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Abstract
This paper proposes a novel solution strategy of Saint-Venant’s problem based on Hamilton’s
formalism. Saint-Venant’s problem focuses on helicoidal beams and its solution hinges upon
the determination of the subspace of the system’s Hamiltonian matrix associated with its null
and pure imaginary eigenvalues. A projection approach is proposed that reduces the system
Hamiltonian matrix to a matrix of size 12 × 12, whose eigenvalues are identical to the null
and purely imaginary eigenvalues of the original system, with the same Jordan structure. A
fundamental theoretical result is established: Saint-Venant’s solutions exist because rigid-body
motions create no strains. Indeed, the solvability conditions for the governing equations of the
problem are satisfied because a matrix identity holds, which expresses the fact that rigid-body
motions create no strains. Because it avoids the identification of the Jordan structure of the
original system, the implementation of the proposed projection for large, realistic problems is
straightforward. Closed form solutions of the reduced problem are found and three-dimensional
stress and strain fields can be recovered from the closed form solution. Numerical examples are
presented to demonstrate the capabilities of the analysis. Predictions are compared to exact
solutions of three-dimensional elasticity and three-dimensional FEM analysis.

1

Introduction

The “Saint-Venant problem” refers to a three-dimensional beam loaded at its end sections only.
The investigation of Saint-Venant’s problem provides the theoretical foundations for beam theory,
a tool used widely in engineering applications. Saint-Venant considered prismatic bars made of
isotropic materials whose sectional properties remain constant along their span; using a semi-inverse
approach, he derived exact elasticity solutions for beams under torsion [1] and bending [2]. For
straight beams made of homogenous, isotropic materials, the three-dimensional elasticity equations
reduce to two-dimensional Poisson’s equations over the beam’s cross-section [3, 4]. Lekhnitskii [5]
used the semi-inverse method to solve Saint-Venant’s problem for beams made of homogenous,
anisotropic materials. For straight beams with specific cross-sectional shapes, analytical solutions
of Saint-Venant’s problem can be found.
For straight beams made of heterogenous materials, Iesan [6, 7] developed a systematic approach
to obtain the solutions of Saint-Venant’s problem. He proved (1) that Saint-Venant’s problem can
be decomposed into extension-bending-torsion and flexure problems, (2) that the partial derivatives
of the solutions of the extension-bending-torsion problem correspond to the beam’s four rigid-body
motions, and (3) that the partial derivatives of the solutions of the flexure problem are the solutions
∗
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of extension-bending-torsion problem. Dong et al. [8, 9, 10] generalized Iesan’s method using a semifinite element discretization for the cross-section. In their work, warping displacements and sectional
properties of the beam are found.
Berdichevsky [11] proposed the Variational Asymptotic Method (VAM), in which asymptotic
analysis is applied to the energy functional. For beams, the ratio of a typical dimension of the
cross-section to the beam’s length is a small parameter used in the asymptotic expansion. In
this approach, Saint-Venant’s problem is reduced to a two-dimensional analysis over the beam’s
cross-section. A unified beam theory based on VAM was further refined by Atilgan et al. [12, 13],
Hodges [14], and Yu et al. [15]. The variational asymptotic method can deal with beams with
small initial curvatures. Buannic and Cartraud [16, 17] developed a two-scale asymptotic expansion
method for periodic heterogenous beam-like structures. Kim [18] generalized this approach to SaintVenant’s problem for straight, anisotropic beams. The dimensional reduction process is based on
a formal asymptotic expansion, which splits the three-dimensional beam problem into two sets of
recursive equations: a set of two-dimensional local recursive problems and a set of one-dimensional
global recursive problems.
Giavotto et al. [19] presented a comprehensive solution strategy for Saint-Venant’s problem.
Their approach is based on a two-dimensional analysis of the beam’s cross-section using finite
elements and yields its stiffness characteristics in the form of a 6×6 sectional stiffness matrix.
Furthermore, the three-dimensional strain field at any point of the cross-section can be recovered
once the sectional strains are known. Their work also identifies the two types of solutions present in
beams: the central solutions and the extremity solutions, as should be expected from Saint-Venant’s
principle. Borri et al. [20] generalized this methodology to naturally curved beams; the magnitudes
of beam’s initial curvatures are not required to be small in their approach.
Mielke [21, 22] found the center manifold of Saint-Venant’s problem for a straight beam. He
showed that this center manifold is a finite-dimensional manifold spanned by the twelve generalized
eigenvectors associated with the null and purely imaginary eigenvalues. These twelve generalized
eigenvectors form four Jordan chains; six of the eigenvectors correspond to the beam’s rigid-body
modes while the others six are the fundamental deformation modes of the beam (Saint-Venant’s
solution): extension, torsion, and bending and shearing in two directions. Zhong [23] developed
novel analytical techniques based on Hamilton’s formalism. A Hamiltonian operator characterizes
the stiffness of the structure and its null and purely imaginary eigenvalues give rise to the solution
of Saint-Venant’s problem. The eigenvalues with a non-vanishing real part give rise to decaying
solutions and the associated characteristic decay length provide a quantification of Saint-Venant’s
principle. As previously stated by Mielke, Zhong also identified the Jordan chains associated with
the eigenvalues of the Hamiltonian operator with a vanishing real part. Zhong [24] produced analytical solutions for planar elasticity problems and for three-dimensional straight beams made of
isotropic and anisotropic materials, he outlined procedures for the determination of the twelve generalized eigenvectors. Recently, a similar approach based on Hamilton’s formalism was developed
by Morandini et al. [25] who used numerical techniques to evaluate the Jordan form and associated
generalized eigenvectors for straight beams made of both isotropic and anisotropic materials. Druz
and Ustinov [26] also found the Jordan chain structure of Saint-Venant’s problem for an elastic
cylinder. They constructed Green’s tensor for an elastic cylinder and expanded Green’s tensor in
terms of eigenvectors corresponding to the null eigenvalues. Druz et al. [27] further investigated
the Saint-Venant’s problem for naturally twisted beams. It was shown that elementary solutions
of Saint-Venant’s problem can be obtained from the solution of two types of boundary-value problems. A stiffness matrix relating the components of generalized forces and displacements was also
obtained. Ustinov [28] generalized the approach to a cylinder with helical anisotropy.
Ladevèze and Simmonds [29] proposed a new approach for the analysis of straight prismatic
beams with piecewise constant cross-sections under arbitrary loading. They found that the complete
solution can be divided into a long wavelength part, i.e., the solution of Saint-Venant’s problem,
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and a short wavelength, localized part, i.e., extremity solutions due to discontinuity of sectional
geometry and external loads. The solutions of Saint-Venant’s problem were derived in terms of
the sectional stress resultants, sectional displacements and rotations, and differential operators
characterizing the cross-section geometry and material characteristics. Ladevèze and Simmonds’
approach was expanded by El Fatmi and Zenzri [30, 31] with the aid of a semi-finite element
discretization for cross-sections.
Bauchau and Han [32] developed an approach to the solution of Saint-Venant’s problem based
on Hamilton’s formalism. The approach proceeds through a sequence of structure preserving transformations using symplectic matrices and decomposes the solution into its central and extremity
components. The structure preserving transformations lead to a set of linear equations for the nodal
warping and sectional compliance matrix; the explicit construction of the Jordan form is thereby
avoided. The solutions of Saint-Venant’s problem are found by projecting the governing equations
onto the subspace associated with the Hamiltonian matrix’s null and pure imaginary eigenvalues.
The same authors [33] further generalized the approach to initially curved beams undergoing large
motion but small strains.
The review presented in the previous paragraphs underlines a fundamental feature of SaintVenant’s problem: its solutions are the generalized eigenvectors associated with the null and purely
imaginary eigenvalues of a Hamiltonian system. As shown by Zhong [24], many elasticity problems
share this characteristic. Unfortunately, the Hamiltonian matrix cannot be diagonalized; rather, it
can be reduced to Jordan canonical form only. Furthermore, the Jordan form involves two chains,
one of size four, the other of size two, both with a multiplicity of two. Finally, it will be shown in this
paper that for helicoidal beams, the two chains of size four involve purely imaginary eigenvalues.
These mathematical characteristic of the problem explain why its solution is so arduous: no reliable
numerical procedure exists for the determination of the Jordan chains of matrices of large size and
of the associated generalized eigenvectors. Indeed, the determination of generalized eigenvectors is
known to be notoriously unstable, hampering the development of robust numerical procedures.
In this paper, a novel solution strategy to Saint-Venant’s problem for helicoidal beams is proposed, based on the construction of the subspace of the Hamiltonian matrix associated with its null
and pure imaginary eigenvalues. Projection of the system’s Hamiltonian onto this subspace reduces
it to a Hamiltonian matrix of size 12 × 12. The explicit construction of the generalized eigenvectors
associated with the null and pure imaginary eigenvalues is bypassed, enabling the computationally
efficiency solution of large-scale, realistic problems. The following assumptions are made: (1) the
beam’s reference line is a helix; (2) cross-sectional geometry and material properties are arbitrary
(heterogeneous and anisotropic), but remain uniform along the span; (3) strains and warping displacements remain small; (4) the beam’s span is much larger than a characteristic dimension of
its cross-section. The first assumption implies that the beam’s reference line is of constant curvature. Due to the first three assumptions, the governing equations of the problem can be cast into
a Hamiltonian system with constant coefficients. The fourth assumption implies that the effects of
the extremity solutions are negligible.
The paper is organized as follows: the kinematics of the problem and the governing equations
of the Saint-Venant’s problem are presented in sections 2 and 3, respectively. The construction of
the subspace associated with eigenvalues presenting vanishing real part is the focus of section 4.
The reduced governing equations and closed form solutions are obtained in section 5; numerical
examples are presented in the last section.

