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Abstract
Interpolation of motion is required in various fields of engineering such as computer animation and vision, trajectory planning for robotics, optimal control of dynamical systems, or finite
element analysis. While interpolation techniques in the Euclidean space are well established,
general approaches to interpolation on manifolds remain elusive. Interpolation schemes in the
Euclidean space can be recast as minimization problems for weighted distance metrics. This
observation allows the straightforward generalization of interpolation in the Euclidean space
to interpolation on manifolds, provided that a metric of the manifold is defined. This paper
proposes four metrics of the motion manifold: the matrix, quaternion, vector, and geodesic
metrics. For each of these metrics, the corresponding interpolation schemes are derived and
their advantages and drawbacks are discussed. It is shown that many existing interpolation
schemes for rotation and motion can be derived from the minimization framework proposed
here. The problems of averaging of rotation and motion can be treated easily within the same
framework. Both local and global interpolation problems are addressed. The proposed interpolation framework can be used with any suitable set of basis functions. Examples are presented
with Chebyshev spectral, Fourier spectral, and B-spline basis functions. This paper also introduces one additional approach to the interpolation of motion based on the interpolation of its
derivatives. While this approach provides high accuracy, the associated computational cost is
high and the approach cannot be used in multi-variable interpolation easily.
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Introduction

Interpolation of rotation and rigid-body motion is a common problem that arises in various fields
of engineering such as computer animation and vision, trajectory planning for robotics, or optimal
control of dynamical systems. In the area of multibody system dynamics, interpolation of motion is
required when implementing finite element and spectral methods. Interpolation can be viewed as a
mathematical operation that approximates a continuous field based on its discrete values at a set of
points. For instance, in finite element methods, the displacement field is known at the nodes of the
element and interpolation is required to evaluate the displacement and strain fields at the Gauss
points; this process can be viewed as a “local interpolation” within the element. On the other hand,
in spectral methods, the displacement field is known at the grid points and interpolation is required
to evaluate strains at the same grid points; this process can be viewed as a “global interpolation”
over the entire domain and is expected to yield the exponential convergence property of spectral
methods. Of course, the nature of the field to be interpolated depends on the specific application. In
this paper, the interpolation of both rotation and rigid-body motion is treated in a unified manner
and is referred to as “the interpolation of motion.”
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Interpolation techniques in Euclidean space are well established. Given a set of vectors, xk ∈ Rm ,
located at grid points η k , k = 0, 1, . . . , N , classical interpolation schemes define the interpolated
vector, x(η), as
N
X
x(η) =
(1)
Ik (η)xk ,
k=0

where Ik (η) are basis functions that are required to satisfy the property of partition of unity,
N
X

Ik (η) = 1.

(2)

k=0

Interpolation scheme (1) represents the weighted average of the vectors at the grid points: basis
function Ik (η) is the weight associated with vector xk .
The operation of averaging is similar to the interpolation problem. Setting all weighting functionsP
to identical constants, i.e., Ik (η) = 1/(N + 1), averaging in Euclidean space simply becomes
x= N
k=0 xk /(N + 1). Typically, averaging is required when vectors xk represent experimentally
measured data points.
Difficulties arise when the same techniques are applied to rotation and motion fields. Indeed,
rotations form the Special Orthogonal group in R3×3 , denoted SO(3), and the rotation tensor is
denoted R ∈ {R3×3 |RT R = I, det(R) = 1}. Alternatively, rotation can also be described by means
of rotation parameter vectors [1], p ∈ R3 , or unit quaternions, ê ∈ H and êT ê = 1, where H
represents the algebra of quaternions. In this work, the dual number notation is adopted and D
represents the domain of dual numbers. Traditionally, rigid-body motions are treated as separate
displacement and rotation fields. In fact, motions form the Special Orthogonal group in D3×3 ,
denoted SO(3), which is isomorphic to the Special Euclidean group SE(3); the motion tensor is
denoted R ∈ {D3×3 |R T R = I , det(R ) = 1}, where I and 1 represents identity dual matrix of size
3 × 3 and dual unity, respectively. Motion can also be described by means of motion parameter
vectors [2], p ∈ D3 , or unit dual quaternions, ê ∈ HD and ê T ê = 1, where HD represents the algebra
of dual quaternions. The rotation and motion parameter vectors provide locally flat coordinates on
the manifold SO(3) and SO(3).
In this paper, interpolation of motion is treated as a unified problem, in contrast with the
classical approaches that develop separate interpolation schemes for the displacement and rotation
fields. As shown by Kavan et al. [3, 4] for computer animation applications, interpolation of motion
leads to more natural rendering and faster execution times. In finite element methods, the coupling
induced by the interpolation of motion yields superior convergence rates for the representation of
constant strain states and this property leads to finite elements that are less prone to the locking
phenomenon, as shown by Sonneville et al. [5]. An additional advantage of the unified treatment of
motion is that the principle of transference [6, 7] make interpolation of rotation a particular case of
interpolation of motion.
Interpolation scheme (1) cannot be used, as is, to interpolate on a manifold because linear operations are not valid on the manifold. Due to the special structure of the Euclidean space, scheme (1)
provides a valid approach to interpolation in that space only. Interpolation schemes for rotation and
motion fall into four broad categories: the interpolation of rotation (motion) increments and vectors,
embedding-based approaches, geodesic-based approaches, and minimization-based approaches.
Rotation increments and rotation parameter vectors live in the Euclidean space and interpolation scheme (1) can be applied to these quantities directly. Such schemes has been used in the
early stages of application of the finite element method to geometrically exact beams [8, 9, 10].
As first noted by Crisfield and Jelenić [11], interpolation schemes should be path-independent, i.e.,
solutions are defined by the final configuration only, and objective, i.e., the strain measures are invariant under the superposition of a rigid-body motion. Interpolation of rotation increments results
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in path-dependent solutions, while interpolation of rotation parameter vectors is not objective. To
remedy the situation, Crisfield and Jelenić [11] proposed the interpolation of relative rotation parameter vectors and showed that this approach was both path-independent and objective. Similarly,
interpolation of relative motion parameter vectors is both path-independent and objective [12].
Rotation matrix R and unit quaternion ê are embedded in Euclidean spaces R9 and R4 , respectively, and are subjected to six and one orthonormality constraints, respectively. The interpolated
rotation is obtained by interpolating the rotation matrix or quaternions in Euclidean space R9
or R4 , respectively, and mapping the result back onto the manifold via the closest point projection [13, 14, 12, 15], which typically corresponds to a re-normalization operation. Motion interpolation algorithms are found by developing similar schemes operating on dual quantities [4, 16].
Embedding based approaches lead to path-independent and objective schemes in the framework of
finite element methods. Several authors [17, 18] have noted that the re-normalization operation can
be skipped altogether: constraints are enforced at the nodes only. Romero [14] pointed out that
this practice leads to softer elements.
In geodesic-based approaches, the linear operation implied by eq. (1) is replaced by a geodesic
operation on manifold SO(3) and SO(3), for rotation and motion, respectively. In the Euclidean
space, the geodesic line between two points is the straight line joining these two points and interpolated quantities lie along this line. Similarly, the geodesic line on SO(3) is the arc of big
circle passing through two rotations and interpolated rotations should lie along this line. Based
on this idea, Shoemake [19] proposed the spherical linear interpolation (SLERP) for quaternions.
He also proposed a higher-order interpolation scheme for quaternions on Bézier curves based on
the recursive application of SLERP with the aid of de Casteljau’s algorithm. Park and Ravani [20]
investigated Bézier curve interpolation on Riemannian manifold by means of matrix exponentials
and logarithms.
These ideas were extended to the interpolation of motion by operating on dual quaternions,
leading to the Screw Linear Interpolation (ScLERP) [4, 2]. SLERP and ScLERP produce constantcurvature interpolations, which have been used in geometrically exact beam formulations by
Borri and Bottasso [21] and Sonneville et al. [22] to construct constant-strain elements. Alternatively,PMerlini and Morandini [23, 24] have shown that interpolation scheme (1) can be recast as N
k=0 Ik (η)(x − xk ) = 0, which implies the vanishing of the weighted summation of the
relative
By analogy, motion interpolation schemes can be found by imposPN position vectors.
T
I
(η)
log(R
ing
R
)
=
0, which implies the vanishing of the weighted summation of the
k=0 k
k
logarithm
of the relative motion. Sonneville et al. [5] extended this interpolation technique to
PN
T
I
(η)p(R
R ) = 0, where p is an arbitrary motion parameter vector for relative motion
k=0 k
k

R TR .
k
In minimization-based approaches, the following question is asked: is it possible to reformulate
classical interpolation scheme (1) in a manner that becomes independent of the properties of the
Euclidean space? Interpolation scheme (1) can be recast as the following minimization problem,
x(η) = arg minm J(x, xk ),
x∈R

where J(x, xk ) =

N
X

Ik (η)dist2E (x, xk ).

(3)

k=0

The
p distance between points x and xk in the Euclidean space is defined as distE (x, xk ) =
(x − xk )T (x − xk ). The solution of minimization problem (3) is found by imposing the stationarP
PN
T
ity of objective function J(x, xk ), leading to δxT [ N
k=0 Ik (η)(x − xk )] = δx [x −
k=0 Ik (η)xk ] = 0,
which then implies interpolation scheme (1). Because the Hessian at the stationary point, I, is
positive-definite, the stationary point is a minimum.
Minimization problem (3) can be used to derive interpolation or averaging schemes in any
space provided that the selected distance function, dist(·, ·), is a valid measured of distance in that
3

space. Based on this idea, Pennec [25] formulated the rotation averaging problem as a minimization
problem: he defined the objective function as the weighted summation of the geodesic distances
from the average rotation to the rotations at the grid points. Buss and Fillmore [26] formulated
the rotation interpolation problem as a minimization problem and also proved the existence and
uniqueness of the minimum. Buss and Fillmore’s approach leads to geodesic-based interpolation,
i.e., SLERP and the interpolation scheme proposed by Merlini and Morandini [23, 24]. A similar
approach was followed by Sander [27] to develop a geodesic-based finite element method.
Rotation averaging schemes based on other distance functions have been investigated by numerous authors [28, 29, 30, 31, 32]. Rotation interpolation schemes based on other distance functions,
however, has not been explored. The objective of this paper is to investigate rotation and motion
interpolation schemes based on different distance functions. It is shown that both embedding-based
and geodesic-based interpolation schemes can be derived from minimization approaches equipped
with different distance functions. Although the central focus of this paper is to recast a number of
existing interpolation and averaging schemes for rotation and motion into a unified minimization
framework, it does contain several new developments.
1. While various distance functions have been proposed for rotation [33, 32], the definition of
distance for motion is more problematic. In this paper, dual-valued distance functions for
motion are proposed as an extension of the real-valued distance functions for rotation.
2. Two approaches have been proposed to extract the closest motion tensor from a nonorthogonal dual matrix: the polar decomposition approach and the quaternion approach. The
equivalence between these two approaches and their connection to the quaternion extraction
algorithm of Klumpp and Shepperd [34, 35] are established in section 5.1.
3. It is shown that the quaternion field corresponding to a periodic rotation cannot be both
periodic and continuous over one period because of the two-to-one correspondence between
quaternions and rotation, as shown in section 7.2.
While both local and global interpolation schemes can be formulated as minimization problems,
this paper put special emphasis on the global interpolation of motion, i.e., interpolation problems
involving rotations of absolute value larger than 2π. Such problems are found in trajectory planning
for robotics, optimal control of dynamical systems, and in applications of the Fourier spectral
method.
This paper also introduces one additional approach to the interpolation of motion based on the
interpolation of its derivatives. For problems involving time derivatives, rather than interpolating
motion, the approach interpolates the velocity field first. Polynomial interpolation of the derivatives
is referred to as Birkhoff interpolation [36]. When used in spectral methods, Birkhoff interpolation
leads to a well-conditioned systems of governing equations [37]. Because the velocity field is a linear
field, the traditional approaches to interpolation can be used confidently. The interpolated motion
is then evaluated by integrating the kinematic compatibility equations.
In this paper, three types of global interpolation functions are illustrated: Chebyshev spectral,
Fourier spectral, and B-spline functions. Chebyshev spectral interpolation is used for non-periodic
problems and is a common tool for the pseudo-spectral solution of the differential equations of
dynamical systems [38, 39, 40] and optimal control [41, 42]. Fourier spectral interpolation, also
referred to as the harmonic balance method, deals with periodic problems. It is used to extract
periodic solutions of dynamical systems [43, 16] and to assess the stability of these periodic solutions
via Hill’s method. Finally, B-spline interpolation is used for both periodic and non-periodic problems
by choosing the knots and control points appropriately. Applications of this approach are found
in trajectory generation [44, 45], computer animation [19, 20], and isogeometric analysis [46, 47] in
the finite element field.
4

Because interpolation of motion is a purely kinematic problem, this paper starts in section 2
with a review of the tools that will be used throughout this work to represent kinematics. Next,
the classical interpolation schemes are recast as minimization problems, see section 3. Because
the concept of minimization requires the existence of a distance, section 4 defines various distance
measures between two motions and each distance measure leads to a corresponding interpolation
scheme, as detailed in section 5. Interpolation schemes based on integration of the kinematic
compatibility equation are presented in section 6 and section 7 concludes the paper with numerical
examples illustrating the respective advantages and drawbacks of the various schemes.

