows 
blade tip lag rotation in a rotating coordinate system and lag joint rota- 
tion for a 500 revolution simulationof the rotor system at ashaft stiffness 
I, = I x 10"b . ft2. Even after 500 revolutions, the response of the sys- 
tem does not clearly indicate a catastrophic increase in amplitude. Much 
longer integration periods would be required to detect the instability 
solely based on system response. This example clearly demonstrates that 
Floquet theory must be used for stability analysis of such systems. It 
also demonstrates the efficiency of the proposed implicit Floquet theory: 
after 20 Amoldi steps only, the five dominant eigenvalues of the system 
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Fig. 14. Time traces of blade tip lag rotation in a rotating cnordi- 
natesystem (top figure) and lag joint rotations (bottom figure). Shaft 
stifness I, = 1 x lo6 lb . ftz. 

ory and of the Amoldi algorithm for eigenvalue extraction. The explicit 
computation of the transition matrix is not required. One single inte- 
gration of the periodic system is needed at each step of the algorithm, 
resulting in considerable computational savings. This method is ideally 
suited for stability analysis of periodic-coefficient systems involving a 
very large number of degrees of freedom, such as those generated by 
comprehensive rotorcraft analysis codes. 

Numerical examples have demonstrated the ability of the proposed 
implicit Floquet analysis to predict the regions of dynamic instability as 
well as the characteristic exnonents of least-damned or unstable modes. 
Very fast convergence of the leading eigenvalues of the Floquet transition 
matrix controlling the least-damped modes was observed. Because this 
convergence rate is independent of the number of degrees of freedom of 
the model, systems with a very large number of degrees of freedom can 
be treated efficiently. 

The method was also applied to nonlinear periodic problems. In this 
case, spurious eigenvalues may appear in the procedure. However, the 
eigenvalues associated with the linearized system were correctly ex- 
tracted. Additional research work is required to evaluate the behavior 
of the proposed method in the presence of nonlinearities. 
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