2
2.1

Kinematics of the helicoidal beam
Kinematics of the reference line
3

Figure 1 depicts a helicoidal beam of arbitrary
cross-sectional shape and area A. The beam’s
reference line, denoted as C, is a helix winding around the surface of a cylinder of radius
ρ. The inertial frame is denoted as FI =
[O, I = (ı̄1 , ı̄2 , ı̄3 )], where point O is on the axis
of cylinder and unit vector ı̄1 is aligned with the
same axis.
The reference line is defined by a parametric
equation, rB = pθ ı̄1 +ρ cos θ ı̄2 +ρ sin θ ı̄3 , where
p is the pitch of the helix and angle θ is defined
in fig. 1. The arc length coordinate, α1 , along
Figure 1: Configuration of a helicoidal beam.
the helix is α1 = σθ, where σ 2 = ρ2 + p2 . The
unit tangent, normal, and bi-normal vectors of
the helix are denoted t̄, n̄, and b̄, respectively, and define Frenet-Serret’s orthonormal triad, B♭ =
(t̄, n̄, b̄). Rotation tensor RH brings basis I to B♭ and its components resolved in basis I are



p
0
ρ
1
p sin θ  .
RH =  −ρ sin θ −σ cos θ
σ
ρ cos θ −σ sin θ −p cos θ

(1)

The components of the curvature vector of the helix resolved in basis B♭ are k ♭H = axial(RTH R′H ),
where notation (·)′ indicates a derivative with respect to α1 and notation (·)♭ indicates tensor
components resolved in basis B♭ . The curvature vector is k ♭H = {p/σ 2 , 0, ρ/σ 2 }T and the following
T
2
two scalars are introduced: κ = kk H k = 1/σ
√ and τ = k H t̄/κ = p/σ . These two parameters
characterize the helix [34]: its curvature is κ2 − τ 2 and its twist is τ . The helicoidal beam
is the most general configuration for which the curvature of the reference line remains constant;
the particular cases of the circular and straight beams are recovered for τ = 0 and κ = τ = 0,
respectively.

2.2

The sectional frame

The volume of the beam is generated by sliding the cross-section, S, along reference line C. As
depicted in fig. 1, the cross-section lies in the plane defined by mutually orthogonal unit vectors
b̄2 and b̄3 and its reference
 point is denoted B, leading to the definition of cross-sectional frame
∗
FB = B, B = (b̄1 , b̄2 , b̄3 ) . The orientation of the sectional plane changes as it slides along curve C
and the rotation tensor that brings basis I to B∗ is R(α1 ). The components of the beam’s curvature
vector resolved in basis B∗ are k ∗ = axial(RT R′ ), where notation (·)∗ indicates tensor components
resolved in basis B∗ .
The motion tensor [34] that brings frame FI to FB is


R r̃B R
,
(2)
C(r B , R) =
0
R
where r B is the position vector of point B with respect to point O. The components of the beam’s
generalized curvature tensor in its initial configuration, resolved in frame FB , are K̃∗ = C −1 C ′ .
The associated generalized curvature vector is K∗T = {t̄∗T , k∗T }, where array t̄∗ = RT r ′B stores
components of the tangent vector, resolved in basis B∗ .
Basis B∗ does not necessarily coincide with Frenet-Serret’s triad, B♭ . Let rotation tensor R̄
bring basis B♭ to B∗ , i.e. R̄ = RH RT . It is assumed that the components of this tensor resolved
4
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in basis B∗ , denoted R̄ = RT RH , remain constant along the beam’s reference line. It follows that
∗
k ∗ = R̄ k ♭H , and hence, κ = kk∗ k = kk ♭H k and τ = k TH t/κ = k ∗T t∗ /κ. Consequently, scalars κ and τ
characterize the curvature and twist, respectively, of both helix and beam.

2.3

The canonical frame



Figure 1 also shows the canonical frame, FC = C, C † = (c̄1 , c̄2 , c̄3 ) , where point C, of position
vector r C = pθ ı̄1 , is at the intersection of unit vector n̄ with the axis of the cylinder and basis C † =
(ı̄1 , −n̄, c̃1 c̄2 ). The rotation tensor that brings basis I to C † is RC = I + sin θ ı̃1 + (1 − cos θ) ı̃1 ı̃1 and
the components of the corresponding curvature vector, resolved in basis C † , are k †C = axial(RTC R′C ) =
κı̄1 , where notation (·)† indicates tensor components resolved in the canonical frame. With these
definitions, the motion tensor that brings frame FI to FC is


RC r̃C RC
C C (α1 ) =
,
(3)
RC
0
and the corresponding generalized curvature tensor is


κı̃1 τ ı̃1
†
−1 ′
K̃C = C C C C =
.
0 κı̃1

(4)

When resolved the canonical frame, the tangent and curvature vectors are recast in the simplest
possible form as τ ı̄1 and κı̄1 , respectively, underlining the importance of scalars κ and τ .