2

Kinematics preliminaries

As mentioned in the introduction, motion forms group SO(3) in D3×3 and rotation is a subset
of motion, forming group SO(3) in R3×3 . All the motion interpolation schemes presented in this
paper are developed in SO(3) and the principle of transference implies that these schemes are also
applicable to rotation. Because dual numbers provide the most efficient means of manipulating
motion, section 2.1 reviews the basics of dual number algebra. Of particular relevance to this
work are functions of dual variables; the minimization of dual functions is discussed in section 2.2.
Three representations of motion are discussed within the framework of dual number algebra: the
motion tensor, the motion parameter vector, and dual quaternion representations are described in
sections 2.3, 2.4, and 2.5, respectively.
In this paper, vectors and matrices are represented by notations • and •, respectively. Unit
vectors and quaternions are represented by notations •¯ and •ˆ, respectively. Calligraphic letters
indicate dual entities: A = A +  A◦ represents a dual matrix with primal part A and dual part A◦ .
Notation •˜ and axial(•) are linear maps between of a vector of size 3 × 1 and a matrix of size 3 × 3,
defined as




0 −a3
a2
A32 − A23 

1
0 −a1  , axial(A) =
A13 − A31 .
(4)
ã =  a3

2
−a2
a1
0
A21 − A12

2.1

Dual scalars, vectors, and matrices

Dual numbers were first introduced in the nineteenth century by Clifford [48]. Applications of
dual number algebra to kinematics have been presented by Study [49], Rooney [6], McCarthy [50],
Martinez and Duffy [7], Angeles [51], and Fischer [52]. More recent presentations focusing on
computational issues include those of Merlini and Morandini [23], Pennestrı̀ and Stefanelli [53],
Condurache and Burlacu [54], or Han and Bauchau [2]. Typically, dual numbers are written as
a = a +  a◦ , where a and a◦ are referred to as the primal and dual parts, respectively, and
parameter  is such that n = 0 for n ≥ 2. The product of two dual scalars now becomes ab =
(a +  a◦ )(b +  b◦ ) = ab +  (ab◦ + a◦ b). The zero and identity dual numbers are 0 = 0 +  0 and
1 = 1 +  0, respectively.
A dual vector is composed of two vectors of the same size a = a +  a◦ . The scalar p
product
T
T
T ◦
◦T
T
of
p two dual vectors
p is a b = a b +  (a b + a b). The norm of a dual vector is kak = a a ◦=
aT a +  aT a◦ / aT a. The vector product of two dual vectors of size 3 × 1 is ãb = ãb +  (ã◦ b + ãb ).
A unit dual vector is defined as ā = ā +  a◦ , where kāk = 1 and āT a◦ = 0. An arbitrary
qnonvanishing dual vector can be normalized to an unit dual vector by operation ā = b/kbk = b/ b T b,
p
p
where the primal and dual parts can be found as ā = b/ bT b and a◦ = −(bT b◦ )b/(bT b)3/2 +b◦ / bT b,
respectively.
Similarly, a dual matrix is composed of two matrices of the same size A = A +  A◦ . The
transpose of a dual matrix is A T = (A +  A◦ )T = AT +  A◦T . The product of a dual matrix by
5

a dual vector is found easily as A a = A a +  (A a◦ + A◦ a). The identity dual matrix is defined as
I = I +  0. Dual matrix A is orthogonal if A T A = AT A +  (AT A◦ + A◦T A) = I , which is equivalent
to AT A = I and symm[AT A◦ ] = 0.

2.2

Dual functions of dual variables

Consider a dual function of a dual variable, J (a). Function J is assumed to be analytic [55, 53], i.e.,
it is of the following form: J (a) = J(a) +  a◦ J 0 (a), where notation •0 in this subsection indicates
a derivative with respect to a. The derivative of dual function J with respect to dual variable a is
a dual number, dJ (a)/da = J 0 (a) +  a◦ J 00 (a). Two important observations can be made: (1) the
primal part of an analytic function depends on the primal part of its dual variable only and (2) the
dual part of an analytic function is a linear function of the dual part of its dual variable.
Because the magnitude of a dual number is not defined, dual numbers cannot be compared.
The primal part of a dual function, J(a), can reach a minimum or maximum whereas its dual part,
a◦ J 0 (a), never reaches a minimum or maximum in a open set because it is a linear function of a◦ .
Minimization of a dual function is devoid of meaning unless a precise definition of the concept is
given.
Definition 1 (Minimization of a dual function). The minimization of a dual function of dual
variables, J (a), implies the satisfaction of two conditions: (1) the variation of the function vanishes,
δJ (a) = 0 and (2) the primal part of the function achieves a minimum.

2.3

The motion tensor

Motion tensor R = R +  r̃R is the transformation that brings inertial frame F = [O, I = (ı̄1 , ı̄2 , ı̄3 )]
to material frame Fb = [B, B = (b̄1 , b̄2 , b̄3 )], i.e., b̄j = R īj , j = 1, 2, 3. Vector r is the relative
position vector of reference point B with respect to the origin, O, and rotation tensor R brings
inertial basis I to material basis B. Finally, dual vectors īj = ı̄j +  0 and b̄j = b̄j +  r̃b̄i are the
Plücker coordinates of the lines along directions ı̄j and b̄j , respectively, passing through reference
points O and B of the inertial and material frames, respectively. Motion tensor R is orthogonal
because R T R = RT R +  (RT r̃T R + RT r̃R) = I +  0. Motion tensor R is a natural generalization
of rotation tensor R.
Consider a given motion field R (η). The components of the dual velocity vector resolved in the
material basis are defined as
T 0
]
ṽ = R T R 0 = −R 0T R = −(R T R 0 )T = ω̃ +  R
r,

(5)

where notation (·)0 indicates the derivative with respect to a component of vector η, say ηi . Because
the derivatives with respect to any component ηi are of the same form, the component index is
not specified. Component ηi could be a temporal or a spatial variable, leading to the dual velocity
or curvature vector, respectively. The second and third equalities follow from taking a derivative
of identity R T R = I . Equation (5) is known as the kinematic compatibility equation and relates
the dual velocity and motion fields. The dual velocity field is an element of so(3), the Lie algebra
of SO(3). If component ηi is a temporal parameter, dual part RT r0 represents the velocity of the
reference point of a rigid-body; if component ηi is a spatial parameter, the same quantity represents
the strain a beam [56, 57, 58], shell [59], non-polar continuum, or polar continuum [60]. Primal
part ω = axial(RT R0 ) is an element of so(3), the Lie algebra of SO(3), and represents the angular
velocity of a rigid-body or the curvature of the structure when component ηi is a temporal or spatial
parameter, respectively.
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The components of the virtual motion vector resolved in the material frame are similar to those
of the dual velocity vector, eq. (5),
T
]
˜ = R T δR = δψ
˜ + R
δu
δr,

(6)

where δψ = axial(RT δR) and RT δr represent the virtual rotation and displacement vectors, respectively, both resolved in the material frame.
Taking a variation of kinematic compatibility equation (5) and a derivative of virtual motion (6)
˜ 0 = R 0 T δR +R T δR 0 , respectively. Subtracting these two equations
yields δ ṽ = δR T R 0 +R T δR 0 and δu
˜ 0 = ṽ δu
˜ − δu
˜ ṽ. Elementary vector identities now
and using eqs. (5) and (6) then leads to δ ṽ − δu
yield the transpositional relationship,
δv = δu 0 + ṽδu.

2.4

(7)

Motion parameter vectors

Chasles’ theorem states that the most general motion of a rigid body consists of a translation along
a line followed by a rotation about the same line. Hence, a general motion is characterized by its
Chasles’ line of Plücker coordinates n̄ = n̄ +  r̃n̄, the magnitudes of the rotation d, and intrinsic
displacement d◦ , combined as dual number d = d+ d◦ . Herein, unit vector n̄ represent the rotation
axis. The motion tensor can be represented as R (d , n̄) = exp(d ñ) = I + sin d ñ + (1 − cos d )ñ ñ. The
trace of R is found as tr(R ) = 1 + 2 cos d = 1 + 2 cos d −  2d◦ sin d. The matrix logarithm gives
P
n+1
(R − I )n /n.
the inverse relationship d ñ = log(R ) = ∞
n=1 (−1)
Motion can be expressed by a dual vector, p = p(d )n̄, of size of size 3 × 1, called the motion
parameter vector [61, 2]. Different choices of dual function p(d ) lead to different motion parameter
vectors. The following motion parameter vectors will be used in this paper: p(d ) = d , the sine
family, p(d ) = m sin(d /m), and the tangent family p(d ) = m tan(d /m), where m is a positive
integer. The motion tensor then becomes
R (p) = I +

sin d
1 − cos d
p̃ +
p̃p̃.
p
p

(8)

As pointed out by Stuelpnagel [62], all three-parameter vector representations of rotation are singular or discontinuous for certain orientations. Because πn̄ and −πn̄ represent the same rotation,
motion parameter vector d n̄ is valid in range d ∈ (−π, π) only. Similarly, motion parameter vector
m sin(d /m)n̄ is valid in range d ∈ (−π/2, π/2) for m = 1, d ∈ (−π, π) for m = 2, and d ∈ (−2π, 2π)
for m = 4. Motion parameter vector m tan(d /m)n̄ is valid in range d ∈ (−π, π) for m = 2 and
d ∈ (−2π, 2π) for m = 4.
Derivatives of the motion parameter vector are related to the dual velocity vector,
p 0 = T −1 (p)v.

(9)

The inverse of the tangent tensor is defined as
1
T −1 (p) = a0 I − p̃ + a2 p̃p̃,
2

(10)

where scalars a0 = dp/dd and a2 = [dp/dd − p/(2 tan d /2)]/p 2 .
A similar relationship relates virtual changes in the motion parameter vector to the virtual
motion vector, δp = T −1 (p)δu. Tangent tensor T enjoys the following remarkable properties
R (p) = T (−p)T −1 (p) = T −1 (p)T (−p).
7

(11)

Let p

1,2

denote the relative motion parameter vector of motions p and p , i.e., R (p ) =
1

2

1,2

R T (p )R (p ). Taking a derivative of this relationship with respect to η yields T (p )p 0
1

2

1,2

1,2

= v2 −

R T (p )v 1 and introducing identity (11) then leads to
1,2

p0

1,2

= −T −1 (−p )v 1 + T −1 (p )v 2 ,
1,2

1,2

(12)

where v 1 = axial[R (p )T R 0 (p )] and v 2 = axial[R (p )T R 0 (p )] are the dual velocity vectors. A
1
1
2
2
similar expression relates the variations of the same quantities,
δp

1,2

= −T −1 (−p )δu 1 + T −1 (p )δu 2 ,
1,2

1,2

(13)

where δu 1 = axial[R (p )T δR (p )] and δu 2 = axial[R (p )T δR (p )] are the virtual motion vectors.
1

2.5

1

2

2

Dual quaternions

A quaternion is an array of four numbers denoted êT = {e0 , eT }, where the scalar part of the
quaternion
p is e0 = scal(ê) and its vector part is e = vect(ê). A unit quaternion is such that
kêk = e20 + eT e = 1, which can be written as e0 = cos d/2 and e = n̄ sin d/2. Unit quaternions,
also called Euler parameters, represent rotations R(ê) = (e20 − eT e)I + 2e0 ẽ + 2e eT . The identity
quaternion is 1̂ = {1, 0, 0, 0}T . A two-to-one correspondence exists between unit quaternions and
rotations, i.e., R(−ê) = R(ê).
Dual quaternions consist of two quaternions, ê = ê +  ê◦ , where ê and ê◦ are the primal and dual
quaternions, respectively. Notations scal(ê) = cos d /2 = e0 +  e◦0 and vect(ê) = n̄ sin d /2 = e +  e◦ ,
are used to extract the scalar and vector parts of the dual quaternion. As shown in section 2.1, a
unit dual quaternion is such that kêk = 1 and ê◦T ê = 0. The identity dual quaternion is 1̂ = 1̂ +  0̂.
Unit dual quaternions, also called Euler motion parameters, represent motions
R (ê) = (e02 − e T e)I + 2e0 ẽ + 2e e T .

(14)

An extraction of the skew-symmetric part of eq. (14) yields
axial(R ) = 2e0 e.

(15)

Because R (−ê) = R (ê), A two-to-one correspondence exists between unit dual quaternion and
motions.
Derivatives of dual quaternions are related to the velocity vector through dual orthogonal matrix
operators A(ê) and B(ê) as
1
1
ê 0 = A(ê)v̂ = B(v̂)ê,
(16)
2
2
where v̂ is the velocity dual quaternion, consisting of the velocity vector augmented by a vanishing
scalar part, i.e., scal(v̂) = 0 and vect(v̂) = v. Dual matrices A(ê) and B(ê), also referred to as the
“matrix expressions of dual quaternions” [63, 64], are defined as




e0
−e T
e0
−e T
A(ê) =
, B(ê) =
,
(17)
e e0 I 3 + ẽ
e e0 I 3 − ẽ
and they are orthogonal matrices if kêk = 1. The following identities holds
A T (ê)A(ê 0 ) = −A T (ê 0 )A(ê) =

1/2 A(v̂),

(18a)

B(ê 0 )B T (ê) = −B(ê)B T (ê 0 ) = −1/2 B(v̂).

(18b)
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Similarly, the following relationship holds between virtual changes in dual quaternions and the
virtual motion vector
ˆ = 1/2 B(δu)ê,
ˆ
(19)
δê = 1/2 A(ê)δu
ˆ is the virtual motion dual quaternion consisting of the virtual motion vector augmented
where δu
ˆ = 0 and vect(δu)
ˆ = δu.
by a vanishing scalar part, i.e., scal(δu)

3

Interpolation as a minimization problem

Figure 1 depicts the motion interpolation problem in a
η0
schematic manner. For clarity, a two-dimensional problem with
four grid points is illustrated in the figure. The parameters can
be interpreted as two spatial coordinates or the combination of
s^0
η3
one temporal and one spatial coordinate, for instance. The mo^
s3
η
s^1
tion tensor that brings reference frame FI to the frame at grid η1
point η k is denoted R and the corresponding dual quaternion
s^2
k
e^0
e^3
is denoted êk . The desired interpolated motion tensor at point
_
η is denoted R and the corresponding dual quaternion is deg^
η 2 i3
noted ĝ . The dual quaternions that define the various motions,
e^1
e^2
êk , k = 0, . . . , N and ĝ , are indicated in fig. 1.
O
_
Next, the relative motion tensors from points η to η k are
FI
_
i2
T
i1
defined as S = R R , and the corresponding dual quaternions
k
k
are denoted ŝk ; the components of relative motion tensors S
k Figure 1: Interpolation of quaterare resolved in interpolated frame R . The corresponding dual
nions.
quaternions and motion parameter vectors are ŝk = A T (ê)êk
and s k , respectively. The following notation is introduced
G=

N
X

Ik (η)R ,

k=0

k

S=

N
X

Ik (η)S = S +  S ◦ ,
k

S = R T G,

(20)

k=0

where the last equation is a direct consequence of the previous definitions. The corresponding
relationships for the dual quaternions are
ĝ =

N
X

Ik (η)êk ,

ŝ =

N
X

Ik (η)ŝk = ŝ +  ŝ◦ ,

ŝ = A T (ê)ĝ .

