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Abstract

This paper describes a methodology for evaluating
the modal parameters of complex nonlinear systems.
It combines four different tools: the Coleman post-
processing, the partial Floquet analysis, the moving
window analysis, and the signal synthesis algorithm.
The approach provides a robust estimation of the lin-
earized modal parameters and qualitative information
about the nonlinear behavior of the system. It oper-
ates on one or multiple discrete time signals and is able
to deal with both time-invariant and periodic systems.
The method is computationally inexpensive and can
be used with multi-physics computational tools, and
in principle, with experimental data. The proposed
approach is validated using a simple, four degree of
freedom model of a wind turbine. The predictions for
the linear system are validated against an exact solu-
tion of the problem. For the nonlinear system, it is
demonstrated that qualitative information concerning
the nonlinear behavior of the system is obtained using
the proposed method. Finally, the nonlinear behavior
of a realistic, three-bladed horizontal axis wind turbine
model is investigated.

1 Introduction

An important aspect of the dynamic response of wind
turbines and other flexible rotating systems is the po-
tential presence of instabilities1. For instance, ground
and air resonance phenomena are well documented in-
stabilities that occurs in rotorcraft, edgewise aeroelastic
instabilities are observed in wind turbines, and flutter
might become a problem for future wind turbines with
longer, more flexible blades [1]. Even if the system is
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stable, the accurate evaluation of the decay rates for
each mode of the system is a critical task. Indeed, in the
presence of low decay rates, perturbations from steady
equilibrium operation will damp out at a very slow rate,
dramatically affecting the fatigue life of the turbine.

If the equations of motion of the system can be cast
in the form of linear, ordinary differential equations
with constant coefficients, classical stability analysis
methodologies based on the characteristic exponents of
the system can be used. For wind turbines, however,
the equations of motion are in the form of linear, or-
dinary differential equations with periodic coefficients,
assuming small amplitude response of the blades and
tower. In this case, Floquet theory [2] should be used.
Under some restrictive assumptions, the equations of
motion of periodic mechanical systems can be trans-
formed into time-invariant equations using the Coleman
transformation [3, 4].

Stability analysis is typically performed on simplified
models with the smallest number of degrees of free-
dom required to capture the physical phenomenon that
causes the instability. The equations of motion are lin-
earized and eigenvalue analysis then yields the system’s
modal parameters. This approach provides results that
are easily interpreted, but ignores potential nonlinear
behavior of the system. For instance, damping ratio
could be a function of modal amplitude [5], or non-
linear modal coupling could affect modal parameters.
Furthermore, as the number of degrees of freedom used
to represent the system increases, Floquet analysis be-
comes increasingly cumbersome, and quickly unman-
ageable.

Due to increased available computer power, the anal-
ysis of wind turbines and rotorcraft relies on increas-
ingly complex, large scale models. Full finite element
analysis codes are now routinely used for structural
dynamics modeling [6, 7, 8] and aeroelastic phenom-
ena are captured by coupling the structural dynamics
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model with simplified unsteady aerodynamics models,
or sometimes with computational fluid dynamics code,
to obtain accurate predictions of the airloads acting on
the turbine. The size and complexity of these compu-
tational models makes it increasingly difficult to apply
the classical tools used for stability analysis.
The only rigorous approach to nonlinear stability

analysis is Lyapunov’s function method, which can not
be applied to large dimensional numerical models, nor
experimental data. This paper presents a procedure
that extracts qualitative information about nonlinear
stability and decay rates for such models through a
careful combination of linearized methodologies. The
desired procedure should be equally applicable to ex-
perimental measurements and to large scale simulation
tools to allow a rational comparison of numerical pre-
dictions against experimental data.
Stability analysis methodologies that are applica-

ble to experimental data typically deal with time sig-
nals that are processed to extract modal parameters.
Clearly, manipulating or linearizing the equations of
motion are not options when dealing with experimen-
tal data. The earliest such methods are probably
Prony’s [9] and moving block methods [10, 11]. In
view of the difficulty of applying Floquet theory to ex-
perimental systems, the partial Floquet analysis was
developed by Peters et al. [12, 13] and later refined
by Bauchau and Wang [14, 15, 16], who also demon-
strated the close relationship between Prony’s, partial
Floquet, and autoregressive methods. More recently,
the wavelet [17, 18] and Hilbert transform methods [19]
have also been developed.
The work presented in this paper describes an ap-

proach to stability analysis that combines four different
tools: the Coleman post-processing, the partial Floquet
analysis, the moving window analysis, and the signal
synthesis algorithm. The approach provides a robust
estimation of the linearized modal parameters and qual-
itative information about the nonlinear behavior of the
system. It operates on one or multiple discrete time sig-
nals and is able to deal with both time-invariant and pe-
riodic systems. Furthermore, the method is computa-
tionally inexpensive and can be used with multi-physics
computational tools, and in principle, with experimen-
tal data.