2.4

Frame change relationships

and its components
Let Cˆ be the motion tensor that brings frame FC to FB , which implies Cˆ = C C −1
C
†
resolved in the canonical frame are Cˆ = C −1 C. Introducing eqs. (2) and (3) leads to
C

†

Cˆ =

" †
#
†
R̂ ũ† R̂
0

R̂

†

,

(5)

†

where R̂ = RTC R and u† = RTC (rB − rC ) = −ρn̄† .
Motion tensors express change of frame relationships [34]. Consider an infinitesimal rigid-body
∗T
∗T
∗
motion of the beam’s cross-section denoted U ∗T
R = {uB , φ }, where uB are the components of the
∗
displacement vector of material point B and φ the components of rigid-body rotation of the crosssection, both resolved in basis B∗ . The components of the displacement vector of the material point
of the cross-section whose location coincides with that of inertial point O is u∗O = u∗B + φ̃∗ (−r ∗B )
and the corresponding components in the inertial basis are uO = R u∗B + r̃B R φ∗ . If follows that
U R = C U ∗R , where U TR = {uTO , φT } gives the components of the section’s infinitesimal rigid-body
motion resolved in frame FI . A similar reasoning yields U R = C C U †R , where array U †R stores the
components of the infinitesimal rigid-body motion resolved in the canonical frame and finally,
†

U †R = Cˆ U ∗R .

(6)

Clearly, the rotation tensor performs change of basis operations, the motion tensor performs change
of frame operations.
∗T
∗
Consider now a loading of the cross-section, F ∗T = {F ∗T
B , M B }, where F B is the force vector
and M ∗B the moment resultant with respect to material point B, both resolved in basis B∗ . The
5

equipollent loading acting at the material point of the cross-section whose location coincides with
∗ ∗
F B . When resolved in the inertial
that of inertial point O is F ∗O = F ∗B and M ∗O = M ∗B + r̃B
−T ∗
T
basis, this equipollent loading becomes F = C F , where F = {F TO , M TO }. A similar reasoning
yields F = C −T
F † , where array F † stores the components of the equipollent loading resolved in the
C
canonical frame and finally,
†−T
F † = Cˆ F ∗ .
(7)
†T †−T
As expected, eqs. (6) and (7) make work a frame indifferent quantity, U †T F † = U ∗T Cˆ Cˆ F ∗ =
U ∗T F ∗ .

3

Governing equations

Hamilton’s formalism is used to develop the beam’s governing equations. The strain measures are
defined in section 3.1 and a semi-discretization of the displacement field is introduced in section 3.2.
Nodal forces and stress resultants are introduced in section 3.3. Finally, the principle of virtual
work yields Hamilton’s canonical equations for the problem.

3.1

Strain components

Let coordinate α2 and α3 measure length along unit vectors b̄2 and b̄3 , respectively. The position
vector of material point P of the beam in its reference configuration becomes
r P (α1 , α2 , α3 ) = rB (α1 ) + R(α1 )q ∗ (α2 , α3 ),

(8)

where vector q = r P − r B defines the relative position of point P with respect to point B and its
components resolved in basis B∗ are q∗ = {0, α2 , α3 }T . It is now assumed that the beam undergoes
small displacements and rotations. After deformation, the position vector of the material point
becomes
(9)
RP (α1 , α2 , α3 ) = r P + u = r + u∗i b̄i ,
where u is the displacement vector and its components resolved in basis B∗ are u∗i .
The components of the infinitesimal strain tensor are
 ∗
γO
∗
γ =
= A u∗′ + B u∗ ,
γ ∗I

(10)

∗
∗
∗ T
where the out-of-plane and in-plane strain components are γ ∗O = {γ11
, 2γ12
, 2γ13
} and γ ∗I =
∗
∗
∗ T
{γ22
, γ33
, 2γ23
} , respectively. In eq. (10), the following differential operators were defined
 
 
DO
1 I
,
(11)
, B=
A= √
DI
g 0
√
where scalar g = t∗1 − k3∗ α2 + k2∗ α3 is the determinant of the metric tensor in the reference
configuration. In eq. (11), differential operators, D O and D I were defined as



√ ∂
∗
∗
d
−k3
k2
g
0 
0
∂α2
 ∗ √ ∂


√ ∂ 


d −k1∗  , D = 
(12)
DO =  k3 + g ∂α2
g
0
0

,

I




∂α
3
∂
√
 √ ∂
√ ∂ 
k1∗ d
−k2∗ + g
g
g
0
∂ ᾱ3
∂α3
∂α2

where scalar d = −(t∗2 − k1∗ α3 )∂(·)/∂α2 − (t∗3 + k1∗ α3 )∂(·)/∂α3 . A more detailed derivation of the
strain components is given by Han and Bauchau [33].
6

3.2

Semi-discretization of the displacement field

To obtain a one-dimensional formulation, the following
semi-discretization of the displacement field is performed,
u∗ (α1 , α2 , α3 ) = N(α2 , α3 )û(α1 ),

_
b3

(13)
_
b1

B*
B

C
_f

_
where matrix N (α2 , α3 ) stores the two-dimensional shape
_
m
i
3
_^ (α1)
functions used in the discretization and array û(α1 ) colu
_
_
b2
^
lects the nodal values of the non-dimensional displacei2
_P(α
I
1)
ˆ indicates nodal quantities of the
_
ment field. Notation (·)
O
i1
discretized variables. This semi-discretization process is
shown in fig 2 is a schematic manner: a typical crosssection of the beam is discretized using two-dimensional Figure 2: Semi-discretization of the
elements. Let m be the number of nodes used to discretize beam.
the beam’s cross-section and n = 3m the total number of degrees of freedom.
Introducing this discretization into eq. (10) yields the strain tensor components

γ ∗ = A N û′ + B N û.

3.3

(14)

Nodal forces and stress resultants

The beam is assumed to be made of linearly elastic anisotropic materials. The cross-sectional
distribution of materials is arbitrary but remains uniform along the beam’s span. The Cauchy stress
∗T
∗T
∗
∗
∗
∗T
∗
∗
∗
components are denoted as τ ∗T = {τ ∗T
O , τ I }, where τ O = {τ11 , τ12 , τ13 } and τ I = {τ22 , τ33 , τ23 }
stores the out-of-plane and in-plane components, respectively. A linear relationship holds between
the components of the Cauchy stress tensor and those of the strain components,
τ ∗ = D∗ γ ∗,

(15)

where the components of the 6 × 6 material stiffness matrix resolved the material basis are denoted
D∗.
Stress
τ ∗O is acting on the beam’s cross-section and the corresponding array of nodal forces
R vector
is P̂ = A N T τ ∗O dA. Introducing the discretized components of strain tensor given by eq. (14) and
material constitutive equation (15) leads to
P̂ = M û′ + C T û.
where matrix M and C, both of size n × n, are defined as
Z
√
M = (A N )T D∗ (A N ) gdA,
ZA
√
C = (B N )T D∗ (A N ) gdA.

(16)

(17a)
(17b)

A

R
The stress resultants acting on the cross-section are F ∗ = A z T τ ∗O dA, where matrix z =
[I 3×3 , q̃ ∗ ] is of size 3×6. Array F ∗ stores the six sectional force and moment components resolved in
the sectional frame. The first three components corresponds to the summation of the nodal forces
over the beam’s cross-section, including the axial force, F1∗ , and the two transverse shear forces,
F2∗ and F3∗ . The last three components correspond to the sums of the moments of the same forces,
including the twisting moment, M1∗ , and the two bending moments, M2∗ and M3∗ . Matrix Z stacks
the rows of matrix z for each of the nodes of the model, i.e., Z = N z, leading to F ∗ = Z T P̂ . Frame
7

transformation (7) then yields the components of the stress resultants resolved in the canonical
frame,
T
F † = Z̄ P̂ ,
(18)
†−1
where matrix Z̄ is defined as Z̄ = Z Cˆ .