(21)

k=0

k=0

In general, dual matrix G defined in eq. (20) is not a dual orthogonal matrix of size 3 × 3.
The symmetric part of this matrix is denoted symm(G) = [G + (G)T ]/2 and its antisymmetric
^ In view of eq. (14), the trace of dual matrix product S = R T G,
part is [G − (G)T ]/2 = axial(G).
is tr(R T G) = tr[(e02 − e T e)G − 2e0 ẽG + 2e e T G]. Trace identities (74c) and (74d) imply tr(ẽG) =
2e T axial(G) and tr(e e T G) = e T symm(G) e, respectively, leading to tr(R T G) = (e02 − e T e)tr(G) +
4e0 e T axial(G) + 2e T symm(G) e and finally,
tr(R T G) = tr(G R T ) = ê T K (G) ê,

9

(22)

where the second equality holds because the trace is invariant under similarity transformations, i.e.,
tr(R T G) = tr[R (R T G)R T ] = tr(G R T ). Symmetric operator matrix K (G) is defined as
#
tr(G)
2axialT (G)
K (G) =
.
2axial(G) 2symm(G) − I tr(G)
"

(23)

If dual matrix G represents a motion, i.e., G ∈ SO(3), and operator matrix K becomes
K (G) = 4ĝ ĝ T − I 4 ,

(24)

where dual quaternion ĝ represents motion G.
If ê1 and ê2 are two unit dual quaternions representing two motions, the unit dual quaternion representing composed motion (R R ) is ê = A(ê1 )ê2 = B(ê2 )ê1 . Introducing composition R = R R ,
1

2

1

2

into eq. (22) yields tr[(R R )T G)] = ê T K (G)ê = ê2T [A T (ê1 )K (G)A(ê1 )]ê2 = ê1T [B T (ê2 )K (G)B(ê2 )]ê1 .
1

2

The same operation can be recast as tr[R T (R T G)] = ê2T K (R T G)ê2 = tr[(G R T )R T ] = ê1T K (G R T )ê1
2
1
1
2
1
2
and because ê1 and ê2 can be selected arbitrarily, the following identity results,
K (R T G) = A T (ê1 )K (G)A(ê1 ),

(25a)

K (G R T ) = B T (ê2 )K (G)B(ê2 ).

(25b)

1

2

Interpolation on SO(3) is obtained easily as an extension of eq. (3),
R (η) = arg

min J(R , R ),

R ∈SO(3)

k

where J(R , R ) =
k

N
X
k=0

Ik (η)dist2 (R , R ).
k

(26)

The meaning of minimization of a dual function is given by definition 1. Different metrics leads to
different interpolation schemes.

4

The distance between two motions

A metric or distance is a function, denoted dist(x1 , x2 ), that defines a measure of distance between
two elements, denoted x1 and x2 , of set U . In general, metrics must satisfy the following four
conditions: (1) the metric is non-negative, i.e., dist(x1 , x2 ) ≥ 0, (2) the metric vanishes for identical
elements only, i.e., dist(x1 , x2 ) = 0 if and only if x1 = x2 , (3) the metric is a symmetric function
of its arguments, i.e., dist(x1 , x2 ) = dist(x2 , x1 ), and (4) the triangular inequality is satisfied, i.e.,
dist(x1 , x2 ) ≤ dist(x1 , x3 ) + dist(x3 , x2 ) for any element x3 ∈ U . These four conditions do not
define the metric uniquely. In practice, metrics are selected to be geometrically meaningful and
easy to handle mathematically. Usually,
p the distance between two vectors of the Euclidean space,
x1 , x2 ∈ Rm , is defined as kx1 − x2 k = (x1 − x2 )T (x1 − x2 ).
Motions are defined in the domain of dual numbers and the associated metrics are dual number functions, selected to be analytic. If dist(R , R ) is an analytic function, its primal part is
1
2
dist(R1 , R2 ), where rotation tensors R1 and R2 are the primal parts of motion tensors R and R ,
1
2
respectively. Because the norm of dual numbers is not defined, dual numbers cannot be compared.
Consequently, dual number metrics must satisfy the following four conditions: (1) the primal part
of the metric is non-negative, i.e., dist(R1 , R2 ) ≥ 0, (2) the metric vanishes for identical elements
only, i.e., dist(R , R ) = 0 if and only if R = R , (3) the metric is a symmetric function of its
1
2
1
2
arguments, i.e., dist(R , R ) = dist(R , R ), and (4) the triangular inequality is satisfied for the
1
2
2
1
primal part of the metric, i.e., dist(R1 , R2 ) ≤ dist(R1 , R3 ) + dist(R3 , R2 ) for any rotation R3 .
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With this definition, any metric in R for rotation can be extended to a corresponding metric
in D for motion simply by replacing the operation on real numbers by the corresponding operation
on dual numbers, as expected from the principle of transference. Metrics for rotation have been
proposed based on various types of representations of rotation: the rotation tensor [65, 66, 67, 28,
29, 33, 31, 32] (defined in R3×3 ), unit quaternions [67, 28, 33, 31, 32] (defined in R4 ), or rotation
parameter vectors [68, 33, 31] (defined in R3 ). Although rotation metrics can be defined based on
Euler angles [68, 33], these metrics are not invariant because Euler angles do not form a vectorial
representation of rotation. The next four sections present four metrics of motion based on different
types of representations of motion.

4.1

The matrix based metric

The first metric to be proposed is based on the expression of the motion tensor: the distance between
two motions, R and R , is defined as the Euclidean distance between the matrix representations
1
2
in D3×3 , leading to the matrix metric,
dist2m (R , R ) = kR − R k2F = tr[(R − R )T (R − R )] = 6 − 2tr(R ),
1

2

1

2

1

2

1

2

12

(27)

where k · kF denotes the Frobenius norm, and R = R T R denotes the relative motion. Let
12
1
2
d12 = d12 +  d◦12 be the dual angle associated with relative motion R . The trace of the relative
12
motion now becomes tr(R ) = 1 + 2 cos(d12 ) and introducing this result into eq. (27) yields
12

dist2m (R , R ) = 4(1 − cos d12 ) = 4(1 − cos d12 ) +  4d◦12 sin d12 .
1

2

(28)

Because the relative rotation angle d12 ∈ [−π, π), the primal part of matrix metric distm (R1 , R2 ) ∈
√
[0, 2 2].

4.2

The quaternion based metric

If motions R and R are represented by dual quaternions ê1 and ê2 , respectively, the distance
1
2
between the motions can be measured by the Euclidean distance between the dual quaternions in
D4 , leading to the quaternion metric,
dist2q (R , R ) = kê1 − ê2 k2 = k1̂ − ê12 k2 = 2 − 2scal(ê12 ) = 2(1 − cos d12 /2),
1

2

(29)

where notation k · k indicates the Euclidean norm and ê12 = A T (ê1 )ê2 is the dual quaternion of the
relative motion. The second equality of eq. (29) results from the fact that matrix A is orthogonal
for unit dual quaternions. Because quaternions +ê and −ê represent the same motion, it is always
possible to select the signs of quaternions ê1 and ê2 to render the primal
√ part of scal(ê12 ) positive.
The primal part of matrix metric distq (R1 , R2 ) is in the range of [0, 2].

4.3

The motion parameter vector based metric

Let p be the motion parameter vector representing relative motion R T R . The Euclidean norm
12
1
2
of the relative motion parameter vector in D3 leads to the vector metric,
dist2v (R , R ) = kp k2 .
1

2

11

12

(30)

Numerous motion parameter vectors can be defined, but the vectorial parameterization of motion
corresponds to a family of the form p = p(d )n̄, where dual function p(d ) is called the generating function [61, 1, 2]. For example, the Euler-Rodrigues parameterization corresponds to p = 2 sin(d /2)n̄
and the vector metric (30) then becomes
dist2v (R , R ) = kp k2 = 4 sin2 (d12 /2) = 2(1 − cos d12 ),
1

12

2

(31)

which is half of the matrix metric defined in eq. (29). If the motion parameter vector is selected as
p = 4 sin(d /4)n̄, the vector metric becomes
dist2v (R , R ) = kp k2 = 16 sin2 (d12 /4) = 8(1 − cos d12 /2),
1

12

2

(32)

which is four times of the quaternion metric defined in eq. (29). Of course, other choices of the
generating function will lead to other definition of the metric.

4.4

The geodesic based metric

If motion parameter vector p = d n̄ is used, vector metric (30) becomes
dist2g (R , R ) = kaxial[log(R T R )]k2 = d122 .
1

2

1

2

(33)

The geodesic metric corresponds to the arc-length along the geodesic line on manifold SO(3) starting
from motion R and ending at motion R , as proved in appendix A.
1

Metric type
Matrix metric
Quaternion metric
Vector metric
Geodesic metric

2

Table 1: List of proposed metrics on SO(3).
Definition
Value
p
distm = kR − R kF
4(1 − cos d12 )
1
2
p
distq = kê1 − ê2 k2
2(1 − cos d12 /2)
(p
2(1 − cos d12 ),
for p = 2 sin(d /2)n̄,
p
distv = kp k
12
8(1 − cos d12 /2), for p = 4 sin(d /4)n̄
T
distg = kaxial[log(R R )]k |d12 |
1

2

For reference, the definitions of the matrix, quaternion, vector, and geodesic metrics are listed in
table 1. It is verified easily that all metrics satisfy the four conditions required for a proper metric.
Within a multiplicative constant, the distance measures obtained with the matrix and quaternion
metrics are the same as those obtained with the vector metric based on different choices of the motion
parameter vectors. This does not mean, however, that the vector metric is well suited for global
motion interpolation. Indeed, the rotation parts of motion parameter vectors represent rotation
with three parameters only, and hence, all encounter singularities, as shown by Stuelpnagel [62].
In contrast, the matrix metric, which is based on a nine-parameter representation of motion, is
free of singularity over the entire range of motions. Because a two-to-one correspondence exists
between dual quaternions and motion, the quaternion metric also encounters problems for global
interpolation of periodic motion. These issues will be further explored in sections 5 and 7.2.

4.5

Bi-invariance, objectivity, and tensorial

A metric is left- or right-invariant if
dist(R R , R R ) = dist(R , R ),

(left invariance)

(34a)

dist(R R , R R ) = dist(R , R ),

(right invariance)

(34b)

L

1

1

R

L

2

2

1

R

1

12

2
2

for all R , R , R , R ∈ SO(3). A metric is bi-invariant if it is both left- and right-invariant.
L
R
1
2
The left invariance implies that the distance remains unchanged when choosing different reference
frames, or, equivalently, the distance remains unchanged under the superposition of a rigid-body
motion. Left invariance indicates objectivity [69]. All four metrics defined in table 1 are leftinvariant because they depend on the relative motion only, R T R = (R R )T (R R ), and hence,
1
2
L 1
L 2
objective function (26) remains invariant under the superposition of rigid-body motions. Therefore,
interpolation scheme (26) is objective for any of the four metrics listed in table 1.
The right invariance indicates that the distance remains unchanged when choosing a different
body-fixed frame. It is verified easily that the primal parts all four metrics are also right-invariant
although their dual parts are not. Although the four distance functions are not right-invariant,
interpolation scheme (26) is right-invariant, i.e., the interpolated motion becomes R R under a
R
change of body-fixed frame R R , as will be discussed in section 5.
k

5

R

Interpolation based on different distance measures

Introducing the four types of metrics defined in table 1 into generic interpolation scheme (26) leads
to four different interpolation schemes for motion.

5.1

Matrix metric based interpolation

Using matrix metric (27), the objective function of minimization problem (26) becomes
J (R , R ) =
k

N
X

Ik (η)[6 − 2tr(R T R )] = 6 − 2tr(R T G) = 6 − 2tr(S).

k=0

(35)

k

According to definition (1), the minimization of this objective function requires the satisfaction
˜ S) = 0, where δu
˜ = R T δR is the
of stationarity condition δJ = 0, leading to δJ = −2tr(δS) = 2tr(δu
virtual motion vector. Introducing trace identity (74c) then yields δJ = −4δu T axial(S) = 0, which
implies that dual matrix S must be symmetric. Next, definition (1) requires the minimization
of the primal part of the objective function. The second variation of the objective function is
˜ S) and identity (74a) then yields δ 2 J = 2δu T [tr(S)I − S]δu;
δ 2 J = −4δu T axial(δS) = 4δu T axial(δu
the Hessian of the problem is tr(S)I − S and its primal part, tr(S)I − S, must be positive-definite
if the primal part of the objective function is to be a minimum.
5.1.1

The polar decomposition approach

As implied by eq. (20), the interpolated motion is such that G = R S, where dual matrix R is
orthogonal and dual matrix S is symmetric; furthermore, matrix tr(S)I −S must be positive-definite.
The polar decomposition theorem (2) in appendix C provides a unique solution to this problem.
This approach has been proposed by a number of authors [2, 16, 70] and is a natural extension of
the polar decomposition of the deformation gradient tensor used in continuum mechanics [71, 72].
Interpolation based on the polar decomposition approach is right-invariant. Indeed, consider
a change of body-fixed frame at all grid points, R R . Matrix G then becomes G R . Polar
k

R

R

decomposition of matrix G then leads to G R = R S R = (R R )(R T S R ), which is the polar
R
R
R
R
R
decomposition of matrix G R . Therefore, the interpolated motion is R R and the interpolation
R
R
is right-invariant.
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5.1.2

The quaternion approach

The quaternion-based approach for the minimization of objective function (35) was proposed by
Davenport [73, 74]. As shown in the paragraphs above, the minimization of J is equivalent to the
maximization of tr(S). In view of equation (22), the maximization of tr(S) is stated as
max

ê∈{D4 |ê T ê=1}

h
i
tr R T (ê)G =

max

ê∈{D4 |ê T ê=1}

ê T K (G) ê = max
4

h

ê∈D ,l ∈D

i
ê T K (G) ê + l (1 − ê T ê) ,

(36)

where symmetric operator matrix K (G) is defined by eq. (23) and l is the Lagrange multiplier used
to enforce the normality constraint for dual quaternion ê. Variation with respect to l gives the
normality condition for dual quaternion ê and variation with respect to ê yields K (G) ê = l ê, which
also implies l = ê T K (G) ê. In summary, the maximization problem requires l to be the eigenvalue
of matrix K with the largest primal part.
The dual eigenvalue problem is recast as [K(G) +  K ◦ (G◦ )](ê +  ê◦ ) = (` +  `◦ )(ê +  ê◦ ),
which expands to
K(G)ê = `ê,
◦

◦

◦

◦

(37a)
◦

K(G)ê + K (G )ê = `ê + ` ê.