2 Stability analysis of complex
systems

The present work focuses on flexible rotating systems
such as wind turbines or rotorcraft, but is equally appli-
cable to general flexible multibody systems. The sys-
tem is assumed to be modeled by a set of nonlinear

equations of the form ẏ = g(t, y), where y is a vector
containing the N state variables, t denotes time, and
˙(·) a derivative with respect to time.
The system is assumed to operate at a constant mean

rotor speed, and small perturbations, x = y−y
ss
, from

a periodic steady state, y
ss
, of the nonlinear system

can be approximated by a linear system with periodic
coefficients as

ẋ = A(t)x+ f(t), (1)

where A(t) = A(t + T ) is the periodic system matrix
of period T = 2π/Ω, Ω the rotor speed, and f(t) the
external force vector.

2.1 Classical Floquet analysis

For the purpose of stability analysis, it is convenient to
assume that wind turbines are periodic systems. The
theoretical basis for the analysis of periodic systems
was developed by Floquet [20] who showed that the
response of a linear system with periodic coefficients
is the sum of modal contributions each consisting of a
product of a periodic function by an exponential term
of the form of exp(λkt), where the λk are called the
characteristic exponents.
Typically, applications of Floquet theory are based

on the determination of the transition matrix, Φ, which
relates the states of the system at times t and t + T ,
where T is the period of the system. The eigenvalues
of the transition matrix, denoted ρk, are related to the
characteristic exponents, ρk = exp(λkT ). The damping
coefficient, σk, and principal frequency, ωp,k, of mode
k are determined from these eigenvalues as

σk =
1

T
ln(|ρk|) (2a)

ωp,k =
1

T
arctan(ρk), ωp,k ∈ ]−Ω/2,Ω/2] (2b)

Integer multiples of the rotor speed can be added to the
principal frequencies as ωk = ωp,k+jkΩ to obtain more
physically meaningful frequencies. The damping ratio
is then calculated as ζk = −σk/(ωk

√
1 + σ2

k/ω
2
k). The

system is stable if ζk < 0 for all values of k.

2.2 Partial Floquet analysis

For large multibody models, a formal linearization of
the governing equations is difficult and costly to obtain
for time-invariant systems, and even more arduous in
the case of periodic systems. This is particularly true
for the multi-physics models used to simulate wind tur-
bines. Hence, the application of Floquet theory to these
systems is problematic.
To overcome these difficulties, Bauchau and

Wang [14, 15, 16] have developed several approaches
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to stability analysis and demonstrated their applicabil-
ity to large scale multibody systems. They presented
two classes of closely related robust algorithms based
on partial Floquet and autoregressive approaches. Fur-
thermore, they showed that a number of other meth-
ods, such as Prony’s method or Poincaré mapping, are
identical to those approaches.
A distinctive feature of these methods is that they op-

erate on one or multiple discrete time signals character-
izing the dynamic response of the system, and are able
to deal with time-invariant or periodic systems. Con-
sequently, these approaches are computationally inex-
pensive and consist of purely post-processing steps that
can be used with any multi-physics computational tool
or with experimental data, where the free response after
an applied excitation has been measured. Unlike clas-
sical stability analysis methodologies, linearization of
the system’s equations of motion is not required. Sin-
gular value decomposition is used systematically as a
means of dealing with the noisy, highly redundant data
sets obtained from nonlinear systems. In this paper,
this approach will be referred to as the partial Floquet
analysis (PFA).
The PFA is based on a number of time signals, de-

noted hs(t), which are components of the response vec-
tor, x. A total of Nh signals is used for the analysis. A
typical signal is sampled at times t = j∆t+ ℓT , where
j denotes the time step number in period ℓ assuming
that T is an integer multiple of ∆t. An array storing m
consecutive data points starting in period ℓ is set up as

hs,ℓ =
{
hs(∆t+ ℓT ), . . . , hs(m∆t+ ℓT )

}T
. (3)

Arrays hs,ℓ obtained over n periods, ℓ = 1, . . . , n, for
all Nh signals are assembled into two Hankel-type ma-
trices of size Nhm×n, denoted H

0
and H

1
[14, 15, 16],

such that H
1
= QH

0
, where Q is an approximation

of the transition matrix. For this relationship to al-
low the exact calculation of the transition matrix, all
N state variables would have to be available over N
periods, i.e., Nh = N and n = N . If a single data
point were then used, i.e., m = 1, H

0
would be square

and invertible, yielding the exact transition matrix as
Q = H

1
H−1

0
.

If the system is time-invariant, i.e., if A(t) in eq. (1)
is constant, the period is arbitrary and may be selected
T = ∆t to obtain the maximum amount of information
from a given signal.
In practice, only a few signals are available and for

much shorter times than required to calculate the full
transition matrix. Therefore, an approximate transi-
tion matrix is evaluated as Q = H

1
H+

0
, where super-

scripts (·)+ denote Moore-Penrose inverses [21]. Matrix
H

0
is factorized using the singular value decomposi-

tion [21] to yield H
0
= U S VT , where U contains the

proper orthogonal modes of H
0
, S is a diagonal matrix

storing the singular values of H
0
, and V is an orthogo-

nal matrix.
The singular values can be interpreted as a mea-

sure of the energy associated with each proper orthog-
onal mode. To reduce noise, only the r largest sin-
gular values and the corresponding columns in U and
V are retained. The number r can be interpreted as
the rank of matrix H

0
. The Moore-Penrose inverse of

matrix H
0
then becomes H+

0
= V

r
S−1

r
UT

r
, and the es-

timated transition matrix of size Nhm×Nhm becomes
Q = H

1
V
r
S−1

r
UT

r
.