3.4

Derivation of governing equations

The strain energy density, denoted L, is defined as
Z
√
1
γ ∗T D ∗ γ ∗ gdA.
L=
2 A

(19)

Introducing the strain tensor given by eq. (14), the strain energy density becomes
 1

1
L = û′ M û′ + C T û + ûT C û′ + E û ,
2
2

where matrix E, of size n × n, is defined as
Z
√
E = (B N)T D ∗ (B N ) gdA.

(20)

(21)

A

The strain energy density is also the Lagrangian of the system. The nodal forces, P̂ , defined
by eq. (16), can also be obtained as P̂ = ∂L/∂ û′ : nodal displacements and nodal forces are dual
variables. Following the development of Hamilton’s canonical formulation, the Hamiltonian of the
T
system is defined via Legendre’s transformation [35] as H = P̂ û′ − L and tedious algebra reveals
T
that H = 1/2 X T (J H)X , where array X stores the nodal displacements and forces, X T = {ûT , P̂ },
and matrix H, of size 2n × 2n, is defined as

−M −1 C T
M −1
.
H=
E − C M −1 C T C M −1


(22)

Matrix J is defined in appendix A and matrix H is Hamiltonian, see eq. (58).
R
R
T
The principle of virtual work, α1 δL dα1 = α1 δ(P̂ û′ −H) dα1 = 0, yields Hamilton’s canonical
equations, which consist of two sets of equations. The first set, û′ = ∂H/∂ P̂ , is identical to eqs. (16)
′
and defines the dual variables. The second set, P̂ = −∂H/∂ û, provides the nodal equilibrium
equations. The combination of the two sets defines 2n first-order, ordinary differential equations
with constant coefficients
X′ = HX.
(23)
This forms a set of first-order, linear differential equations with constant coefficients, the general
solutions of which can be found using matrix exponentials. The computational cost of this approach
is not acceptable due to the large size of matrix H.
As discussed by Zhong [24] and Bauchau and Han [32], the null and purely imaginary eigenvalues
of the Hamiltonian give rise to polynomial and trigonometric solutions, respectively, corresponding
to the solution of Saint-Venant’s problem. Its non-vanishing eigenvalues give rise to exponentially
decaying solutions. Assuming the beam’s span to be much larger than the characteristic dimension
of its cross-section, the decaying solutions can be neglected because their effect is significant near
the beam’s edges only. Consequently, the attention focuses on the solutions associated with the null
and purely imaginary eigenvalues of the Hamiltonian. These solutions have been called the “central
solutions” by Giavotto et al. [19] or “central manifold” by Mielke [22].
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4

Reduction of the Hamiltonian matrix

As found by Mielke [22] and Zhong [24], the subspace associated with the Hamiltonian matrix’s
eigenvalues presenting a vanishing real part is of dimension twelve, where the first 6 correspond to
the rigid-body modes of the beam’s cross-section, and the others 6 are the fundamental deformation
modes of the beam under extension, torsion, and bending and shearing in two directions. The six
rigid-body modes of the beam are identified in section 4.1. The construction of the other six
deformation modes is discussed in section 4.2.

4.1

Rigid-body motion

Section 2.4 has described an infinitesimal rigid-body motion of the cross-section and its components
in various frames. Because array U R represents a rigid-body motion of the entire beam, its derivative
†
†
†
−1 ′
with respect to axial coordinate α1 vanishes, U ′R = 0, and hence, U †′
R = −C C C C U R = −K̃C U R ,
∗ ∗
where the second equality results from eq. (4). A similar reasoning yields U ∗′
R = −K̃ U R .
∗ ∗
∗
∗
The beam’s infinitesimal rigid-body displacement field is u = uB − q̃ φ = z U ∗R and hence,
û = Z U ∗R . Introducing transformation (6) yields the nodal displacements as û = Z̄ U †R and their
axial gradient becomes û′ = −Z̄ K̃C† U †R . Because rigid-body motions create no strain and hence, no
stress, the corresponding nodal forces vanish, P̂ = 0, the governing equations (23) lead to
H Z = −Z K̃C† ,

(24)

T

where matrix Z T = {Z̄ 0T } is of size 2n × 6.
This important relationship expresses the fact that rigid-body motions create no strain; it can
be recast as
(25)
H vec(Z) = 0,
where notation vec(•) indicates the array obtained by stacking the columns of matrix • into a single
array. Matrix H, of size 12n × 12n, is defined as
H = I 6×6 ⊗ H + K̃C†T ⊗ I 2n×2n ,

(26)

where symbol ⊗ indicates the Kronecker product of two matrices. Equation (25) implies that vector
vec(Z) belongs to the null space (kernel) of matrix H, i.e., vec(Z) ∈ ker(H) and dim(ker(H)) ≥ 1.
Of importance to this discussion is the actual size of the null space of H; additional vectors
spanning this null space are obtained easily. Post-multiplying eq. (24) by arbitrary matrix α,
of size 6 × 6, leads to H Z α = −Z K̃C† α. If matrices α and K̃† commute, H Z α = −Z α K̃† ,
and hence, vec(Z α) ∈ ker(H). The commutativity condition imposes 36 algebraic conditions on
the components of matrix α, but because many entries of matrix K̃† vanish, only 28 and 16 are
independent for τ 6= 0 and τ = 0, respectively. It follows that dim(ker(H)) ≥ 36 − 28 = 8 and
≥ 36 − 16 = 20 for τ 6= 0 and τ = 0, κ 6= 0 respectively. Numerical experimentation shows that the
equality holds, i.e.,
H vec(Z α) = 0 ∀α ∈ R6×6 | α K̃C† = K̃C† α,
(
8, τ 6= 0,
dim(ker(H)) =
20, τ = 0, κ 6= 0.

(27a)
(27b)

This discussion is valid for curved beams only. For straight beams, i.e., τ = κ = 0, the algebraic
structure of null space differs from that described by eq. (27).
9

4.2

Saint-Venant’s solutions

As discussed in the introduction, the beam’s rigid-body motions and Saint-Venant solutions span
the subspace, N , of the Hamiltonian defined by the eigenvectors associated with its null and pure
imaginary eigenvalues. A set of twelve vectors that span this subspace are selected as




Z̄ W
N = Z W =
.
(28)
0 Y
The first six vectors are associated with the rigid-body motions, see eq. (24), and the last six with
Saint-Venant’s solutions; unknown matrices W and Y are both of size n × 6. Because the columns
of matrix N span the invariant subspace of matrix H, the following identity holds
H N = N Λ,

(29)

where matrix Λ is of size 12 × 12. The solution of homogeneous linear system (29) will yield the
desired subspace, N . Identity (24) implies that the top- and bottom-left 6 × 6 sub-matrices of Λ
are −K̃C† and 0, respectively. The structure of matrix Λ is selected to be
"
#
−K̃C†
O
Λ=
,
0
K̃C†T

(30)

where matrix O will be determined by the solvability condition of system (29).
The first six equations of system (29) echo eqs. (24) and the last six equations are
H W − W K̃†T = Z O.