(37b)

Solution of eigenvalue problem (37a) yields `max , the largest eigenvalue of K, and the associated
eigenvector ê. Combining eq. (37b) with normality condition êT ê◦ = 0 yields a linear system for
the remaining unknowns

 ◦ ◦ 
 
K(G) − `max I 4 −ê ê◦
K (G )ê
=−
.
(38)
◦
T
`
0
−ê
0
If dual matrix G happens to represent a motion, i.e., is orthogonal, eq. (24) implies K (G) =
4ê ê T −I and the algorithm degenerates into the determination of the unit dual quaternion associated
with an orthogonal dual matrix. The process is singularity free and yields a uniquely defined unit
dual quaternion. The primal part of this problem corresponds to the scheme proposed by Klumpp
and Shepperd [34, 35] for the determination of the unit quaternion associated with an orthogonal
tensor.
5.1.3

Relationship between the two approaches

Let G = R (ê ∗ )S denote the solution of the minimization problem obtained from the polar decomposition approach. Identity (25a) now yields the following result
K (G) = A T (ê ∗ )K (S)A(ê ∗ ).

(39)

Because matrix A is orthogonal, eq. (39) represents a similarity transformation and hence, the
eigenvalues of matrices K (S) and K (G) are identical.
Because matrix S is symmetric, equation (23) provides the explicit expression of K (S) as



tr(S)
0
.
0 T 2S − tr(S)I

√
√
The eigenvalues of the primal part, K(S), can be found easily as [75, 74, 76] tr(S) = λ3 + λ2 +
√
√
√
√
√
√
√
√
√
√
√
√
√
ζ λ1 , λ3 − λ2 −ζ λ1 , − λ3 + λ2 −ζ λ1 , and − λ3 − λ2 +ζ λ1 , where λ1 ≤ λ2 ≤ λ3
14

are the singular values of G, and ζ = ±1 depends on the sign of det(G), as discussed in appendix C.
Clearly, the largest eigenvalue of matrix K(S) is tr(S), the corresponding eigenvector is the identity
quaternion, 1̂. In view of the similarity transformation, the largest eigenvalue of matrix K(G)
is tr(S) and the corresponding eigenvector is A(ê∗ )1̂ = ê∗ . Clearly, the solutions of the polar
decomposition and quaternion approaches are identical.
Interpolation based on the quaternion approach is also right-invariant. Indeed, consider a change
of body-fixed frame at all grid points, R R (êR ), where dual quaternion êR represents motion tensor
k

R

R . Matrix G then becomes G R . Identity (25b) leads to K (G R ) = B(êR )K (G)B T (êR ), where
R

R

R

B(−êR ) = B T (êR ) is used. Because matrix B(êR ) is orthogonal, matrices K (G) and K (G R ) have
R
the same eigenvalues. The eigenvector associated with the largest eigenvalue of matrix K (G R ) is
R
B(êR )êp , and the corresponding motion is R (êp )R .
R
The polar decomposition and quaternion approaches have been presented independently in the
literature and the previous two sections show that both approaches provide solutions of the same
minimization problem. The present section proves that these two solutions are identical, as expected.
5.1.4

Discussion

The minimization of objective function J (R , R ) is equivalent to maximizing tr(R T G), which can be
k
thought of as finding motion tensor R that is the “closest motion” to non-orthogonal dual matrix G.
This minimization leads to the embedding-based interpolation schemes:
PN (1) interpolate the matrix
9
representations in Euclidean space D at the grid points as G = k=1 Ik (η)R and (2) map the
k
result back onto the manifold using the minimization procedure. Because the interpolation operates
on a set of redundant variables (9 dual numbers), all singularities are avoided.
Setting Ik (η) = 1/(N + 1) in eq. (26) leads to the averaging problem. Matrix metric based
averaging has been investigated for rotation [67, 28, 29, 32, 31] and for motion [77]. The estimation
of the orientation of spacecraft, crystals, or other objects from measured data leads to a rotation
averaging problem, known as Wahba’s problem [78]. Approaches to the solution of this problem fall
into two categories: (1) approaches based on the polar decomposition theorem, or equivalently, on
the singular value decomposition [79, 80, 81, 67, 74, 29, 32] and (2) approaches based on quaternion
algebra [73, 82, 83, 32, 76]. Both approaches can be extended easily from rotation to motion by
using dual entities. Clearly, the same concepts and tools are used for interpolation and averaging.
5.1.5

The dual velocity field

Once the interpolated motion tensor R is obtained, the corresponding dual velocity vector must be
P
evaluated. Taking the derivative of equation N
k=0 Ik (η)S = S yields
k

N
X

Ik (η)S 0
k

+

k=0

N
X

Ik0 (η)S = S 0 .
k

(40)

k=0

The components of the dual velocity vector are ṽ = R T R 0 . A derivative of composition S = R T R
k
k
PN
0T
0T
T
0
0
yields S = R R = R R R R = −ṽ S . It then follows that k=0 Ik S = −ṽ S and introducing
k
k
k
k
k
this result into eq. (40) then yields the dual velocity interpolation
0 −1

ṽ(η) = −S S

+

N
X

Ik0 (η)S S −1 .
k

k=0
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(41)

Matrix equation (41) is composed of nine scalar equations for nine unknowns: the three components
of skew-symmetric matrix ṽ and the six components of symmetric matrix S 0 . Conceptually, this
system can be solved by extracting the symmetric part of eq. (41), leading to six equations for
the six entries of symmetric matrix S 0 . Introducing this solution into eq. (41) and extracting its
skew-symmetric part then yields the explicit form the velocity interpolation.
A simple expression of the velocity vector can be obtained at the grid points, i.e., when η = η j ,
which implies S = I . Because matrix S 0 is symmetric, the interpolated velocity vector at the grid
points reduces to
N
N
X
X
T
0
v(η j ) =
(42)
Ik (η j )axial(R R ) = 2
Ik0 (η j )sjk,0 s jk ,
j

k=0

k

k=0

where the last equality comes from eq. (15). The scalar and vector part of the dual quaternion
corresponding to relative motion R T R , are denoted sjk,0 and s jk , respectively.
j

5.2

k

Quaternion metric based interpolation

Using quaternion metric (29), the objective function of minimization problem (26) becomes
J (ê) =

N
X

Ik (η)[2 − 2scal(ŝk )] = 2 − 2scal[A T (ê)ĝ ] = 2 − 2ê T ĝ ,

(43)

k=0

where the second equality results from eq. (21) and the last from the definition of matrix A in
eq. (17). In general, dual quaternion ĝ is not unit.
In view of definition (1), the minimization of this objective function requires the satisfaction of
stationarity condition δJ = 0, leading to δJ = −2δê T ĝ = −δu T [A T (ê)ĝ ] = 0̂. Note that the scalar
part of δu always vanishes and hence, the stationarity condition implies vect[A T (ê)ĝ ] = vect(ŝ) = 0̂,
i.e., s = 0. Next, definition (1) requires the minimization of the primal part of the objective
function, J = 2 − 2êT ĝ.
Sonneville et al. [5] give an explicit solution of stationarity condition s = 0. The minimization
problem can also be solved via Lagrange’s multiplier method: δ[J (ê) + l (ê T ê − 1)] = 2δê T (−ĝ +
l ê) + δl (ê T ê − 1) = 0, where l is Lagrange’s multiplier. The stationarity condition then leads to
ĝ = l ê and ê T ê = 1. It follows that l = ±kĝ k and hence,
PN
Ik (η)êk
ĝ
= ± Pk=0
.
ê = ±
kĝ k
k N
k=0 Ik (η)êk k

(44)

The minimum and maximum are reached when the positive and negative signs are selected, respectively.
The only singularity that can arise in eq. (44) is the vanishing of the denominator, i.e.,
PN
k=0 Ik (η)êk = 0; this hardly ever happens in practical problems.
To guaranty that the primal part of the objective function, J(ê) = 2−2êT ĝ, reaches its minimum,
its Hessian should be positive-definite. Taking the second-order variation of J(ê) leads to
δ 2 J = −δψ T vect[AT (δê)ĝ] = −δψ T vect[AT (δê)A(ê)ŝ]
ˆ
= δψ T vect[A(δψ/2)ŝ]
= 1/2 s0 δψ T δψ,

(45)

where identity (18b) was used to yield the third equality and s0 = scal(ŝ). As discussed in section 4.2, it is always possible to select the sign of ê to render s0 non-negative and hence, Hessian
s0 I is positive semi-definite; the stationary point is a minimum, as required.
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5.2.1

Discussion

Interpolation (44) is right-invariant. Indeed, consider a change of body-fixed frame at all grid
points, B(êR )êk , where dual quaternion êR represents the body-fixed frame transformation. Dual
quaternion ĝ then becomes B(êR )ê. Interpolation (44) becomes [B(êR )ê]/kB(êR )êk = B(êR )(ê/kêk)
because matrix B(êR ) is orthogonal.
The minimization of objective function J (ê, êk ) is equivalent to maximizing ê T ĝ , which can be
thought of as finding unit dual quaternion ê that is the closest to a non-unit dual quaternion ĝ . This
minimization leads to embedding based interpolation schemes: (1) P
interpolate the dual quaternion
N
4
representations in Euclidean space D at the grid points as ĝ =
k=1 Ik (η)êk and (2) map the
result back onto the manifold using the minimization procedure. Because the interpolation scheme
operates on a set of redundant variables (4 dual numbers), singularities are avoided. This does not
imply, however, that quaternion metric based interpolation can be used in all cases: the two-to-one
correspondence between unit dual quaternions and motions may cause the interpolation of a periodic
motion to be either discontinuous or non-periodic. Section 7.2 presents examples of these problems.
Furthermore, quaternion metric based averaging has been investigated for rotation [67, 28, 32].
5.2.2

The dual velocity field

Taking the derivative of identity ŝ = kŝk1̂ and introducing identity (2) yield
N
X

Ik (η)ŝk0

+

N
X

Ik0 (η)ŝk = kŝk0 1̂.

(46)

k=0

k=0

The components of the dual velocity vector resolved in the material frame are v̂ = 2A T (ê)ê 0 ,
which implies 2ê 0 = A(ê)v̂. A derivative of composition ŝk = A T (ê)êk yields 2ŝk0 = 2A T (ê 0 )êk =
P
0
−A(v̂)A T (ê)êk = −B(ŝk )v̂. It then follows that 2 N
k=0 Ik ŝk = −B(ŝ)v̂ = −kŝkB(1̂)v̂ = −kŝkv̂.
Introducing identity (40) then leads to the dual velocity interpolation v̂(η) = −2kŝk0 /kŝk1̂ +
P
0
2 N
The scalar components vanish because the first term, 2kŝk0 /kŝk1̂ =
k=0 Ik (η)ŝk /kŝk.
P
0
T
2 N
k=0 Ik (η)1̂ ŝk /kŝk1̂, cancels the scalar components of the second term, leading to
v(η) = 2

N
X

Ik0 (η)

k=0

sk
.
kŝk

(47)

A simple expression of the velocity vector can be obtained at the grid points, i.e., when η = η j ,
which implies ŝ = 1̂. The interpolated dual velocity at the grid points reduces to
v(η j ) = 2

N
X

Ik0 (η j )s jk ,

(48)

k=0

where s jk is the vector part of the dual quaternion corresponding to relative motion R T R . The
j

k

velocities obtained from the matrix-metric and quaternion-metric based interpolations, see eqs. (42)
and (48), respectively, differ by a factor sjk,0 . As the number of grid points increases, the relative
motion approaches the identity matrix and sjk,0 approaches unity.