MatrixH
0
will store highly redundant data, and rank

r is typically less than the number of rows, Nhm. It
follows that of the Nhm eigenvalues of Q, only r are

expected to be physically meaningful, whereas the re-
maining Nhm − r eigenvalues are related to noise in
the data. Consequently, it makes sense to project the
transition matrix Q into the subspace defined by the r

proper orthogonal modes of H
0
, stored in U

r
, to find a

transition matrix of size r × r as

Q̂ = UT

r
QU

r
= UT

r
H

1
V
r
S−1

r
. (4)

The stability characteristics can then be extracted from
the r eigenvalues, or characteristic multipliers, of Q̂ by

use of eq. (2).

2.3 Signal synthesis

Extracting the eigenvalues of the transition matrix de-
fined by eq. (4) yields the modal parameters of the sys-
tem. To ascertain the accuracy of these predictions, it
is important to reconstruct the signals based on these
modal characteristics [16]. An estimation of signal hs(t)
based on the r characteristic exponents is written as

ĥs(t) =
r∑

k=1

cs,k(t)e
λkt, (5)

where cs,k(t) are unknown periodic coefficients for mode
k, which are determined by enforcing a least squares fit
between the actual signal, hs(t), and its reconstructed

counterpart, ĥs(t).

2.4 Coleman transformation

Lyapunov [22] showed that a linear system with peri-
odic coefficients can be transformed into an equivalent,
time-invariant system. A rotor is isotropic if it com-
prises three or more blades with identical properties and
has symmetric inter-blade couplings. Coleman [3, 4]
proposed a change of coordinates that transforms the
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periodic system of linearized equations governing the
dynamic response of isotropic helicopter rotors into a
system of equations with constant coefficients, referred
to as the Coleman inertial system equations.

Skjoldan and Hansen [23] have generalized the notion
of isotropy for wind turbines to include aerodynamic
and control effects, thereby expanding the range of ap-
plicability of the Coleman transformation. While this
transformation is a powerful and practical tool when
applied to simple, low dimensional models, it is im-
practical when dealing with large scale multi-physics
models coupled to computational fluid dynamics codes
or experimental data.

When dealing with periodic systems, the discrete
time signals selected for the PFA must be sampled once
per rotor revolution. Consequently, the system must
be simulated over many periods to obtain reliable es-
timates of the damping rates, leading to heavy com-
putational burden. In this paper, the Coleman trans-
formation is applied to the sole signals used for sta-
bility analysis rather than to the system’s linearized
equations of motion. The Coleman transformation then
becomes part of the signal post-processing procedure,
completely eliminating the difficulties associated with
this approach. The efficiency and accuracy of this ap-
proach, called the Coleman post-processing (CPP) in
this paper, will be demonstrated.

Consider a three bladed rotor and three signals, h1,
h2, and h3, measuring the same quantity on the three
blades, respectively. Application of the Coleman trans-
formation to these three signals yields three trans-
formed, multi-blade coordinate signals, denoted a0, a1,
and b1. Because they are measured in the rotating sys-
tem, signals hi characterize the dynamic response of the
structure in the rotating system. On the other hand,
a0, a1, and b1 characterize the dynamic response of the
structure in the inertial frame [1], which involve the
backward and forward whirling harmonic components,
denoted BW and FW, respectively, and the symmetric
component, denoted S. The frequencies of the BW and
FW components are the modal frequency ωk in the in-
ertial frame minus or plus the rotor speed, respectively.

2.5 Moving window analysis

The approaches to stability analysis discussed earlier
are based on time signals describing the dynamic re-
sponse of a complex wind turbine or rotorcraft. A typ-
ical signal is shown in fig. 1. In practice, only a portion
of the time series is used for stability analysis, corre-
sponding to a window of size w, starting at time ts.

If the signal corresponds to the response of a linear
system with a single degree of freedom, it is associated
with a single frequency and damping rate. Using any

w

t
s

Window 1 Window 2 Window 3

Figure 1: Selecting various windows for a signal.

of the three windows presented in fig. 1 should yield
the same modal parameters. If the system is nonlin-
ear, using the windows labeled window 1, 2, and 3, in
fig. 1 might lead to different parameters. For instance,
if system damping is amplitude dependent, the damp-
ing ratios extracted from these three windows will be
different because the average signal amplitude decreases
from window 1 to 3. This fact will be used to obtain
qualitative information about the nonlinear behavior of
the system.

Let a window of size w start at time ts, as illustrated
in fig. 1. The PFA is then used to estimate modal pa-
rameters, denoted ωk(ts) and ζk(ts). Next, consider a
window of identical size starting at time ts+∆t, where
∆t is the sampling rate. Application of the PFA to
the signal in this new window yields ωk(ts + ∆t) and
ζk(ts+∆t). Repeating the analysis for windows of iden-
tical size starting at times ts + i∆t, leads to modal pa-
rameters ωk(ts+ i∆t) and ζk(ts+ i∆t) that are discrete
functions of the “moving window” starting time.