(31)

Pre-multiplying this equation by matrix J and using property (56) leads to HT (J W) +
(J W) K̃†T = −J Z O, which can be recast in a compact form as
HT vec(J W) = Q,

(32)

where matrix H is defined by eq. (26) and array Q = −vec(J Z O). The solution of system (32)
yields the desired Saint-Venant’s solutions, W, but because matrix H is singular, these solutions
exist if and only if the solvability conditions are satisfied. In view of eqs. (27), the solvability
conditions are vec(Z α)T Q = 0 and are satisfied for any choice of matrix O; indeed, vec(Z α)T Q =
−tr(αT Z T J Z O) always vanishes because Z T J Z = 0.
This discussion leads to a fundamental theoretical result: the existence of Saint-Venant’s solutions, expressed by the solvability condition of eq. (32), stems from the knowledge of the null space
of matrix H provided by eq. (27a). Clearly, equations (27a) and (32) are the conjugates of each
other: Saint-Venant’s solutions exist because rigid-body motions create no strains.
Although the solvability conditions are satisfied for any matrix O, this matrix cannot vanish:
indeed, the eigenvalues of matrix Λ should be identical to the null and pure imaginary eigenvalues
of matrix H. It is verified easily that for O = diag(1, 0, 0, 1, 1, 1), the twelve eigenvalues of matrix Λ
√
are 0 (4×), +jκ (4×), and −jκ (4×), where j = −1, and its Jordan canonical form is composed
of the following three Jordan chains,

 

jκ 1 0 0
−jκ 1
0
0




0 −jκ 1
0 
0 1 
 ,  0 jκ 1 0  ,
(33)
, 
0 −jκ 1   0 0 jκ 1 
0 0  0
0 0 0 jκ
0
0
0 −jκ
10

the first with a multiplicity of two. The four Jordan blocks correspond the solutions of stretching,
twisting, bending and shearing along two directions c̄2 and c̄3 , respectively.
The selection of matrix O enables the determination of Saint-Venant’s solutions from eq. (31).
Eliminating unknown matrix Y from equations (31) leads to
M W K̃C†T K̃C†T + G W K̃C†T − E W = −Q,

(34)

where skew-symmetric matrix G = C T − C, and matrix Q = M Z̄ O K̃C†T − C Z̄ O. Due to the

special form of generalized curvature matrix K̃† , system (34) splits into three subproblems that can
be solved recursively
 


(35a)
E w1 , w4 = q 1 , q4 ,

K − jκG (w5 + jw6 ) = q 5 + jq 6 ,
(35b)

(35c)
K − jκG (w2 + jw3 ) = q 2 + jq 3

+ τ 2κK − jG (w5 + jw 6 ) ,

where matrix K = E + κ2 M , and arrays w i and q i are the ith columns of matrices W and Q,
respectively. For curved beams, matrix E is two times singular and its kernel is [z̄ 1 , z̄ 4 ], where array
z̄ i is the ith column of matrix Z̄. Hermitian matrix K − jκG is one time singular and its kernel is
z̄ 2 + j z̄ 3 . The solution of system (35) calls for the use of linear solvers that can deal with singular
matrices. Once matrix W is obtained, matrix Y follows as Y = M (Z̄ O + W K̃C†T ) + C T W .

4.3

Summary and discussion

The solution strategy proposed in this paper is based on eq. (29), repeated here for convenience,
H N = N Λ. Matrix N spans the subspace of Hamiltonian matrix H associated with its null
and pure imaginary eigenvalues and hence, matrix Λ possesses the same eigenspectrum. The set
of vectors that spans this subspace is not defined uniquely and each set gives rise to a different
matrix Λ, although its eigenspectrum is invariant. It might seem desirable to reduce Λ to the
simplest possible form, such as a diagonal matrix. As observed by many researchers [21, 22, 23, 24],
Hamiltonian matrix H cannot be diagonalized; rather it can only be recast in the Jordan canonical
form and presents the chains described by eq. (33). Attempting to determine the set of vectors
that reduce matrix Λ to its Jordan form is undesirable: first, complicated numerical procedures
are required to determine whether a chain has reached its maximum order in the recursive solution
process, as done by Zhong [24] and Morandini et al. [25], and second, complex algebra must be used
for curved beams, compounding the difficulties.
Most researchers selected the rigid-body modes, [Z T , 0T ], for first six columns of N because they
can be identified easily; the present work uses a linear combination of these. The selection of the
next six columns is more arduous. Giavotto et al. [19] used energy arguments to impose constraints
on those six columns, enabling the solution process. The authors [32, 33] developed an approach
based on the properties of symplectic matrices: if N is symplectic, eq. (29) is a structure preserving
transformation implying that matrix Λ is Hamiltonian, see appendix B. In all these approaches,
the solution process involves the determination of the six columns spanning Saint-Venant’s solution
and of some entries of matrix Λ. Linear systems in n + 6 unknowns result, typically involving a
recursive process. Because the proposed approach selects all the entries of matrix Λ based rational
arguments, the resulting linear systems involve n unknowns only. While the reduction in the number
of unknowns is not significant (n vs. n + 6), it is accompanied by a drastic reduction of the average
bandwidth of the system matrix, leading increased computational efficiency.
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5

Closed form solution of Saint-Venant’s problem

Due to the semi-discretization process described in section 3.2, the governing equations of SaintVenant’s problem, eqs. (23), are ordinary differential equations with constant coefficients involving
a large number of degrees of freedom. To obtain closed form solutions of the problem, a dramatic
size reduction is needed.
The subspace of the Hamiltonian matrix associated with its null and pure imaginary eigenvalues
provides an ideal basis for a modal projection, expressed as
X = N a,

(36)

where array a stores twelve generalized coordinates. Introducing this coordinate transformation
into governing equations (23) yields N a′ = H N a = N Λ a, where the second equality results from
identity (29). Matrix N has full rank because its columns span the eigenspace of Hamiltonian
matrix H associated with its null and pure imaginary eigenvalues. The reduced governing equation
of Saint-Venant’s problem become
a′ = Λ a.
(37)
Because this system is of size 12 × 12, closed form solutions can be obtained. Unfortunately, the
physical interpretation of the solution is difficult because of the nature of the generalized coordinates
is yet unknown.

5.1

Nature of the generalized coordinates

Let the generalized coordinate array be partitioned as aT = {αT β T }. Combining eqs. (36) and (18)
T
yields F † = Q β, where matrix Q = Z̄ Y . This implies that the last six generalized coordinates are
a linear combination of the beam’s stress resultants resolved in the canonical frame.
Note that array U † stores a yet undefined rigid-body motion of the cross-section, as discussed
in sections 2.4 and 4.1. To determine this rigid-body motion unequivocally, the following energy
equivalence condition, first proposed by Giavotto et al. [19], is postulated
T

P̂ û = F †T U † .

(38)
T

It implies that the work done by the nodal forces distributed over the cross-section, P̂ û, equals
that done by the six sectional stress resultants, F †T U † . Introducing transformation (36) yields
T
P̂ û = β T Y T (Z̄ α + W β) = F †T (α + P β), where P = Q−T (Y T W ). The energy equivalence
condition then yields U † = α + P β.
These results are summarized as

#
"
I −P Q−1 †
†
a=
−1 L = T L ,
0
Q

(39)

where array L†T = {U †T F †T } stores the physically meaningful generalized coordinates of the
problem: the sectional rigid-body motions and stress resultants resolved in canonical frame FC .
Clearly, generalized coordinates a are a linear combination of these.