5.3

Vector metric based interpolation

Using vector metric (30), the objective function of minimization problem (26) becomes
J (s) =

N
X

Ik (η)ks k k2 ,

k=0
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(49)

where s k = sk (dk )n̄k denotes the motion parameter vector corresponding to relative motion R T R , dk
k
and n̄k represent the dual angle and Plücker coordinate of the axis of relative motion, respectively.
In view of definition (1), the minimization of this objective function requires the satisfaction of
stationarity condition δJ = 0, leading to
δJ = 2

N
X

Ik (η)s Tk δs k

= −2

k=0

N
X

Ik (η)s Tk T −1 (−s k )δu

k=0

= −2δu

T

N
X

Ik (η)

k=0

dsk
s = 0,
ddk k

(50)

where eq. (13) and the expression of tangent tensor (10) were used to obtain the second and third
equalities, respectively. The stationarity of the objective function requires
N
X

Ik (η)

k=0

dsk
s = 0,
ddk k

(51)

where dk is the dual angle associated with relative motion parameter vector s k .
Consider, for instance, the sine and tangent families of motion parameter vectors, expressed
as s k = m sin(dk /m)n̄k and s k = m tan(dk /m)n̄k , respectively, for which (dsk /ddk ) s k =
1/2 sin(2dk /m)n̄k and (dsk /ddk ) s k = sec2 (dk /m) tan(d /m)n̄k , respectively. Defining modified
motion parameter vectors r k = 1/2 sin(2dk /m)n̄k and r k = sec2 (dk /m) tan(dk /m)n̄k , respectively,
eq. (51) becomes
N
X
Ik (η)r k = 0.
(52)
k=0

This equation defines the interpolated motion implicitly and hence, it must be solved numerically
to determine the interpolated motion, typically via Newton iteration. This approach yields good
results for as long as the motion parameter vector does not encounter singularities. P
N
T
The minimization of the objective function also requires its primal part, J =
k=0 sk sk , to
reach a minimum, which implies that its
P Hessian should be positive-definite. The primal part of
first-order variation (51) is δJ = 2δψ T N
k=0 Ik (η)r k , where r k is the primal part of r k . Taking the
second-order variation of J then leads to
δ 2 J = 2δψ T

N
X

Ik (η)δrk = 2δψ T

k=0

N
X

Ik (η)T −1 (−rk )δψ.

(53)

k=0

Introducing the primal part of tangent tensor defined by eq. (10) and identity (2) into eq. (53),
yields
" N
#
X
Ik (η)(a0,k I + a2,k r̃k r̃k ) δψ = δψ T H δψ.
(54)
δ 2 J = 2δψ T
k=0

For the sine family, the coefficients appearing in the Hessian are a0,k = 1/m cos(2dk /m) and a2,k =
[4 cos(2dk /m)/4 − sin(2dk /m)/ tan(dk /2)] csc2 (2dk /m). For the tangent family, the corresponding
results are a0,k = 1/m[1+2 sin2 (dk /m)]/ cos4 (dk /m) and a2,k = [(1+2 sin2 (dk /m))/(m sec6 (dk /m))−
tan(dk /m)/(2 tan(dk /2))]/ tan(dk /m). In general, the Hessian of the problem is not positive-definite
and hence, the existence of a solution of the minimization problem cannot be guaranteed. For small
relative rotation motions, however, rk → 0 and H → 2I/m; the Hessian becomes positive-definite
and the existence of the solution is guaranteed.
5.3.1

Discussion

Interpolation scheme (52) is right-invariant. Indeed, consider a change of body-fixed frame at all
grid points, R R , where matrix R represents the body-fixed frame transformation. Because
k

R

R
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dual vector r k is the motion parameter vector of the relative motion R T R , dual vector R T r k is
k

R

the motion parameter vector of the relative motion R T (R T R )R = (R R )T (R R ). On the
R
R
k R
PNk R
P
P
N
T
T
=
0
is
equivalent
to
R
[
I
(η)r
]
=
I
other hand, equation N
I
(η)r
k
k
k
k
k=0
k=0 k (η)R R r k = 0.
k=0
R
Therefore, if R is a solution of interpolation (52), R R is also a solution of the interpolation (52)
R
under a body-fixed frame transformation R at all grid points.
R
When using the vector metric, the minimization problem leads to implicit interpolation
scheme (52). It is interesting to study the relationship between the vector-metric interpolation
schemes developed here and those obtained from the matrix- and quaternion-metrics presented
earlier. First, consider motion parameter vector s k = 2 sin(dk /2)n̄k ; as shown in table 1, the associated distance is the same as that obtained with the matrix metric, within a multiplicative
constant. For this choice, r k = sin(dk )n̄k = axial(S )/2 and interpolation scheme (52) yields
k
PN
)
=
axial(S)
=
0,
which
indicates
that
S must be symmetric. Clearly, the vectorI
(η)axial(S
k=0 k
k
and matrix-metric based schemes are identical. As discussed in appendix C and section 5.1.3, although four motion tensors render matrix S symmetric, one only minimize the objective function.
Consequently, if nonlinear equation (52) is solved via Newton iterations, erroneous solutions can be
obtained if the initial guess is not selected properly.
Next, consider motion parameter vector s k = 4 sin(dk /4)n̄k ; as shown in table 1, the associated
distance is the same as that obtained with the quaternion metric, within
PNa multiplicative constant.
For this choice, r k = sin(dk /2)n̄k and interpolation scheme (52) yields k=0 Ik (η)e k = 0. Given the
two-to-one correspondence between quaternions and rotations, erroneous solutions can be reached
when using Newton iteration. Clearly, vector-metric based interpolation schemes should be used
for local interpolation only. Indeed, when the relative motions between the grid points remain
small, singularities are avoided and a unique solution of implicit interpolation scheme (52) exists.
In the finite element method, as the size of the elements decreases, the relative motions within each
element also decrease and the use of interpolation scheme (52) is appropriate.
5.3.2

The dual velocity field

Taking the derivative of equation

PN

k=0

N
X

Ik (η)r k = 0 leads to

Ik (η)r 0k +

N
X

Ik0 (η)r k = 0.

(55)

k=0

k=0

In view of eq. (12), a derivative of relative motion vector r k yields r 0k = −T −1 (−r k )v. Introducing
this result into eq. (55) then yields the velocity interpolation
" N
#−1 N
X
X
v(η) =
Ik (η)T −1 (−r k )
Ik0 (η)r k .
(56)
k=0

k=0

A simple expression of the velocity vector can be obtained at the grid points, i.e., when η = η j
and Ik (η j ) = δjk . The interpolated dual velocity at the grid points reduces to
v(η j ) = T

−1

(0)

N
X

N

Ik0 (η j )r jk

k=0

X
drj
=
|dj =0
Ik0 (η j )r jk ,
ddj
k=0

(57)

where r jk is the motion parameter vector corresponding to relative motion R T R , and definition (10)
j

k

is introduced to yield the second equality. The coefficient drj /ddj |dj =0 is a constant and its value
depends on the choice of motion parameter vectors.
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5.4

Geodesic metric based interpolation

Geodesic-metric based interpolation is a particular case of its vector-metric based counterpart presented in the previous section. In this case, the motion parameter vector is selected as s k = dk n̄k .
All the developments presented in the previous section apply to the geodesic metric. In particular,
the tangent tensor reduces to
1
(58)
T −1 (s k ) = I − s̃k + a2 s̃k s̃k ,
2
where a2 = [1 − dk /(2 tan dk /2)]/dk2 . The stationarity condition of the objective function becomes
N
X

Ik (η)s k =

k=0

N
X

h
i
Ik (η)axial log(S ) = 0,

(59)

k

k=0

which implies that the weighted sum of the relative motion vectors vanishes. The Hessian of the
problem is
"
#
N
X
Ik (η)a2,k s̃k s̃k .
(60)
H=2 I+
k=0

As was the case for the vector metric, the Hessian is not positive-definite, in general. When the
relative motions remain small, the Hessian becomes positive-definite.
The relative motion vector s k = dk n̄k is singularity free in the range dk ∈ [−π, π) and Newton
iteration provides an efficient solution of implicit interpolation scheme (59) for |dk | < π. As |dk |
approaches π, the solution oscillates between +dk n̄k and −dk n̄k in two successive Newton iterations;
the process fails to converge.
5.4.1

Discussion

Geodesic-metric based interpolation is right-invariant because it is a special case of vector-metric
based interpolation. The minimization leads to implicit interpolation schemes (59), which was first
proposed by Merlini and Morandini [24]. As an example of interpolation scheme (59), consider
interpolation between two grid points using linear shape functions,
η − η1
η − η2
axial[log(R T R )] +
axial[log(R T R )] = 0.
1
2
η1 − η2
η2 − η1

(61)

It is verified easily that the explicit interpolation formula is R = R exp[ṽ(η − η1 )] = R exp[ṽ(η −
1

2

η2 )], where v = axial[log(R T R )]/(η2 −η1 ). The interpolation leads to the geodesic on SO(3) passing
1
2
through R and R , as discussed in appendix A. The rotation portion of interpolation scheme (61)
1
2
is the spherical linear interpolation (SLERP) first proposed by Shoemake [19]. Geodesic-metric
based averaging has been investigated by numerous authors [25, 29, 31, 32].
5.4.2

The dual velocity field

Substituting dual vector r k by s k into eq. (56) yields the velocity for geodesic metric based interpolation
" N
#−1 N
X
X
v(η) =
Ik (η)T −1 (−s k )
Ik0 (η)s k .
(62)
k=0

k=0

P
−1
In view of definition of T (−s k ) in eq. (58), the following identity holds N
(−s k ) =
k=0 Ik (η)T
PN
PN
PN
I − 1/2 k=0 Ik (η)s k + k=0 Ik (η)a2 (s k )s̃k s̃k and because k=0 Ik (η)s k vanishes, the dual velocity
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vector reduces to
"
v(η) = I +

N
X

#−1
Ik (η)a2 (s k )s̃k s̃k

k=0

N
X

Ik0 (η)s k .

(63)

k=0

A simple expression of the velocity vector can be obtained at the grid points. Substituting dual
vector r k by s k into eq. (57) yields
N
X

v(ηj ) =

Ik0 (ηj )s jk ,

(64)

k=0

where s jk = axial[log(R

6

T
R )].
j
k

Velocity based interpolation

Because the velocity vector v = axial(R T R 0 ) is a vector in D3 , it can be interpolated directly as
v(η) =

N
X

Ik (η)v k ,

(65)

k=0

where v k are the velocity vectors at grid points η k , k = 0, 1, 2, · · · , N . The velocity vector is related
to the motion field through kinematic compatibility equation (5). The relative motion between two
and the corresponding motion parameter vector
successive grid points k and k + 1 is denoted R
k,k+1

is p

k,k+1

. In the one-dimensional case, i.e., when vector η reduces to scalar η, the relative motion

can be obtained by integrating the kinematic compatibility equation for η ∈ [ηk , ηk+1 ] to find
0

p = µT

−1

(p)v = µT

−1

(p)

N
X

Ik (η)v k ,

(66)

k=0

where the factor µ = T /2 for Chebyshev spectral interpolation, µ = T /(2π) for Fourier spectral
interpolation and µ = T /(ηm − η0 ) for B-spline interpolation. Because p parameterizes the relative
motion, the initial condition is p(ηk ) = 0 for each interval. Kinematic compatibility equation (66)
can be integrated through standard tools for the solution of initial value problems, such as RungeKutta schemes. In the two- and higher-dimensional cases, eq. (66) becomes a partial differential
equation that cannot be integrated easily.
In general, velocity based interpolation is more accurate than the interpolation approaches described in section 5. On the other hand, the numerical integration of the kinematic compatibility
equation requires extra computational effort. In addition, linearization of the discretized compatibility equations, p n = p
, k = 0, 1, . . . , N , is required when the interpolation is used in spectral
k

k,k+1

or finite element methods [84], leading to yet additional computational effort.
This approach also works for rotation fields: Zupan and Saje [84] developed a novel beam element
based on curvature interpolation.

7

Numerical examples

A set of numerical examples will be presented to validate the proposed interpolation approaches.
The use of Chebyshev spectral functions, Fourier spectral functions, and cubic B-spline interpolation
functions will be demonstrated. Many of the interpolation schemes described in section 5 have been
used for finite element applications. Within that framework, local interpolation is sufficient and
typically, Lagrange’s polynomials are used as basis functions [85, 86]. Numerous numerical examples
can be found in the literature cited in section 5 and will not repeated here.
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7.1

Interpolation of non-periodic motion

To validate the various interpolation schemes, a simple example
_
_
t
is presented. Figure 2 shows a three-dimensional curve described
_
b
i3
by parametric equation r(η) = ρ(η) cos ηı̄1 + ρ(η) sin ηı̄2 + p(η)ηı̄3 ,
_
2
i2 B
where ρ(η) = 1 + 1/3[2η/T − 1] + 1/5 [1 − cos(11 η/T )] and
_
n
p(η) = 2 + 2/11 η/T + 1/7 sin(7 η/T ) are the radius and pitch
O
of the curve, respectively, and T = 3π. At an arbitrary point B
η
_
I
i1
of the curve, Frenet-Serret’s orthonormal triad B = (t̄, n̄, b̄) is defined by the unit tangent, normal, and binormal vectors denoted
t̄, n̄, and b̄, respectively. Rotation tensor R(η) brings inertial basis Figure 2: Configuration of the
I = (ı̄1 , ı̄2 , ı̄3 ) to B. Point B and basis B define a frame FB = [B, B]. curve.
Motion tensor R (η) brings inertial frame FI = [O, I] to FB . The

r0 T r̃00 r000
τ = kr k 0 00 2 ,
kr̃ r k
0

Twist τ and curvature κ

components of the tangent and curvature vectors resolved in basis B are (RT r0 )T = {kr0 k, 0, 0} and
axial(RT R0 ) = {τ, 0, κ}T , where notation (·)0 indicates a derivative with respect to η.
The dimensional twist τ and curvature κ
1.1
of the curve, defined as
kr̃0 r00 k
and κ =
,
kr0 k2

1.0
0.9
0.8

are shown in fig. 3 as functions of non0.7
dimensional parameter ξ = 2η/T − 1.
0.6
Motion field R (η) was interpolated based
0.5
on the proposed schemes using Chebyshev
0.4
spectral functions, see appendix D.1, with an
0.3
increasing number of grid points, N = 8, 16,
-1.0 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1.0
32, 64, 128. To assess the accuracy of the inNon-dimentional parameter ξ
terpolation, a fine grid n = 100N was used
for numerical quadrature of the error. No- Figure 3: The twist (solid line) and curvature
tation (·)j , j = 0, 1, · · · , n indicates quantities (dashed line) of the helix.
evaluated at the fine grid points. Interpolated
rotations and curvatures were evaluated and
compared to their exact counterpart, denoted (·)e . The following measures were selected to quantify
errors in orientation and curvature,
v
s
u X
Z T
u1 n
1
2
e
distm (R, R )dη = t
wj dist2m (Rj , Rej ),
(67a)
ER =
T 0
2 j=0
v
s
u n
Z T
e
2
u 1 X kω j − ω ej k2
1
kω − ω k
Eω =
wj
,
(67b)
dη = t
T 0
kω e k2
2 k=0
kω ej k2
where the second equalities of both equations come from quadrature rules defined in eqs. (80) in
appendix D and factor 1/2 results from coordinate transformation from η to ξ.
Figure 4 shows the orientation and curvature error measures defined by eqs. (67) versus the number of grid points on a logarithmic plot for three interpolation schemes: interpolation scheme (26)
with matrix metric (27), interpolation scheme (26) with quaternion metric (29), and the curvaturebased interpolation described in section 6.
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Figure 4: Chebyshev spectral interpolation error for orientation and curvature vector; distm :
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(×). Orientation error, ER , dashed-dotted lines;
curvature error, Eω , dashed lines.