For each window, it is also possible to estimate the
amplitude of excitation, ck(ts+i∆t), of each mode using
the signal synthesis algorithm (SSA) described above.
Combining this amplitude information for each window
with the corresponding modal parameters yields esti-
mates of the modal parameters as function of ampli-
tude, ωk(ck) and ζk(ck). These functions provide qual-
itative information about the nonlinear dependency of
the modal parameters on modal amplitudes. This pro-
cedure will be referred to in this paper as the moving
window analysis (MWA).
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3 Numerical examples

In this section, various stability analysis methods ap-
plicable to wind turbines are demonstrated. First, the
methods are validated by using a simple structural
model with 4 degrees of freedom. Next, the same ap-
proaches will be applied to a realistic, three-bladed hor-
izontal axis wind turbine modeled using a finite element
based simulation tool coupled with simplified aerody-
namics models.

3.1 Simplified wind turbine model

Figure 2 shows a simplified model of a three-bladed
horizontal axis wind turbine with four degrees of free-
dom: the tip lateral deflection of the tower, ut, and
edgewise deflection of each of the three blades, θ1, θ2,
and θ3. The tower is modeled as a concentrated mass,
mt, located at the center of the rotor hub of radius e
and connected to the ground by means of a spring of
stiffness constant kt and viscous damper of constant ct.
The blades of mass mb are modeled as rigid bodies con-
nected to the hub by torsional springs of stiffness con-
stant kb and viscous dampers of constant cb. The first
and second edgewise moments of inertia of the blades
with respect to their hinge point are denoted Sb and
Jb, respectively.

mt

kt

ct

ut

e

ψ1

θ1

kb

cbJb, Sb,mb

θ2

kbcb

Jb, Sb,mb

θ3kb

cb

Jb, Sb,mb

Figure 2: Simplified model of a three-bladed wind tur-
bine.

3.1.1 Equations of motion

The equations of motion for the simplified wind tur-
bine model depicted in fig. 2 are derived using La-
grange’s formulation, then linearized about the steady-

state equilibrium for a constant rotor speed Ω. The
linearized equations are

M(ψ1)ü+ C(ψ1)u̇+K(ψ1)u = f(ψ1), (6)

where the generalized coordinate array is uT ={
θ1, θ2, θ3, ūt

}
, ūt = ut/H, H a characteristic length

of the system, such as the tower height, and f(ψ1) the
external force vector. The angular position of the first
blade, ψ1 = Ωt, is used as the non-dimensional time
variable and notation ˙(·) is used to indicate a deriva-
tive with respect to ψ1. The periodic, non-dimensional
mass, damping, and stiffness matrices are

M =


1 0 0 S̄b cosψ1

0 1 0 S̄b cosψ2

0 0 1 S̄b cosψ3

S̄b cosψ1 S̄b cosψ2 S̄b cosψ3 J̄t

 ,

C =


c̄b 0 0 0
0 c̄b 0 0
0 0 c̄b 0

−2S̄b sinψ1 −2S̄b sinψ2 −2S̄b sinψ3 c̄t

 ,

K =


k̄b + ēS̄b 0 0 0

0 k̄b + ēS̄b 0 0
0 0 k̄b + ēS̄b 0

−S̄b cosψ1 −S̄b cosψ2 −S̄b cosψ3 k̄t

 ,
respectively, and the non-dimensional parameters are
defined as ē = e/H, J̄t = (3mb + mt)H

2/Jb, S̄b =
HSb/Jb, k̄t = ktH

2/(JbΩ
2), c̄t = ctH

2/(JbΩ), k̄b =
kb/(JbΩ

2), c̄b = cb/(JbΩ). The azimuth angle for blade
j is denoted ψj = Ωt + 2π(j − 1)/3. To investigate
the dynamic behavior of this system in the presence
of nonlinearities, the following nonlinear model will be
considered,

M ü+ C u̇+K u+ C
nl
u̇3 +K

nl
u3 = f, (7)

where the nonlinear coordinate vectors are uT3 ={
θ31, θ

3
2, θ

3
3, ū

3
t

}
and u̇T3 =

{
θ̇31, θ̇

3
2, θ̇

3
3, ˙̄u

3
t

}
. For simplic-

ity, the nonlinear damping matrix is selected to be diag-
onal, C

nl
= diag(γ̄bc̄b, γ̄bc̄b, γ̄bc̄b, γ̄tc̄t), where the non-

dimensional coefficients γ̄b and γ̄t characterize the non-
linear damping of the blades and tower, respectively.
Similarly, the nonlinear stiffness matrix is selected to
be diagonal, K

nl
= diag(δ̄bk̄b, δ̄bk̄b, δ̄bk̄b, δ̄tk̄t), where

the non-dimensional coefficients δ̄b and δ̄t characterize
the nonlinear stiffness of the blades and tower, respec-
tively.

3.2 Study of the linearized system

The non-dimensional parameters selected for this study
are ē = 0.04, J̄t = 400, S̄b = 2, k̄t = 600, c̄t = 8,
k̄b = 15, and c̄b = 0.1. Because the system described
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above has an isotropic rotor, it can be transformed to
a constant coefficient system using the Coleman trans-
formation and the frequency and damping rates of the
system are then readily obtained from the eigenvalues of
this constant coefficient system. These values are used
as a reference solution and will be shown as dashed lines
in all figures pertaining to this problem.
Next, the response of the linearized simplified model

was found by numerical integration of eq. (7). An ini-
tial excitation lasting 16 rotor revs is applied as f =

f
0
cos(Ωfψ1), where Ωf = 3 and fT

0
= {4,−1, 3, 100}.