5.2

Coordinate transformation

To obtain results that can be interpreted in a physically meaningful manner, modal reduction (36)
is recast as
(40)
X = N a = S L† ,
12

where matrix S is


Z̄ U
S =NT =
.
0 V


(41)

Matrices U = (W − Z̄ P )Q−1 and V = Y Q−1 are interpreted as the nodal warping and forces
induced by unit sectional stress resultants, respectively. The following identities are verified easily
T

Z̄ V = I,

and U T V = 0,

(42)

and imply that matrix S is symplectic, see appendix B. Because matrices N and S span the same
†

†

subspace of matrix H, identity H S = S Ĥ , which echoes eq. (29), implies that matrices Ĥ and Λ
possess the same eigenspectrum: the null and purely imaginary eigenvalues of H. Reduced matrix
†

Ĥ = T −1 Λ T , of size 12×12, is now

# "
"
#
−K̃C†
S†
−K̃C† S †
=
Ĥ =
,
0
Q K̃C†T Q−1
0
K̃C†T
†

(43)

†

where S † = (K̃C† P +P K̃C†T +O)Q−1 . Because S is symplectic, matrix Ĥ is Hamiltonian, see eq. (60),

and hence, matrix S † is symmetric and Q K̃C†T Q−1 = K̃C†T or Q K̃C†T = K̃C†T Q, i.e., matrices K̃C†T and
Q commute, justifying the last equality. When expressed in terms of generalized coordinates L† ,
reduced governing equations (37) become
†

L†′ = Ĥ L† .

(44)

Typically, beam theory is expressed in sectional frame FB . Transformation relationships (6)
and (7) imply
#
" †
ˆ
0
C
∗
L† =
(45)
†−T L ,
ˆ
0 C
where L∗T = {U ∗T , F ∗T } now stores the components of sectional rigid-body motions and stresses resultants resolved in the section frame. Introducing transformation (45) into governing equation (44)
∗
leads to L∗′ = Ĥ L∗ , where


∗
−K̃∗ S ∗
Ĥ =
,
(46)
0
K̃∗T
†−1
†−T
are components of matrix S † resolved in the sectional frame.
and S ∗ = Cˆ S † Cˆ
In summary, the governing equations of the Saint-Venant’s problem reduce to

U ∗′ + K̃∗ U ∗ = S ∗ F ∗ ,

F ∗′ − K̃∗T F ∗ = 0.

(47a)
(47b)

The first six equations defines the sectional constitutive laws: E ∗ = S ∗ F ∗ , where S ∗ is the sectional
compliance matrix and E ∗ = U ∗′ + K̃∗ U ∗ the sectional strains. The last six equations are the
equilibrium equations expressed in terms of stress resultants.
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5.3

Closed-form one-dimensional solutions

Because reduced governing equations (47) are ordinary differential equations with constant coefficients, the solution is
(48)
L∗ (α1 ) = G(α1 )L∗0 ,
∗

where symplectic matrix G(α1 ) = exp(Ĥ α1 ) and array L∗0 = L∗ (α1 = 0) stores the initial conditions
∗

of the problem. As discussed in section 4.2, the eigenvalues of the Hamiltonian matrix Ĥ are 0, jκ,
and −jκ, each with a multiplicity of four and the corresponding Jordan chains are given by eq. (33).
Linearly independent solutions of eq. (47) are obtained easily and the method of undetermined
P9
∗ k
coefficient coefficients yields G(α1 ) =
k=0 λk (θ)(Ĥ ) , where θ = κα1 and functions λk (θ) are
listed in appendix C. Symplectic matrix G(α1 ) has the following structure
(α1 ) B ∗ (α1 )
C ∗−1
r
G(α1 ) =
0
(α1 )
C ∗T
r




(49)

where C ∗r (α1 ) = exp(K̃∗ α1 ) is the relative motion tensor that brings the sectional frame FB at
P
α1 = 0 to that at α1 , i.e., C(α1 ) = C(0)C ∗r (α1 ); matrix B∗ = 9k=0 λk (φ)N ∗k , where matrix N ∗k is the
∗

upper-right corner sub-matrix of (Ĥ )k .

5.4

Three-dimensional solutions

Once the one-dimensional solution of Saint-Venant’s problem has been obtained, the corresponding
three-dimensional solution is recovered easily. First, the nodal displacements and forces can be
obtained by introducing solution (48) into transformation (45) to find
 
  

X
û
Z Ū
∗
(50)
=
G(α1 )L0 =
G(α1 )L∗0 ,
X =
Y
0 V̄
P̂
†−T
†−T
where Ū = U Cˆ , V̄ = V Cˆ , X = [Z Ū ], and Y = [0 V̄ ]. Because matrix [X T Y T ]T is
symplectic, the following identity holds

X T Y − Y T X = Jˆ.

(51)

Next, the three-dimensional strain fields is found by introducing (50) into eq. (14), leading to
h
γ ∗ (α1 , α2 , α3 ) = A N (α2 , α3 )(Z S ∗ + Ū K̃∗T )
(52)

+B N (α2 , α3 ) Ū F ∗ (α1 ),

where the fact that rigid-body motion create no strains, i.e., −A N Z K̃∗ + B N Z = 0, is used.

5.5

Boundary conditions

Boundary conditions [36, 37] are enforced in the weak form,
i
h
T
δûT (P̌ − P̂ ) − δ P̂ (ǔ − û)

L

= 0,

(53)

0

where ǔ and P̌ are the prescribed nodal displacements and forces, respectively, at the beam’s end
sections. Three types of boundary conditions are commonly encountered: (1) nodal displacements
14

are prescribed over the cross-section, (2) nodal forces are prescribed over the cross-section, or (3)
nodal displacements and forces are prescribed over mutually exclusive portions of the cross-section.
For simplicity, it is assumed that nodal displacements are specified at the beam’s root, û(0) = ǔ,
while nodal forces are specified at the other end, P̂ (L) = P̌ . Other types of boundary conditions can
be derived as well. Introducing the specified values into eq. (53), and noticing that the variations
δǔ and δ P̌ vanish yields
h
i
(54)
δû(L)T P̌ − P̂ (L) + δ P̂ (0)T [ǔ − û(0)] = 0,
Introducing closed form solutions (50) into eq. (54), yield

δL∗T
A L∗0 − b = 0,
0

(55)

where matrix A = G(L)T X T Y G(L) + Y T X and array b = G(L)T X T P̌ + Y T ǔ. Introducing identity (51), yields A = G(L)T (J + Y T X ) G(L) + Y T X = J + Y T X + G(L)T Y T X G(L) = AT , where
the second equality results from the fact that G(L) is symplectic. Hence, matrix A is symmetric.
Clearly, the enforcement of boundary conditions (55) leads to 12 equations, A L∗0 = b, to determine
the 12 unknowns, L∗0 .

6

Numerical examples

To validate the proposed solution procedure for Saint-Venant’s problem, a set of numerical examples
will be presented. In each case, the following procedure is followed: (1) determine the beam’s
sectional stiffness matrix as discussed in section 5.2, (2) solve the reduced equations subjected to
boundary conditions (55), (3) recover the nodal displacement and forces over the beam’s crosssection using eq. (50), and (4) recover the three-dimensional strain field using eqs. (52).

6.1

Incomplete ring problem

The first example focuses on the incomplete ring of radius R shown in fig. 3. The ring has a circular
cross-section of radius r, is made of a homogenous, isotropic material of Poisson’s ratio ν = 0.3, and
is subjected to a pair of vertical force, P , sharing a common line of action parallel to unit vector
ı̄3 and passing through the center of the ring. Clearly, the ring is subject to a uniform shear force,
P , along unit vector b̄3 and a uniform torque, P R, about unit vector b̄1 . Because the solution is
uniform around the ring, its length is arbitrary and selected to be unity.

Figure 3: Incomplete ring subjected to shearing and torsion.
Freiberger [38] developed an exact solution of three-dimensional elasticity for this problem.
When resolved in the material basis, the only non-vanishing stress components are σ12 and σ13 .
Four ratios of ring radius to sectional radius are considered, R/r = 1.5, 2.0, 4.0 and ∞. For
the present approach, a two-dimensional mesh of 158 8-node quadrilateral elements was used to
discretize the cross-section.
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Figure 5: Non-dimensional circumferential
shear stress σ̄1φ along diameter PQ.