0

20

40

60

80

100

120

Number of grid points, N

140

Figure 5: Chebyshev spectral interpolation error for position and tangent vectors; distm : (◦),
distq : (), curvature-based interpolation: (×).
Position vector error, Er , dashed-dotted line;
tangent vector error, Ev , dashed line.

Next, the position and tangent vector errors were quantified using the following measures,
v
s
u X
Z T
e
2
u1 n
krj − rej k2
1
kr − r k
t
Er =
dη =
wj
,
(68a)
T 0
kre k2
2 j=0
krej k2
v
s
u n
Z T
e
2
u 1 X kv j − v ej k2
1
kv − v k
dη = t
.
(68b)
Ev =
wj
T 0
kv e k2
2 k=0
kv ej k2
Figure 5 shows the position and tangent vector error measures defined by eqs. (68) versus the
number of grid points on a logarithmic plot for the same three interpolation schemes. Figures 4
and 5 show that all error measures converge exponentially, as expected of spectral interpolation.
The curvature-based interpolation is more accurate than the matrix- and quaternion-metric based
approaches, whose accuracies are comparable.
Next, the same problem was treated using the cubic B-spline interpolation functions described
in appendix E. An increasing number of grid points was used, N = 8, 16, 32, 64, 128. Figure 6 shows
the orientation and curvature error measures defined by eqs. (67) versus the number of grid points
on a logarithmic plot for the same three interpolation schemes. Figure 7 shows the corresponding
position and tangent vector error measures defined by eqs. (68).
Because the cubic B-spline interpolation functions are local, the exponential convergence property observed with the Chebyshev spectral functions no longer holds. Figures 6 and 7 show that
the convergence rates are 4.5 for the orientation and position vector errors and 3.5 for curvature
and tangent vector errors, for both matrix and quaternion metric-based approaches. Convergence
rates are one order higher when the curvature-based interpolation is used. The accuracies of the
matrix- and quaternion-metric based approaches are comparable.

7.2

Interpolation of periodic motion

Many flexible multibody systems feature a periodic response. Periodic solutions can be obtained
through the use of the finite element method in the time domain [87], which is based on a local
interpolation of the kinematic variable. Alternatively, periodic solutions can be obtained via Fourier
spectral methods that are based on the global interpolation of response for one complete period. To
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Figure 6: Cubic B-spline interpolation error for
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distq : (), curvature based interpolation: (×).
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Figure 7: Cubic B-spline interpolation error for
position and tangent vectors; distm : (◦), distq :
(), curvature based interpolation: (×). Position vector error, Er , dashed-dotted line; tangent vector error, Ev , dashed line.

achieve the exponential convergence promised by Fourier spectral methods, the interpolated field
must be continuous and periodic.
Clearly, vector-metric based interpolation schemes are not suitable for this problem because
all motion parameter vectors present singularities when interpolating large rotations [62]. Although quaternions present no singularities for large rotations, quaternion-metric based interpolation schemes are equally unsuitable for periodic problems. Indeed, the two-to-one mapping between quaternion representation and motion produce interpolated fields that are either continuous
or periodic, but not both. The two-to-one mapping arises from the fact that quaternions +ê and
−ê represent the same motion.
To illustrate this insidious problem, consider the periodic rotation field described by the following
time functions of the Euler angles: precession φ = Ωt, nutation θ = π/13 sin(2Ωt), and spin
ψ = π/17 [1 − cos(3Ωt)], where Ω = 9 rad/s. The algorithm of Klumpp and Shepperd [34, 35] was
used to extract the quaternion representation of this rotation field and fig. 8 shows that components
e2 (t) and e4 (t) present a discontinuity at φ ≈ 3π/2. This discontinuity stems from the extraction
algorithm: the sign of the extracted quaternion is selected to avoid singularities, not discontinuities.
Note that components e2 (t) and e4 (t) are discontinuous but periodic.
In an attempt to overcome this problem, Klumpp and Shepperd’s algorithm can be modified
slightly to prevent the change of sign of the quaternion, resulting in the second set of results shown
in fig. 8. Discontinuities are eliminated but quaternion components e2 (t) and e4 (t) now become
non-periodic because their time derivatives at φ = 0 and 2π differ.
This lack of periodicity stems the definition of quaternions, e0 (t) = scal(ê) = cos θ(t)/2 and
e(t) = vect(ê) = n̄ sin θ(t)/2: although angle θ(t) is a periodic function of period T , functions
cos θ(t)/2 and sin θ(t)/2 are periodic functions but of period 2T . This observation hints at another
potential solution: the period of the problem is taken to be 2T rather that T , leading to interpolated
fields that are continuous and periodic.
Figure 9 shows interpolated quaternion component e4 (t) when using different interpolation
strategies with 63 grid points. First, when the non-periodic quaternion field is interpolated, a
sharp peak occurs near φ = 2π, resulting from the discontinuity of the velocity field. Second, when
the discontinuous quaternion field is interpolated, the interpolation scheme capture the discontinuity, but oscillations result. Finally, if the interpolation scheme is applied to the problem with a
period of 2T , the interpolated field matches its exact counterpart closely.
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Figure 10: Velocity component v3 . Exact solution: (◦); interpolation of non-periodic field on
T : (+); interpolation of discontinuous field on
T : (∗); interpolation on 2T : ().

Figure 10 shows the corresponding results for angular velocity of precession. For the interpolation of non-periodic or discontinuous quaternions, Gibbs’ phenomenon arises resulting in violent
oscillations in the velocity field. If the interpolation scheme is applied to the problem with a period
of 2T , a smooth velocity field is obtained.
While the interpolation based on a period of 2T yields reasonable results, it comes with a
considerable decrease in accuracy. Figure 11 illustrates this point: the convergence of the matrixand quaternion-metric based interpolations are contrasted, showing the clear superiority of the
former approach.
Clearly, the best schemes for the interpolation of periodic rotation fields are the matrix-metric
based schemes. To further illustrate this approach, a periodic motion field is interpolated. The
rotation is described by the following time functions of the Euler angles: precession φ = t, nutation
θ = π/11 sin(5t), and spin ψ = π/7 [1 − cos(3t)]. The position vector is described by its three
components, r1 (t) = cos(t) + 1/7 sin(3t), r2 (t) = sin t + 1/9 [1 − cos(5t)] and r3 (t) = 1/7 sin(7t) +
1/9 [1 − cos(9t)].
First, this periodic motion was interpolated using Fourier spectral basis functions with an in25
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Figure 13: Fourier spectral interpolation error
for position and velocity vectors; distm : (◦), velocity based interpolation: (). Error of position Er : dashed-dotted line, error of velocity
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creasing number of grid points, N = 4, 8, 16, 32, 64, 128. Figure 12 shows the orientation and angular
velocity error measures defined by eqs. (67) versus the number of grid points on a logarithmic plot
for two interpolation schemes: interpolation scheme (26) with matrix metric (27) and the velocity based interpolation described in section 6. Figure 13 shows the corresponding results for the
position and velocity vectors error measures defined by eqs. (68).
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Figure 14: Cubic B-spline interpolation error
for orientation and angular velocity; distm : (◦),
velocity based interpolation: (), orientation error, ER , dashed-dotted line; angular velocity error, Eω , dashed line.
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Figure 15: B-spline interpolation error for position and velocity vectors; distm : (◦), velocity based interpolation: (). Position error, Er ,
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Next, the periodic motion was interpolated using cubic B-spline basis functions with an increasing number of grid points, N = 4, 8, 16, 32, 64, 128. Figure 14 shows the orientation and angular
velocity error measures for the same interpolation schemes. Figure 15 shows the corresponding
results for the position and velocity vectors error measures. As was observed for non-periodic problems, a convergence rate of 4.5 is achieved for the orientation and displacement errors whereas a
convergence rate of 3.5 is achieved for the linear and angular velocity vectors when using the matrixmetric approach. Convergence rates are one order higher when the velocity-based interpolation is
26

used.

8

Conclusions

In this paper, the classical interpolation schemes formulated for the Euclidean space have been
recast as the minimization of weighted distance measures. It then becomes possible to use the same
schemes for the motion manifold, provided that adequate metrics of this manifold are defined. Four
dual-valued metrics for motion were defined: the matrix, quaternion, vector, and geodesic metrics,
which are extensions of the real-valued metrics for rotation. Dual number cannot be compared
directly and hence, the concept of minimization needs to defined properly for dual functions. A
definition of the minimization of dual functions was proposed. Four motion interpolation schemes
were presented resulting from the solution of the proposed minimization problem with each of the
four proposed metrics. Because the problem was formulated within the framework of dual number,
the primal part of each of the motion interpolation schemes provides a corresponding rotation
interpolation scheme, as expected from the principle of transference. This paper also introduced
one additional approach to the interpolation of motion based on the interpolation of its derivatives.
The advantages and drawbacks of each scheme were discussed and the relationship between the
derived schemes and those that have appeared in the literature were clarified. For the matrix-metric
based interpolation, the equivalence between the polar decomposition and quaternion approaches
was proved. Furthermore, the connection between these approaches and the quaternion extraction
algorithm of Klumpp and Shepperd [34, 35] was highlighted. The close connection between motion
interpolation and averaging schemes was underlined: although this paper has focused on interpolation, all the schemes proposed here can be used as averaging schemes by simply letting all basis
functions be equal to unity.
Both local and global interpolation problems are addressed. The proposed interpolation framework can be used with any suitable set of basis functions. Examples were presented with Chebyshev
spectral, Fourier spectral, and B-spline basis functions. With this toolbox of basis functions, periodic and non-periodic problems can be treated.
The problem of global interpolation was given special attention. Global interpolation schemes
must be able to handle motions of arbitrary magnitude, in contrast with local interpolation schemes
that can deal with small relative motions only. Schemes based on the matrix metric and on the
interpolation of derivatives were found to be suitable for global interpolation problems; because
they encounter singularities in the presence of large motions, the other schemes failed to provide
reasonable solutions. Schemes based on the quaternion metric were found to be suitable for interpolation of non-periodic motion but not for that of periodic motion. The two-to-one mapping
between dual quaternions and motions produces interpolated fields that are either continuous or
periodic, but not both. Although this issue can be resolved by interpolating on a double period,
this practice results in a severe reduction of accuracy. All the schemes presented in this paper are
suitable for local interpolation problems, such as those found in the finite element method.
The accuracies of the schemes based on the four metric were found to be similar, provided that
the same basis functions and grid points are used. The accuracy of the derivative-based schemes
was found to higher than that of the metric-based schemes, although this higher accuracy came
at the expense of higher complexity and computational costs. In addition, the derivative-based
schemes do not generalize to two- and higher-dimensional cases.
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A

Riemannian metric and geodesic line

The tangent space at an element R on the manifold SO(3), is TR SO(3) = {R ṽ|ṽ = −ṽ T }. A
Riemannian metric must be introduced to measure the differential arc-length in the tangent space.
Park and Brockett [88] have introduced a left-invariant Riemannian metric as hv, vi = αω T ω+βv T v,
where α and β are positive real numbers. Žefran et al. [89] have introduced a non-positive definite
metric hv, vi = αω T ω + 2βω T v; for this metric, the geodesic lines represent screw motions.
Within the framework of dual numbers, the non positive-definite metric is selected as hv, vi =
2
v T v = ω T ω + 2 ω T v. The differential arc-length is then obtained as
=R v T v dη 2 . The arcR η(dL)
η
2
length of a curve on SO(3) starting from R and ending at R is L = η1 dL = η12 (v T v)1/2 dη. The
1
2
geodesic line is defined as the locally shortest path on SO(3) passing through two specific points R
1
and R and is obtained by solving the following minimization problem
2

Z

η2

min L =

R ∈SO(3)

p
v T v dη.