For ψ1 > 32π, the excitation vanished and signals θ1,
θ2, θ3, and ūt were then extracted during the subse-
quent free decay of the system.

2 4 6 8
0
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6
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BW
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FW
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FW
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Figure 3: Simplified model frequencies. Reference so-
lution: dashed lines; PFA for periodic system: symbols
“•;” PFA with CPP: symbols “×.”

First, the partial Floquet analysis (PFA) is tested for
this periodic problem. The four signals were sampled
64 times per rotor rev for the 16.25 rotor revs after
the end of the external excitation. System frequencies
were obtained from the eigenvalues of Q̂ using m = 16

consecutive data points in hs,ℓ and n = 16 columns in
H

0
and H

1
, see eqs. (3) and (4), and fig. 3 shows the

identified frequencies, with symbols “•,” as function of
rank number together with the reference solution. For
a rank number of 8, the four frequencies of the system
are accurately identified. The four modes of the system
are the tower mode (labeled “T”), which is the domi-
nant contributor to the tower signal, ut, the backward
and forward whirling modes (labeled “BW” and “FW,”
respectively), which are the major contributors to the
multi-blade signals a1 and b1, and the symmetric mode
(labeled “S”) corresponding to in-phase blade motions.
Next, the time-invariant version of the PFA was

tested for this problem. Although the system is peri-
odic, the four signals, sampled 64 times per rotor rev for

2 4 6 8 10 12 14 16 18 20
0
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2
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6
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FW
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Rank
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si

on
al

 fr
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ue
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Figure 4: Simplified model frequencies. Reference so-
lution: dashed lines; PFA for time-invariant system:
symbols “◦.”

1.625 rotor revs, were processed as if the system were
time-invariant using m = 32 consecutive data points
and n = 72 columns in H

0
and H

1
. Figure 4 shows the

frequencies as function of rank number together with
the reference solution. This approach identifies the in-
ertial system frequencies, ωk, along with the rotating
system frequencies, ωk ± Ω. The signals contain three
harmonics for each of the T, BW, and FW modes, and
one harmonic for the S mode, thus requiring a rank
number of 20 to resolve all modes accurately. A good
approximation of the frequencies, however, is obtained
at a rank lower than 20 because the amplitude corre-
sponding to some of these frequencies is very low.

Finally, the time-invariant version of the PFA was
exercised using the tower signal and the multiblade
signals θa0, θa1, and θb1 obtained from Coleman post-
processing (CPP) of the blade signals. The signals were
sampled 64 times per rotor rev over 0.5 rotor revs, and
m = 16 consecutive data points in hs,ℓ and n = 16
columns in H

0
and H

1
were used to obtain Q. The

identified frequencies are shown in fig. 3 with symbols
“×.” Because the CPP effectively transforms the signal
to the inertial frame, a single harmonic of each mode
is present and a rank number of 8 is sufficient to deter-
mine all frequencies.

The results presented thus far for this simple linear
periodic system call for the following comments. First,
processing the signals in the PFA “as if the system were
time-invariant” (i.e., ignoring the periodic nature of the
system) is not recommended. Although this approach
correctly identifies system frequencies for this simple
problem, see fig. 4, it suffers two serious drawbacks.
First, it fails to recognize the periodic nature of the
signal and hence, could yield erroneous answers. Sec-
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ond, the total energy of the signals is spread over a
larger number of modes (10 instead of 4 in this simple
case), complicating the identification process.

Second, processing the signals as periodic signals in
the PFA yields the correct results. The energy con-
tained in the signals is concentrated in a smaller num-
ber of modes (the four inertial system modes), easing
the identification process. Unfortunately, this approach
is burdened by a high computational cost: because the
signals are treated as periodic, they must be sampled
at once per rev, requiring longer simulation times to
enable accurate identification.

Finally, the time-invariant version of the PFA can
be safely used with CPP signals because they are
those that would be generated by an equivalent, time-
invariant system. Two advantages result: the energy
contained in the signals is focused in a smaller number
of modes and shorter simulation times are sufficient to
gather the required information.
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Figure 5: Largest singular values in decreasing order for
the three approaches. Periodic PFA: symbols “•;” time-
invariant PFA: symbols “◦;” PFA with CPP: symbols
“×.”

These findings concerning the three methods are rein-
forced by the data presented in fig. 5, which shows the
singular values of the Hankel-type matrix H

0
for the

three approaches. Singular values were normalized by
the largest and presented in order of decreasing normal-
ized value. The PFA with CPP results in 8 high-energy
singular values, all others are at the noise level. The
periodic PFA performs well, also resulting in 8 high-
energy singular values. For the time-invariant version
of the PFA, the energy is spread among 20 singular
values.

3.3 Study of the nonlinear system

Next, the behavior of the simplified wind turbine model
will be investigated in the presence of nonlinearities.
The system is now characterized by eqs. (7), and at
first, nonlinear damping is introduced by selecting γ̄t =
0.01 and γ̄b = 0.04. The signals were processed us-
ing the CPP followed by the moving window analysis
(MWA) to assess the effects of the nonlinearities on the
dynamic response of the system.