Figure 4: Non-dimensional shear stress σ̄13
along diameter PQ.

The distribution of non-dimensional shear stress σ̄13 = πr 3 σ13 /(2P R) along horizontal diameter
PQ is shown in fig. 4. The distribution of non-dimensional circumferential shear stress σ̄1ϕ =
πr 3 (σ13 cos ϕ − σ12 sin ϕ)/(2P R) around outer arc QP of the circular section is shown in fig. 5. The
figures show the exact solutions for R/r = 1.5, 2.0, 4.0 and ∞ with solid, dashed, dotted, and
dashed-dotted lines, respectively. The present solutions are indicated with symbols × and are in
excellent agreement with the exact solutions.

6.2

Compliance matrix of curved and twisted beams

The second example evaluates the effect of initial curvature on the components of the sectional
compliance matrix. The beam has a rectangular section of size b×h (aspect ratio b/h = 2), see fig. 6,
is made of an isotropic material (Young’s modulus, E, and Poisson’s ratio ν = 0.3), and its reference
line passes through the section’s geometric center. Two cases are considered: case (a) a curved beam,
curvature vector k ∗ = {0, 0, 1/ρ3 }T , and case (b) a twisted beam, k ∗ = {1/ρ1 , 0, 0}T . The non∗0 1/2
dimensional components of sectional compliance matrix are defined as S̄ij = Sij∗ /(Sii∗0 Sjj
) , where
∗0
∗0
Sii and Sjj are the diagonal entries of the compliance matrix of the straight beam.
_
Cross-section

h

b3

_

b2
B
b

Figure 6: Cross-section of initially curved or twisted beam.
For case (a), figs. 7 and 8 show the non-dimensional diagonal and off-diagonal compliance com∗
ponents, respectively, versus the non-dimensional radius of curvature, ρ3 /h. Components S16
and
∗
S34 are the only non-vanishing off-diagonal entries of the compliance matrix and correspond to
bending/stretching and shearing/twisting couplings, respectively. In these figures, the smallest
non-dimensional radius of curvature is ρ3 /h = 2. When it decreases below 2, components of the
compliance matrix exhibit sharp gradients and become singular for ρ3 /h = 1, where the beam
becomes a wedge. The present approach predicts this expected singularity. The corresponding
results for case (b) are presented in figs. 9 and 10. For the twisted beam, extention/twisting and
shear/bending couplings appear. Here again, results are shown for radii of curvature ρ1 /h ≥ 2.
This example shows that when ρ/h ≥ 10, initial curvature affects both on- and off-diagonal
entries of the compliance matrix. Ignoring these effects degrades the accuracy of the model.
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Figure 7: Compliance components S̄ij vs. radius of curvature, case(a), S̄11 (◦), S̄22 (),
S̄33 (⋄), S̄44 (⊲), S̄55 (⊳), S̄66 (△).

Figure 8: Compliance components vs. radius
of curvature, case(a), S̄16 (◦), S̄34 (⋄).

Figure 9: Compliance components vs. radius of
curvature, case(b), S̄11 (◦), S̄22 (), S̄33 (⋄), S̄44
(⊲), S̄55 (⊳), S̄66 (△).

6.3

Figure 10: Compliance components vs. radius
of curvature, case(b), S̄14 (◦), S̄25 (), S̄36 (⋄).

Helicoidal beam problem

Figure 11: Helicoidal beam subjected to a tip force.
The three-dimensional helicoidal beam shown in fig. 11 has a circular cross-section of radius
r and its reference line, which passes through point B, is described by the equation of a helix
x1 = ρ cos θ, x2 = ρ sin θ, x3 = pθ, where ρ = 0.1 m is the radius and p = 0.05 m/rad the pitch.
The beam is cantilevered at one end (θ = 0) and free at the other end (θ = 2π). Unit vectors
b̄1 , b̄2 , and b̄3 are the unit tangent, normal, and binormal vectors, respectively, of the helicoidal
reference line. The sectional frame coincides with the reference line’s Frenet-Serret frame, i.e.,
B♭ = B∗ = (t̄ = b̄1 , n̄ = b̄2 , b̄ = b̄3 ), and the corresponding curvature is k ∗ = {4, 0, 8}T m−1 . The
beam is made of an isotropic material of Young’s modulus E = 73 GPa and Poisson’s ratio ν =
0.3. A unit concentrated force P , acting along unit vector ı̄3 , is applied at the geometric center of
the tip section.
In the present approach, the circular cross-section was modeled with a mesh of 158 8-node
quadrilateral elements. The components of the average sectional rigid-body motion, U ∗ , and stress
17
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resultants, F ∗ , resolved in the sectional frame, are depicted in figs. 12 and 13, respectively.
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Figure 12: Sectional rigid-body motion along
axial coordinate: u∗1 (◦), u∗2 (⋄), u∗3 (⊳), φ∗1 (⊲),
φ∗2 (△), φ∗3 (▽).

Figure 13: Stress resultants along axial coordinate, F1∗ : (◦), F2∗ : (⋄), F3∗ : (⊳), M1∗ : (⊲), M2∗ :
(△), M3∗ : (▽).

The 6×6 sectional compliance predicted by the present approach is


3.06
0
0.303
1.32
0
−27.6
 0
2.42
0
0
0.492
0 



 0.303
0
5.56
35.8 −1.69
∗
,

S =

1.32
0
35.8
419
0
−19.7


 0
0.492
0
0
346
0 
−27.6
0
−1.69 −19.7
0
334

where units of entry Sij∗ are set as following: N−1 for i, j = 1, 2, 3, N−1 ·m−2 for i, j = 4, 5, 6, and
N−1 ·m−1 for other entries. Although the cross-section possesses circular symmetry, the bending
compliances about unit vectors b̄2 and b̄3 are not equal and the shearing compliances along the
same axes differ widely. This is due to the beam’s initial curvature and twist, which are also
responsible for the appearance of extention/twist, extention/shear, extention/bending, shear/twist,
and shear/bending coupling terms.
To validate the results, an analysis was performed using three-dimensional, 20-node brick elements in ABAQUS. The two-dimensional mesh used for the present approach was extruded along
the beam’s span with 240 layers, for a total of 158×240 elements. All displacement components of
the root nodes (at θ = 0) were set to zero and concentrated load P was applied to the center of the
tip cross-section.
Stress components were evaluated along the span of the beam at the three locations indicated
in fig. 11 as points A, B, and C. The six stress components are depicted in figs. 14 to 19. In
these figures, predictions at points A, B, and C are shown solid, dashed, and dashed-dotted lines,
respectively, for the present approach and with symbol ×, ◦, and ⋄, respectively, for the ABAQUS
predictions.
In Euler-Bernoulli or Timoshenko beam theories, strains are assumed to be linearly distributed
over the cross-section. This assumption corresponds to ignoring warping contributions to threedimensional strain distributions, i.e., the terms associated with warping matrix U are ignored in
eq. (52). For reference, the corresponding stress components were also evaluated and are shown in
figs. 14 to 19 with the thinner solid, dashed, and dashed-dotted lines for the stress components at
points A, B, and C, respectively.
The predictions of the proposed approach are in excellent agreement with the three-dimensional
FEM results, except near the beam’s ends. Indeed, the proposed approach focuses on Saint-Venant’s
solutions, i.e., on the solutions that propagate without decaying along the beam’s span. The
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Figure 14: Stress distribution along axial coordinate.
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Figure 15: Stress distribution along axial coordinate.
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Figure 16: Stress distribution along axial coordinate.
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Figure 17: Stress distribution along axial coordinate.

remaining eigenvalues of the Hamiltonian occur in complex conjugate pairs and hence, decay away
from the beam’s ends. For this problem, the eigenvalues of lowest magnitude are ± 31.28 m−1 and
the corresponding extremity solutions decay exponentially from the beams ends as exp(−31.28α1 ).
At θ = π/5, i.e., α1 = σθ = 0.0703 m, the magnitudes of the extremity solutions are exp(−31.28α1 )
= 0.11; clearly, the effects of the extremity solutions is felt within a very small zone near the beam’s
ends only, as observed in figs. 14, 15, 17, and 18.
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Figure 18: Stress distribution along axial coordinate.
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Figure 19: Stress distribution along axial coordinate.