(69)

η1

Because function L is a dual function, the meaning of the minimization
is provided by
R ηproblemp
definition 1, which first requires the stationarity of L, leading to δL = η12 δv T v/ v T v dη = 0.
Introducing transpositional relationship (7) and integration by parts then yield
Z η2
Z η2
p
p
0
T
T
δL =
(δu + ṽ δu) v/ v v dη = −
(70)
δu T (v/ v T v)0 dη = 0.
η1

η1

p
The stationarity condition implies that v/ v T v remains constant along the geodesic curve, leading
to
dR
dR
RTp
= RT
= ¯ṽ,
(71)
T
ds
v v dη
p
p
where ds = v T v dη is the differential dual arc-length and v̄ = v/ v T v the non-dimensional unit
curvature. The closed-form solution of differential equation (71) is R (s) = R exp(s¯ṽ), where s is
1
the arc-length coordinate, i.e., s(η1 ) = 0 and s(η2 ) = L. The solution satisfy boundary conditions
R (η1 ) = R and R (η2 ) = R exp[L¯ṽ] = R . The arc-length of the geodesic line is then found as
1

1

2

Z

η2

min

R ∈SO(3)

h
i
p
T
T
v v dη = kaxial log(R R ) k = d12 .
1

η1

2

(72)

where d12 denotes the dual angle associated with the relative motion.
Definition 1 also requires the primal part of objective function, L = L +  L◦ , to reach its
minimum, i.e., the Hessian of L(R) should be positive-definite. Taking the second-order variap
Rη
tion of L yields δ 2 L = − η12 δψ 0 T δ(ω/ ω T ω) dη. Introducing the primal part of transpositional
relationship (7) yields
" 0
#
Z η2
0
T
+
ω̃δψ
(δψ
+
ω̃δψ)
δψ
ω
ω
0
T
δ2L =
δψ
−
dη
kωk
kωk3
η1
"
#
(73)
Z η2
Z η2
ωT ω I − ω ωT
0T
0
0T ˜
=
δψ
δψ dη −
δψ ω̄ δψ dη,
kωk3
η1
η1
Rη
˜ δψ dη = δψ T ω̄
˜ δψ|ηη21 −
where ω̄ = ω/kωk. Integration by parts of the second term leads to η12 δψ 0 T ω̄
R η2 T
R
˜ δψ 0 dη = − ηη2 δψ T ω̄
˜ δψ 0 dη, which implies its vanishing. The Hessian of the problem is
δψ ω̄
η1
1
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now H = ω T ω I −ω ω T . The Hessian matrix possesses 3 eigenvalues: 0 and (ω T ω) with a multiplicity
of two, proving that it is a semi-positive definite matrix. The geodesic line is uniquely defined except
between the two poles.
In summary, the geodesic line for Riemannian metric hv, vi = v T v is a screw motion, where
the length of the geodesic line is the dual angle associated with the relative motion, d12 =
kaxial[log(R T R )]k.
1

B

2

Identities of matrix and vectors

This section presents a set of useful identities that are used throughout the paper. The identities
involve a dual matrix, A, of size 3 × 3, and a dual vector, a, of size 3 × 1.
1
axial(ãA) = [tr(A)I − A]a,
2
1
axial(Aã) = [tr(A)I − A T ]a,
2
tr(ãA) = −2a T axial(A),
tr(a a T A) = a T symm(A)a.

(74a)
(74b)
(74c)
(74d)

These identities can be verified easily.

C

The polar decomposition theorem

The polar decomposition theorem can be stated as follows.
Theorem 1 (Polar decomposition theorem). An invertible matrix, G ∈ R3×3 , can be decomposed
into the product of a rotation tensor, R ∈ SO(3), by a symmetric matrix, S, as G = R S. Matrices
R and S are defined uniquely if matrix tr(S)I − S is required to be positive-definite.
Proof. Let the spectral decomposition of positive-definite matrix GT G be U T diag(λ1 , λ2 , λ3 )U ,
where positive eigenvalues, λi , i = 1, 2, 3, satisfy λ1 ≤ λ2 ≤ λ3 . In view of identity S T S =
√
√
√
(RT G)T (RT G) = GT G, symmetric matrix S can be chosen as U T diag(± λ1 , ± λ2 , ± λ3 )U . Of
these eight choices, four make matrix det(R ) = 1 and the other four make det(R ) = −1. Two
√ √ √
only, U T diag(± λ1 , λ2 , λ3 )U , render matrix tr(S)I − S positive-definite. The sign of the lowest eigenvalue is determined by sign of det(G) = det(R) det(S) = det(S): choose the positive or
negative sign if det(G) is positive or negative, respectively.
Remark 1. Polar decomposition theorem (1) differs slightly from the traditional polar decomposition theorem used in continuum mechanics [72, 90]. The proof above shows that eight different
symmetric matrices S satisfy multiplicative decomposition G = R S. The solution is made unique
by imposing an additional condition: in the traditional and present versions of the theorem, matrices S and tr(S)I − S are required to be positive-definite, respectively. When det(G) > 0, the two
theorems are identical.
The polar decomposition theorem is now generalized to dual matrices.
Theorem 2 (Dual polar decomposition theorem). An invertible dual matrix, G ∈ D3×3 , can be
decomposed into the product of a dual orthogonal matrix, R ∈ SO(3), by a symmetric dual matrix,
S, as G = R S. Matrices R and S are defined uniquely if it is also required that matrix tr(S)I − S
be positive-definite, where S is the primal part of dual matrix S.
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Proof. To prove the theorem, dual matrices R and S will be constructed and the solution will be
shown to be unique. First, dual identity G = R S is expanded as (G +  G◦ ) = (R +  R◦ )(S +  S ◦ ),
which implies
G = R S,
◦

(75a)

◦

◦

G = R S + R S.

(75b)

Equation (75a) expresses theorem (1), i.e., rotation tensor R and symmetric matrix S are defined
uniquely. Equation (75b) implies RT G◦ = S ◦ + (RT R◦ )S, where matrix RT R◦ = z̃ is antisymmetric
because motion tensor R is orthogonal. Because matrix S ◦ must be symmetric, axial(S ◦ ) = 0, and
extracting the axial part of this equation yields axial(RT G◦ ) = axial(z̃S). Identity (74a) now yields
[tr(S)I −S]z = 2axial(RT G◦ ), a linear system that can be solved to find z. The dual parts of motion
tensor R and symmetric matrix S are found as R◦ = Rz̃ and S ◦ = RT G◦ − z̃S, respectively.

D

Spectral interpolation functions

Consider a continuous function f (η) defined in η ∈ [0, T ]. The parameter η can represent temporal
or spatial coordinates. The function can be non-periodic or periodic with period T . The Chebyshev spectral interpolation is used for the approximation of non-periodic functions and coordinate
transformation η = η(ξ), ξ ∈ [−1, 1] is used. The Fourier spectral interpolation is used for the
approximation of periodic functions and coordinate transformation η = η(ξ), ξ ∈ [0, 2π] is used.

D.1

Chebyshev spectral interpolation

Chebyshev polynomials of the first kind, Tk (ξ), appear as a solution to the Sturm-Liouville problem.
An explicit expression of Chebyshev polynomials is
Tk (ξ) = cos(k arccos ξ),

ξ ∈ [−1, 1].

(76)

The lowest polynomials are T0 (ξ) = 1, T1 (ξ) = ξ, T2 (ξ) = 2ξ 2 − 1, T3 (ξ) = 4ξ 3 − 3ξ, etc. Chebyshev
polynomials can be generated from the following recurrence relationship
Tk+1 (ξ) = 2ξTk (ξ) − Tk−1 (ξ), k ≥ 0.

(77)

The pth order derivatives of Chebyshev polynomials are given by [91]
(p)
Tk (ξ)

p

=2 k

k−p
X
`≥0,k−p−` even




[k + p − `]/2 − 1
([k + p + `]/2 − 1)!
T` (ξ),
[k − p − `]/2
([k − p + `]/2 )!

(78)

where notation (·)(p) indicates the pth order derivatives with respect to ξ.
Considering the Chebyshev polynomials up to the N th order, the Chebyshev-Gauss-Lobatto
quadrature points are given by [92, 40]
ξi = − cos(πi/N ),

i ∈ [0, 1, · · · , N ],

(79)

which are also the extrema of Tk (ξ). The Gauss-Lobatto quadrature
Z

1

N
X
p
2
f (ξk )wk ,
f (ξ)/ 1 − ξ dξ =

−1

k=1

30

(80)

is exact for all polynomials f (ξ) defined on [−1, 1], of order 2N − 1, where the weight is defined as
wk = π/(ck N ), and ck = 2 for k = 0 or N and otherwise ck = 1.
Chebyshev polynomials Tk , k ∈ [0, 1, . . . , N ], satisfy the following discreet orthogonality relationships


k = ` = 0,
N
N,
X
γk` =
Tk (ξi )T` (ξi ) = N/2, k = ` ∈ [1, 2, · · · , N ],
(81)


i=0
0,
k 6= `,
P
The discretized Chebyshev expansion for the function f (ξ) is f (ξ) = N
`=0 f` T` (ξ), where the
PN
coefficients are found as γ`` f` = k=0 T` (ξk )f (ξk ) by using orthogonality condition (81). Introducing
the coefficients f` back to the expansion then yields the interpolation formula
f (ξ) =

N
X

Ik (ξ)f (ξk ).

(82)

k=0

The spectral interpolation polynomials are
Ik (ξ) =

D.2

(−1)N +k+1 (1 − ξ 2 )TN0 (ξ)
.
ck N 2 (ξ − ξk )

(83)

Fourier spectral interpolation

√
The complex exponential functions of period 2π is defined as exp(ikξ), where i = −1 and k ∈ Z.
Consider the complex exponential up to harmonic (N + 1)/2 where N is odd, the quadrature points
are equally spaced over a period 2π
j ∈ [0, 1, . . . , N ].

ξj = 2πj/(N + 1),

(84)

The trapezoidal quadrature rule
Z

2π

f (ξ) dξ =
0

N
X

wk f (ξj ),

wk = 2π/(N + 1),

(85)

k=0

is exact for all periodic functions defined on [0, 2π], with highest harmonic less or equal to (N +1)/2.
The complex exponential functions exp(ikξ) satisfy the discretized orthogonality
(
N
X
N + 1, k = `,
γk` =
exp(ikξj ) exp(i`ξj ) =
(86)
0,
k 6= `.
j=0
P(N +1)/2
The discreet Fourier expansion for the function f (ξ) is f (ξ) = `=−(N +1)/2 f` exp(i`ξ), where the
P(N +1)/2
coefficients are found as γ`` f` = k=−(N +1)/2 exp(i`ξk )f (ξk ) by using orthogonality condition (86).
Introducing the coefficients f` back into the expansion then yields the interpolation formula
f (ξ) =

N
X

Ik (ξ)f (ξk ).

(87)

k=0

The spectral interpolation functions, Ik (ξ), are defined as
(N + 1)(ξ − ξk )
2
.
Ik (ξ) =
ξ − ξk
(N + 1) tan
2
sin
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(88)

D.3

Properties of the spectral interpolation

Both of the Chebyshev and Fourier interpolation functions satisfy
(
1, for k = `,
Ik (ξ` ) =
0, for k 6= `,

(89)

which guarantees the interpolation curve passing through the grid points. Furthermore, the interpolation functions satisfy the property of partition of unity (2).
Evaluating the derivatives of interpolation scheme (82) or (87) with respect to η yields
0

f (ξ) =

N
X

Ik0 (ξ)f (ξk ),

(90)

k=0

For Chebyshev spectral interpolation, the differentiation function are at the grid points is


−(2N 2 + 1)/6, ` = k = 0,




ξ`


−
,
` = k ∈ [1, 2, . . . , N − 1],

1
2(1 − ξ`2 )
0
Ik (ξ` ) =
dη/dξ 
(2N 2 + 1)/6, ` = k = N,



`+k

 c` (−1)

,
` 6= k,

ck (ξ` − ξk )

(91)

where γ`` and γkk are defined in eq, (81). For Fourier spectral interpolation, the differentiation
function are at the grid points is

0,
for k = `,
1 
`−k
Ik0 (ξ` ) =
(92)
(−1)
dη/dξ 
, for k 6= `.
2 tan(ξ` − ξk )/2

E

B-splines interpolation

Let U be a set of m + 1 non-decreasing numbers, ξ0 ≤ ξ1 ≤ ξ2 ≤ · · · ≤ ξm . The scalars ξi ,
i = 0, 1, 2, . . . , m are called knots, the set U the knot vector. For the k th normalized B-spline basis
function of degree p, the basis function Ik,p (ξ) are defined by the Cox-de Coor recursive formulae
(
1, ξ ∈ [ξk , ξk+1 ),
Ik,0 (ξ) =
(93)
0, otherwise,
for p = 0, and
Ik,p (ξ) =

ξ − ξk
ξk+p − ξ
Ik,p−1 (ξ) +
Ik+1,p−1 (ξ).
ξk+p−1 − ξk
ξk+p − ξk+1

(94)

for p > 0 and k = 0, 1, . . . , N . For all k and p, Ik,p (ξ) is a non-zero polynomial on [ξk , ξk+p+1 ).
The number of knots m + 1, degree p, and basis functions N + 1 satisfy m = N + p + 1. At a
knot of multiplicity j, basis function Ik,p is C p−j continuous. Basis functions satisfy the property
P
of partition of unity (2), i.e., N
k=0 Ik,p (ξ) = 1 for ξ ∈ [ξp , ξN +1 ]. In the knot span ξ ∈ [ξk , ξk+1 ),
the only non-vanishing basis functions are Ik−p,p , . . . , Ik,p . Efficient algorithms can be developed
for the evaluation of the basis functions [93].
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The B-spline interpolation in (95) are valid for both non-periodic and periodic functions. In the
non-periodic case, the so-called clamped B-spline curves is generated, in which the first and last
knot are of multiplicity p + 1,
U = {ξ0 , . . . , ξ0 , ξ1 , . . . , ξN −p , ξN −p+1 , . . . ξN −p+1 },
| {z }
|
{z
}
p+1 times

p+1 times

where the knots ξ0 , ξ1 , . . . , ξN −p+1 can be uniform or non-uniform.
Consider a continuous function f (η) defined in η ∈ [0, T ] and coordinate transformation η = η(ξ),
ξ ∈ [ξ0 , ξm ] is used. Given the basis functions of degree p, Ik,p (ξ), k = 0, 1, . . . , N and corresponding
N + 1 control points gk , k = 0, 1, . . . , N , the B-spline function is set up as
f (ξ) =

N
X

Ik,p (ξ)gk ,

(95)

k=0

where ξ ∈ [ξ0 , ξN −p+1 ].
In general, the B-spline function f (ξ) does not pass through control points gk . To construct
function f (ξ) passing through points f (ξ¯0 ), f (ξ¯1 ), . . . , f (ξ¯N ), the first step is to determine the
control point gk . Introducing f (ξ¯k ), k = 0, 1, . . . , N into eq. (95) yields a linear system of size
(N + 1) × (N + 1)


  
¯0 ) 