3.3.1 The moving window analysis

The stability analysis is performed using a window size
of two rotor revs, m = 42 consecutive data points and
n = 85 columns in H

0
and H

1
. Figure 6 shows the

signals of the window starting at time 0 before and
after applying the CPP. In both cases, the signals re-
constructed using eq. (5) are also shown and found to
be nearly indistinguishable from their original counter-
parts. Figure 7 shows the identified frequencies and
damping ratios of the system as a function of the win-
dow starting time. Whereas the frequencies are nearly
identical to their counterparts for the linear system, sig-
nificant differences are observed for the damping ratios.
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Figure 6: Signals from the window starting at time 0.
Original signals (top) and signals after applying CPP
(bottom). Computed signals: solid line; Reconstructed
signals: dashed line.

To understand this behavior, modal excitation am-
plitudes must be assessed first. The signal synthesis
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Figure 7: System frequencies (top) and damping ratios
(bottom) for the MWA.

algorithm (SSA) was used to estimate the amplitudes
of each of the modes contained in each signal. For in-
stance, fig. 8 shows the modal content of the θa1 signal
as a function of the window starting time. This signal
contains contributions from the four modes of the sys-
tem. The BW and FW modes dominate the response,
whereas the T, and specially the S modal amplitudes
are at the noise level. Plots of the modal content of the
other signals reveal that the tower mode dominates the
response of the tower signal ut, the BW and FW modes
are predominant in the θa1 and θb1 signals, and finally,
the S mode dominates the multi-blade mean signal, θa0.

Because the scale on the vertical axis of fig. 8 is loga-
rithmic, the modal amplitude is expected to decay lin-
early for a linear system. Both BW and FW modes
do not decay exactly linearly, indicating slightly higher
damping ratios at high amplitude and lower damping
ratios at lover amplitude. This observation is in agree-
ment with the results presented in fig. 7, which also
predict higher damping ratios at high amplitude.

In the linear analysis, the θa1 signal only contains
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Figure 8: Amplitudes of the modes contained in the θa1
signal.

contributions of the BW and FW modes. Figure 8 in-
dicates that in the nonlinear regime, small contribu-
tions of the T and even S modes are present. Because
the amplitudes are so small, no reliable frequency or
damping ratio data can be extracted from these contri-
butions. This explains the need to use multiple signals
to extract the complete modal information for the sys-
tem. Each mode must contribute a significant amount
of energy to at least one of the signals to extract reliable
modal data.

Figure 8 provides a qualitative assessment of the ef-
fect of the damping nonlinearity of the system. The
nearly constant slopes of the modal amplitudes of the
BW and FW modes as a function of time imply nearly
constant damping ratios as a function of amplitude.
The extracted modal amplitudes of the T and specially
S modes present oscillations that are an artifact of the
numerical procedure because the contributions of these
two modes to the θa1 signal are very small.

Finally, fig. 9 shows system damping ratios as a func-
tion of modal amplitude, plotted on a logarithmic scale.
The amplitude of each mode is calculated as the square
root of the sum of the squares of that mode’s amplitude
in all signals. This plot confirms the trends discussed
earlier in a more explicit manner.

3.3.2 Other types of nonlinearity

The results presented in the previous sections have fo-
cused on a system presenting nonlinear damping char-
acterized by parameters γ̄t = 0.01 and γ̄b = 0.04. Other
sets of parameter values will be investigated in this sec-
tion. In all cases, the simulation was run for 16 rotor
revs and a 2 rotor rev window was used for the MWA.

Final results will be presented in the form of damping
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Figure 9: Damping ratio versus modal amplitude.

ratio versus modal amplitude plots. Intermediate steps
of the analysis, such as those presented in figs. 7 and 8,
will not be shown. While these intermediate steps are
not shown here for brevity’s sake, all data must be care-
fully examined to ensure that all relevant modes have
been excited to a sufficient amplitude level.
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Figure 10: Damping ratio versus modal amplitude.
(γ̄t = −0.002, γ̄b = −0.01.)

First, fig. 10 shows the case of a decrease in the
damping nonlinearity with parameters γ̄t = −0.002,
γ̄b = −0.01. The proposed approach captures the ex-
pected qualitative trends for this system.
Finally, stiffness nonlinearities are examined. A soft-

ening stiffness nonlinearity is addressed by selecting
δ̄t = −0.01 and δ̄b = −0.03. For the highest excita-
tion amplitude, i.e., for a window starting time ts = 0,
the frequencies of the T, BW, S, and FW modes de-
creases by 1.0%, 0.5%, 0.5% and 0.3%, respectively, a
very modest effect. A stiffening nonlinearity with pa-

rameters δ̄t = 0.01 and δ̄b = 0.04 yields an increase
in the frequencies of the T, BW, S, and FW modes of
1.9%, 0.8%, 1.0%, and 0.8%, respectively.