A cursory look at figs. 14 to 19 reveals that neglecting the effects of warping deformation results
in large errors for stress predictions. When warping deformations are taken into account, the present
predictions are in close agreement with those of the three-dimensional finite element analysis.
The distributions of displacement components u1 , u2 , and u3 at points A, B, and C, resolved in
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Figure 20: Displacement distribution along axial coordinate.

Figure 21: Displacement distribution along axial coordinate.

Figure 22: Displacement distribution along axial coordinate.
the inertial frame, are depicted in figs. 20, 21, and 22, respectively. The predictions of the present
approach at points A, B, and C are shown in solid, dashed and dashed-dotted lines, respectively,
while the ABAQUS predictions appear with symbols ×, ◦, and ⋄, respectively.
Note that while warping deformations affect stress predictions significantly, they have a negligible
impact on displacement predictions. For this problem, the magnitude of warping displacements is
of the order of 10−11 to 10−10 m, which is far smaller than the magnitude of the sectional rigid-body
motions.
As a final validation effort, the predicted distributions of the axial stress component, σ11 , over
the cross-section at θ = π are shown in figs. 23 and 24, for the present approach and ABAQUS,
respectively. The corresponding results for stress component σ22 appear in figs. 25 and 26. Here
again excellent correlation is observed between the proposed approach and three-dimensional finite
element predictions.

7

Conclusions

This paper has presented a novel solution of Saint-Venant’s problem for helicoidal beams. The
approach is based on Hamilton’s formalism and the construction the subspace associated with
the Hamiltonian matrix’s null and pure imaginary eigenvalues is the key step of the proposed
procedure. The system Hamiltonian matrix is projected onto this subspace, leading to a reduced
12×12 matrix whose eigenvalues and associated Jordan chains are identical to the null and purely
imaginary eigenvalues and associated Jordan chains of the original Hamiltonian. When compared
with the approaches previously developed by the authors [32, 33], the present approach leads to a
straightforward, more efficient computational implementation.
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Figure 23: Distribution of stress component σ11
[Pa], present solution.
0.10

31 37



Figure 24: Distribution of stress component σ11
[Pa], ABAQUS.
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Figure 25: Distribution of stress component σ22
[Pa], present solution.

Figure 26: Distribution of stress component σ22
[Pa], ABAQUS.

A fundamental theoretical result has also been established: Saint-Venant’s solutions exist because rigid-body motions create no strains. Indeed, the solvability conditions for the governing
equations of the problem are satisfied because a matrix identity holds that expresses the fact that
rigid-body motions create no strains. Furthermore, the simplifying role of the canonical frame was
illustrated for the helicoidal beam. When resolved in the canonical frame, the generalized curvature
tensor takes a simple form, which facilitates the construction of the subspace associated with the
null and pure imaginary eigenvalues of the Hamiltonian matrix.
Numerical examples were presented to demonstrate the capabilities of the proposed approach.
Predictions were compared to exact solutions of three-dimensional elasticity or three-dimensional
FEM analysis and were found to be in excellent agreement with these results. Since the present
analysis requires a two-dimensional discretization only, the proposed approach is very efficient and
requires far less computational effort than approaches based on three-dimensional finite element
methods. Although all the numerical examples dealt with isotropic materials, the present approach
is valid for beams made of heterogeneous, anisotropic materials presenting uniform properties along
their span.
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[2] J. C.-B. de Saint-Venant. Mémoire sur la flexion des prismes. Journal de Mathématiques de
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A

Hamiltonian matrices

Matrix H, of size 2n × 2n, is said to be Hamiltonian if it satisfies the following property
(J H)T = J H,
where skew-symmetric matrix J is defined as
"

#
0n×n I n×n
.
J =
−I n×n 0n×n

Note the following properties of matrix J : J T = −J , J J T = I.
Property (56) implies that the most general form of a Hamiltonian matrix is


A
B
H=
,
C −AT

(56)

(57)

(58)

where matrices A, B, and C are of size n × n and matrices B and C are symmetric.

B

Symplectic transformations

Two vectors, X and Y, both of size 2n × 1, are said to be symplectic orthogonal if they satisfy the
following property X T J Y = 0. Matrix S, of size 2n × 2m (m ≤ n), is said to be symplectic if it
satisfies the following property
(59)
S T J S = Jˆ,

where skew-symmetric matrix Jˆ is of size 2m × 2m but otherwise identical to that defined by
eq. (57). Each column of matrix S is symplectic orthogonal to its other columns.
Consider now the following transformation
H S = S Ĥ.

(60)

Pre-multiplying this equation by S T J yields S T (J H) S = S T J S Ĥ = (Jˆ Ĥ) and hence, if matrix

H is Hamiltonian, so is matrix Ĥ. Clearly, transformation (60) is structure preserving: Hamiltonian
matrix H, of size 2n × 2n, is reduced to Hamiltonian matrix Ĥ, of size 2m × 2m, by symplectic
matrix S.
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C

Closed form solutions

Functions λk (θ) appearing in the closed form solution of Saint-Venant’s problem are
λ0 (θ) = 1,
κλ1 (θ) = θ,
48κ2 λ2 (θ) = 192 + (15θ2 − 192) cos θ + (θ2 − 87)θ sin θ,
48κ3 λ3 (θ) = 192θ − (θ2 − 123)θ cos θ + (18θ2 − 315) sin θ,
16κ4 λ4 (θ) = 96 + (13θ2 − 96) cos θ + (θ2 − 61)θ sin θ,
16κ5 λ5 (θ) = 96θ − (θ2 − 93)θ cos θ + (16θ2 − 189) sin θ,
16κ6 λ6 (θ) = 64 + (11θ2 − 64) cos θ + (θ2 − 43)θ sin θ,
16κ7 λ7 (θ) = 64θ − (θ2 − 71)θ cos θ + (14θ2 − 135)θ sin θ,
48κ8 λ8 (θ) = 48 + (9θ2 − 48) cos θ + (θ2 − 33)θ sin θ,
48κ9 λ9 (θ) = 48θ − (θ2 − 57)θ cos θ + (12θ2 − 105) sin θ.
For the straight beam, κ = 0, then using the definition of matrix exponential
to matrix L as
 α2
α1 
α3
1
B = S ∗ + −K̃∗ S ∗ + S ∗ K̃∗T
− K̃∗ S ∗ K̃∗T 1 .
1!
2!
3!
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(61a)
(61b)
(61c)
(61d)
(61e)
(61f)
(61g)
(61h)
(61i)
(61j)

P∞

k=0 Ĥ

∗k

/k! will lead
(62)