I0,p (ξ¯0 ) · · · IN,p (ξ¯0 ) 
g
f
(
ξ
0
  


 ..
..
..
..
.
.
=
(96)

 .
.
.
.
. ,







I0,p (ξ¯N ) · · · IN,p (ξ¯N )
gN
f (ξ¯N )
where control points gk are the N
Evaluating the derivatives of the B-spline curve
P+ 1 unknowns.
0
(ξ)g(ξ
),
where the derivative of the basis functions are
I
with respect to η yields f 0 (η) = N
k
k=0 k,p
0
Ik,p
(ξ) =

d
Ik,p (ξ) =
dξ

1 d
Ik,p (ξ),
dη/dξ dξ
d
Ik,p−1 (ξ) + (ξ − ξk ) dξ
Ik,p−1 (ξ)
ξk+p−1 − ξk

(97a)
+ (ξk+p − ξ)

d
I
(ξ)
dξ k+1,p−1

− Ik+1,p−1 (ξ)

ξk+p − ξk+1

,

(97b)

0
starting with Ik,0
= 0.
As shown in figure 16, to construct a perig0
odic (or closed) B-spline curve of degree p, the
N + 1 control points “wrap around” as g−p , . . . ,
g-1, gN
g−1 , g0 , . . . , gN where g−1 = fN , . . ., g−p =
η0, ηN+1
gN −p+1 . The number of control points are N +
η1, ηN+2
η-1, ηN
p + 1.
The knot vector also wraps around
as U = {ξ−p , . . . , ξ−1 , ξ0 , . . . , ξN , ξN +1 , . . . , ξN +p+1 },
η-p, ηN-p+1
where ξN +j+1 − ξN +1 = ξj − ξ0 , and ξ0 − ξ−j =
g-p, gN-p+1
ηp+1, ηN+p+1
ξN +1 − ξN +1−j , j = 1, 2, . . . , p. There are m + 1 =
(N + p + 1) + p + 1 knots. Function f (ξ), ξ ∈
[ξ0 , ξN −p+1 ], of degree p defined on the above constructed control points and knot sequence is a periodic function with C p−1 continuity at the all grid Figure 16: Warping knots and control points.
points fk . For the periodic case, eq. (95) becomes

f (ξ) =

N
X
k=0

N −p

Ik,p (ξ)gk =

X

Ik,p (ξ)gk +

N
X

[Ik,p (ξ) + Ik−N −1,p (ξ)]gk ,

k=N −p+1

k=0
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(98)

where ξ ∈ [ξ0 , ξN +1 ]. Given the value of function f (ξ) on a set of grid points, f (ξ¯0 ), f (ξ¯1 ), . . ., and
f (ξ¯N ), the control point gk , k = 0, 1, . . . , N are then determined by


  
¯0 ) 


f
(
ξ
g
I0,p (ξ¯0 ) · · · IN −p,p (ξ¯0 ) IN −p+1,p (ξ¯0 ) + I−p,p (ξ¯0 ) · · · IN,p (ξ¯0 ) + I−1,p (ξ¯0 ) 
0

  

 ..
..
..
..
...
=


.   . ,
.
.


gN  f (ξ¯N )
I0,p (ξ¯N ) · · · IN −p,p (ξ¯N ) IN −p+1,p (ξ¯N ) + I−p,p (ξ¯N ) · · · IN,p (ξ¯N ) + I−1,p (ξ¯N )
(99)
where the control points gk are the N + 1 unknowns. To make the notations of basis functions
Ik,p (ξ) and the spectral functions in the previous section consistent, degree p subscript is omitted
in this paper.
Remark 2. In Chebyshev and Fourier spectral interpolation, the evaluation of derivatives at one
grid point requires the function values at all other grid points. In contrast, evaluation of the same
derivatives for B-splines only require the function values at the grid points in span [` − p, ` + p],
see eq. (97). When used for the solution differential equations, Chebyshev and Fourier spectral
interpolations yield governing equations that couple the variables at all grid points and hence, the
bandwidth of the iteration matrix is (N + 1)m, where m is the number of degrees of freedom at
each grid point. In contrast, the use of B-spline interpolation functions leads to bandwidths of
2pm. Clearly, the computational burden associated with the use of Chebyshev and Fourier spectral
interpolations is far higher that associated with their B-spline counterparts. On the other hand,
the further achieve exponential convergence whereas the latter do not.

F

Multivariable interpolation

Interpolation presented in sections D and E can be easily extended to multivariable case. Consider
a continuous function f (η). The parameter vector η ∈ R` , defined as η T = {η1 , η2 , . . . , η` }, is
composed of temporal or spatial coordinates. Given function values f (η k ) at grid points η Tk =
η1,k1 , η2,k2 , . . . , η`,k` }, the interpolation formula is
f (η) =

N1 X
N2
X
k1 =0 k2 =0

···

N
X̀

Ik1 (η1 )Ik2 (η2 ) · · · Ik` (η` )f (η k ) =

N
X

Ik (η)f (η k ),

(100)

k=1

k` =0

where N = Π`i=1 (1 + Ni ) − 1, k = 0, 1, . . . , N , and Ik (η) is a abbreviation of multiplication of
interpolation functions of single variable, Ik1 (η1 )Ik2 (η2 ) · · · Ik` (η` ).
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[22] V. Sonneville, A. Cardona, and O. Brüls. Geometric interpretation of a non-linear beam finite
element on the Lie group SE(3). Archive of Mechanical Engineering, 64(2):305–329, August
2014.
[23] T. Merlini and M. Morandini. The helicoidal modeling in computational finite elasticity. Part I:
Variational formulation. International Journal of Solids and Structures, 41(18-19):5351–5381,
2004.
[24] T. Merlini and M. Morandini. The helicoidal modeling in computational finite elasticity. Part
II: Multiplicative interpolation. International Journal of Solids and Structures, 41(18-19):5383–
5409, 2004.
[25] X. Pennec. Computing the mean of geometric features – Application to the mean rotation.
Technical Report RR-3371, INRIA, 1998.
[26] S.R. Buss and J.P. Fillmore. Spherical averages and applications to spherical splines and
interpolation. ACM Transactions on Graphics, 20(2):95–126, 2001.
[27] O. Sander. Geodesic finite elements on simplicial grids. International Journal for Numerical
Methods in Engineering, 92:999–1025, 2012.
[28] C. Gramkow. On averaging rotations. Journal of Mathematical Imaging and Vision, 15(1):7–16,
2001.
[29] M. Moakher. Means and averaging in the group of rotations. SIAM Journal on Matrix Analysis
and Applications, 24(1):1–16, 2002.
[30] K.H. Strobl and G. Hirzinger. Optimal hand-eye calibration. In Robots and Systems, 2006
IEEE/RSJ International Conference, pages 4647–4653, 2006.
[31] I. Sharf, A. Wolf, and M.B. Rubin. Arithmetic and geometric solutions for average rigid-body
rotation. Mechanism and Machine Theory, 45(9):1239–1251, 2010.
[32] R. Hartley, J. Trumpf, Y.C. Dai, and H.D. Li. Rotation averaging. International Journal of
Computer Vision, 103(3):267–305, 2013.
[33] H.T. Huynh. Collocation and Galerkin time-stepping methods. In 19th AIAA Computational
Fluid Dynamics. American Institute of Aeronautics and Astronautics, 2009.
[34] A.R. Klumpp. Singularity-free extraction of a quaternion from a direction-cosine matrix. Journal of Spacecraft and Rockets, 13:754–755, December 1976.
[35] S.W. Shepperd. Quaternion from rotation matrix. Journal of Guidance and Control, 1:223–224,
May-June 1978.
[36] G.D. Birkhoff. General mean value and remainder theorems with applications to mechanical
differentiation and integration. Transactions of the American Mathematical Society, 7:107–136,
1906.
[37] L.L. Wang, M.D. Samson, and X.D. Zhao. A well-conditioned collocation method using a
pseudospectral integration matrix. SIAM Journal on Scientific Computing, 36(3):A907–A929,
2014.
36

[38] D. Gottlieb and J.S. Hesthaven. Spectral methods for hyperbolic problems. Journal of Computational and Applied Mathematics, 128(1):83–131, 2001.
[39] G. Karniadakis and S. J. Sherwin. Spectral/hp Element Methods for Computational Fluid
Dynamics. Oxford Univ. Press, Oxford, England, U.K., 2005.
[40] J.S. Hesthaven, S. Gottlieb, and D. Gottlieb. Spectral Methods for Time-Dependent Problems.
Cambridge University Press, Cambridge, 2007.
[41] I.M. Ross and Karpenko M. A review of pseudospectral optimal control: From theory to flight.
Annual Reviews in Control, 36(2):182–197, 2012.
[42] M. Karpenko, S. Bhatt, N. Bedrossian, and I.M. Ross. Flight implementation of shortest-time
maneuvers for imaging satellites. Journal of Guidance, Control, and Dynamics, 37(4):1069–
1079, 2014.
[43] C. Canuto, M.Y. Hussaini, A. Quarteroni, and T.A. Zang. Spectral Methods in Fluid Dynamics.
Springer-Verlag, Berlin, Heidelberg, 1988.
[44] I.G. Kang and F.C. Park. Cubic spline algorithms for orientation interpolation. International
Journal for Numerical Methods in Engineering, 46(1):45–64, 1999.
[45] M. Neubauer and A. Müller. Smooth orientation path planning with quaternions using
B-splines. In 2015 IEEE/RSJ International Conference on Intelligent Robots and Systems
(IROS), pages 2087–2092, 2015.
[46] T.J.R. Hughes, J.A. Cottrell, and Y. Bazilevs. Isogeometric analysis: CAD, finite elements,
NURBS, exact geometry and mesh refinement. Computer Methods in Applied Mechanics and
Engineering, 194(39):4135–4195, 2005.
[47] F. Auricchio, L.B. Da Veiga, T. J. R. Hughes, A. Reali, and G. Sangalli. Isogeometric collocation methods. Mathematical Models and Methods in Applied Sciences, 20(11):2075–2107,
2010.
[48] W.K. Clifford. Preliminary sketch of biquaternions. Proceedings of the London Mathematical
Society, s1-4(1):381–395, 1871.
[49] E. Study. Geometrie der Dynamen. Teubner, Leipzig, 1903.
[50] J.M. McCarthy. An Introduction to Theoretical Kinematics. The MIT Press, Cambridge, MA,
1990.
[51] J. Angeles. The application of dual algebra to kinematic analysis. In J. Angeles and E. Zakhariev, editors, Computational Methods in Mechanical Systems, volume 161, pages 3–31.
Springer-Verlag, Heidelberg, 1998.
[52] I.S. Fischer. Dual Number Methods in Kinematics, Statics and Dynamics. CRC Press, Boca
Raton, 1999.
[53] E. Pennestrı̀ and R. Stefanelli. Linear algebra and numerical algorithms using dual numbers.
Multibody System Dynamics, 18:323–344, 2007.
[54] D. Condurache and A. Burlacu. Dual tensors based solutions for rigid body motion parameterization. Mechanism and Machine Theory, 74:390–412, 2014.

37

[55] F.M. Dimentberg. The screw calculus and its applications. Technical Report AD 680993,
Clearinghouse for Federal and Scientific Technical Information, Virginia, USA, April 1968.
[56] J.C. Simo. A finite strain beam formulation. The three-dimensional dynamic problem. Part I.
Computer Methods in Applied Mechanics and Engineering, 49(1):55–70, 1985.
[57] O.A. Bauchau and S.L. Han. Three-dimensional beam theory for flexible multibody dynamics.
Journal of Computational and Nonlinear Dynamics, 9(4):041011 (12 pages), 2014.
[58] S.L. Han and O.A. Bauchau. Nonlinear three-dimensional beam theory for flexible multibody
dynamics. Multibody System Dynamics, 34(3):211–242, July 2015.
[59] V.A. Eremeyev, L.P. Lebedev, and M.J. Cloud. The rayleigh and courant variational principles
in the six-parameter shell theory. Mathematics and Mechanics of Solids, 20(7):806–822, 2015.
[60] T. Merlini. A variational formulation for finite elasticity with independent rotation and biotaxial fields. Computational Mechanics, 19(3):153–168, 1997.
[61] O.A. Bauchau and J.Y. Choi. The vector parameterization of motion. Nonlinear Dynamics,
33(2):165–188, 2003.
[62] J. Stuelpnagel. On the parameterization of the three-dimensional rotation group. SIAM Review,
6(4):422–430, 1964.
[63] V.N. Branets and I.P. Shmyglevskii. Mechanics of Space Flight: Application of Quaternions
in Problems of Rigid Body Orientations. Nauka, Moscow, 1973.
[64] S.L. Altmann. Rotations, Quaternions, and Double Groups. Clarendon Press, Oxford, 1986.
[65] B. Ravani and B. Roth. Motion synthesis using kinematic mappings. Journal of Mechanisms,
Transmissions, and Automation in Design, 105(3):460–467, 1983.
[66] W.D. Curtis, A.L. Janin, and K. Zikan. A note on averaging rotations. In Proceedings of IEEE
Virtual Reality Annual International Symposium, pages 377–385, Seattle, WA, Sept. 1993.
[67] M. Humbert, N. Gey, J. Muller, and C. Esling. Determination of a mean orientation from a
cloud of orientations. Application to electron back-scattering pattern measurements. Journal
of Applied Crystallography, 29(6):662–666, 1996.
[68] J.J. Kuffner. Effective sampling and distance metrics for 3D rigid body path planning. In
Proceedings of the 2004 IEEE International Conference on Robotics and Automation (ICRA
’04), volume 4, pages 3993–3998, New Orleans, LA, 2004.
[69] Q. Lin and J.W. Burdick. Objective and frame-invariant kinematic metric functions for rigid
bodies. The International Journal of Robotics Research, 19(6):612–625, 2000.
[70] D. Condurache. Dual algebra solutions to the extended Wahba problem. Romanian Journal
of Mechanics, 1(1):3–44, 2017.
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