3.3.3 Effect of window size

Additional simulations were performed using the MWA
with window sizes of 1, 2, and 4 rotor revs. Fre-
quency predictions were nearly unaffected by window
size. Shorter window sizes result in more scattering
of the data for damping ratio predictions, indicating
that less reliable predictions are obtained. Longer win-
dow sizes reduce data scattering, but loss of resolution
in time results, i.e., the changes in damping ratio be-
come less pronounced because they are averaged over
longer periods. This compromise between time resolu-
tion and modal parameter identification is also observed
in wavelet analysis [17].

3.4 Complex wind turbine model

The proposed stability analysis methods are now ap-
plied to a realistic, three-bladed horizontal axis wind
turbine. The aeroelastic model is based on a fully non-
linear finite beam element structural model and aero-
dynamic forces are calculated using blade element the-
ory [24]. The turbine modeled with 381 structural de-
grees of freedom has a nominal power of 2.3 MW, a
nominal speed of 16 RPM, a hub height of 80 m, and
a blade length of 45 m. The wind field has a logarith-
mic shear profile excluding turbulence, and the effects
of tower shadow and gravity forces are included. A
variable speed controller regulating the blade pitch and
generator moment is used in the simulations.

The rotor is balanced and thus isotropic. External
loading, such as wind shear, tower shadow, and gravity
forces are not isotropic, but their effects are assumed to
remain small. The simulation code takes into account
nonlinear effects, which again, are assumed to be small.
Because these effects are assumed to be small, solutions
are expected to be close to those of a system with peri-
odic periodic coefficients and the CPP will be used for
this problem although it is not strictly applicable.

The simulation is run until initial transients have
damped out and a steady state is obtained, character-
ized by a constant mean rotor speed and a response
of the turbine that is approximately periodic. Once
that state is reached, excitation is applied. The du-
ration of the excitation was kept short, one period of
the 1st tower mode, to maintain the mean rotor speed
as constant as possible. To ensure excitation of the
four low damping modes of the turbine, periodic forces
were applied. The tower 1st lateral mode (denoted “T”)
was excited by transverse force applied at the tower
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top. The 1st BW and FW edgewise modes (denoted
“BW,” and “FW,” respectively) were excited by ap-
plying forces with 120 degree phasing differences near
the blade tips. Finally, the 1st drive train mode (de-
noted “DRV”) was excited by in-phase forces applied
near the blade tips.
Once the excitation ceased, four signals were mea-

sured: the top lateral tower deflection and the three
edgewise blade tip deflections resolved in the rotating
frame. The steady state response of the system was
then subtracted from these four signals, which were
then normalized by the tower height and blade length,
respectively. Finally, the CPP was applied to yield the
multiblade signals ua0, ua1, and ub1 from the blade sig-
nals.

3.4.1 Stability analysis under moderate excita-
tion

A stability analysis of the turbine with signals sampled
94 times per rotor rev over 5.3 rotor revs was performed
using m = 66 consecutive data points and n = 133
columns in H

0
and H

1
when subjected to 12 m/s wind

at hub height and a moderate excitation level resulting
in initial edgewise blade tip deflection of about 0.3 m
and tower top lateral deflection of about 0.2 m.
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Figure 11: Largest singular values in decreasing order
for FE model of wind turbine.

Figure 11 shows the largest singular values of the
Hankel-type matrix H

0
, where the 8 largest values cor-

respond to the four excited modes. The next singular
values have a much lower energy and are thus unlikely
to yield reliable modal information.
Figure 12 shows the identified frequencies as a func-

tion of the rank number, where the frequencies are
normalized by the average value of the FW mode fre-
quency. The frequencies obtained at rank numbers up
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Figure 12: Identified frequencies as function of rank
number.

to 8 pertain to the four excited modes of the system.
The additional frequencies obtained from higher rank
numbers could be either additional physical modes or
artifacts of the method. Because the associated modal
amplitudes are very low, these estimates are unreliable.
Higher excitation amplitudes at these frequencies would
be required to ascertain the physical nature of these ad-
ditional modes.
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Figure 13: Frequency identification using the MWA for
the moderate (M) and high (H) excitation level.

Next, a MWA of the data was performed with a win-
dow size of 2.1 rotor revs and fig. 13 shows the frequency
versus window starting time. The identified frequencies
remain constant for all windows, which is evidence of a
reliable identification and validates the assumption that
nonlinear effects remain small for this problem. As time
increases, the excitation amplitude of the drive train
mode becomes very small, and the identification of the
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corresponding frequency becomes unreliable resulting
in the observed scattering of the predictions.
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Figure 14: Damping ratio identification using the
MWA.

Figure 14 shows the identified damping versus win-
dow starting time, where the damping ratios were nor-
malized by the average value of the FW mode damping
ratio. The damping ratios of the FW, BW, and DRV
modes remains nearly constant for all windows. For
longer window starting times, the amplitudes of the
FW and DRV modes decrease significantly, leading to
unreliable identification and scatter in the data. The
damping ratio of mode T increases at higher ampli-
tudes; this phenomenon is caused by the power-speed
controller, which pitches the blades at the tower fre-
quency, resulting in energy dissipation.
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Figure 15: Modal amplitudes from MWA for signal ua0.

Figures 15 to 17 show the modal amplitudes as func-
tion of time. The symmetric rotor signal ua0 in fig. 15
consists mainly of the drive train mode, whose am-

plitude decays in a straight line indicating a constant
damping ratio. The BW and FW modes dominate the
modal content of signals ua1, shown in fig. 16, and ub1.
Finally, the T mode clearly dominates signal ut, see
fig. 17. These figures show that low modal amplitudes
cause poor modal parameter identification, resulting in
data scattering, as observed earlier.

In this example, only four signals were used to es-
timate modal characteristics. Of course, many more
signals could be used, at the expense of increasing the
computational cost of the analysis. If a large number
of computed degrees of freedom are used in the analy-
sis, it becomes possible to also estimate mode shapes,
increasing the amount of information that can be ex-
tracted from the data set.
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Figure 16: Modal amplitudes from MWA for signal ua1.
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Figure 17: Modal amplitudes from MWA for signal ut.
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3.4.2 Stability analysis under high excitation

Next, a stability analysis of the turbine was performed
as in the case of moderate excitation, but with 25 m/s
wind at hub height and a high excitation level resulting
in initial edgewise blade tip deflection of about 0.6 m
and tower top lateral deflection of about 0.4 m.

The identified frequency of mode T is nearly identical
to that obtained for the moderate excitation level, and
the frequencies of the rotor modes differ because of dif-
ferent pitch angle settings in the two steady operating
states; the results are compared in fig. 13. Even at this
higher excitation level, nonlinearities do not appear to
be significant.
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Figure 18: Damping ratio identification using the
MWA.

Figure 18 shows the identified damping ratios nor-
malized by that of the FW for moderate excitation
level. Comparing these results with those obtained for
the moderate excitation presented in fig. 14, it appears
that all four normalized damping ratios are now slightly
above one, whereas the BW and T damping ratios were
below that level for the low amplitude excitation.

Figures 19 to 21 shows the modal amplitudes as func-
tion of time. Mode T is lowly damped and its excitation
remains high for the duration of the simulation. This
explains the reduced scatter in the identified modal pa-
rameters as compared to those obtained for the low ex-
citation case. The same observation holds for the BW
mode. In contrast, the FW and DRV modes present
higher damping ratios. Once their amplitudes become
indistinguishable from noise, unreliable identifications
result.

Comparison of the identified damping ratios for the
moderate and high excitation levels, figs 15 to 17 and 19
to 21, respectively, calls for the following remarks. The
increased excitation amplitude seems to yield poorer

0 2 4 6 8
10

−6

10
−4

10
−2

Starting time [rev]

M
od

al
 a

m
pl

itu
de

T

BW
FW

DRV

Figure 19: Modal amplitudes from MWA for signal ua0.
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Figure 20: Modal amplitudes from MWA for signal ua1.

identification of the damping ratios. Because nonlin-
ear behavior is not detected for modal parameters at
the high excitation level, i.e., for small window starting
times, geometric nonlinear effects do not seem to be
the culprit. Rather, poorer damping ratio identifica-
tion is more likely to be due to the fact that the larger
excitation forces cause slight changes in angular speed
of the rotor, thereby invalidating the periodic system
assumption and the CPP.

4 Applicability to measurements

Because they are based on signal processing, the
methodologies described in this paper are applicable
to both numerically computed and experimental data.
Of course, noise levels will be higher with experimental
data than with computed data. The proposed approach
also requires operation of the system at steady state,
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Figure 21: Modal amplitudes from MWA for signal ut.

application of a suitable excitation, and the measure-
ment of the system free response.

In the case of operating wind turbines, setting up
an experiment that satisfies these requirements might
prove to be challenging. Excitation is conveniently
applied through individual pitching of the blades and
varying of the generator moment to excite the modes of
interest. The system’s dynamic response can be mea-
sured through accelerometers in the outer portions of
the blades and tower or through strain gauges at the
root of the blades and tower.

In the ideal case, the rotor would be driven at a nearly
constant angular speed by a constant mean wind, re-
sulting in a nearly periodic response. Successful field
application of the proposed approach then depends on
the ability to exert on the system well defined excita-
tions of magnitudes larger than those associated with
the uncontrollable wind turbulence and disturbance.

5 Conclusions

This paper has presented a method for evaluating the
modal parameters of complex periodic systems. It com-
bines four different tools: the Coleman post-processing,
the partial Floquet analysis, the moving window anal-
ysis, and the signal synthesis algorithm. While these
tools are not new, their combination leads to a robust
estimation of the linearized modal parameters and pro-
vides qualitative information about the nonlinear be-
havior of the system. The proposed approach oper-
ates on one or multiple discrete time signals and is able
to deal with both time-invariant and periodic systems.
The method is computationally inexpensive and can
be used with multi-physics computational tools, and
in principle, with experimental data. The proposed

approach was validated using a simple, four degree of
freedom model of a wind turbine. Excellent correlation
was observed when comparing the extracted linearized
modal parameters with their exact counterparts. Quali-
tative information concerning the nonlinear behavior of
the system was obtained with the proposed approach.
Finally, the nonlinear behavior of a realistic, three-
bladed horizontal axis wind turbine model was inves-
tigated. Nonlinear effects were found to be very mild
for this specific wind turbine. For the larger wind tur-
bines that are expected to be built in the near future,
nonlinear effects could become more pronounced due to
increased flexibility of the blades. Future work should
investigate the ability of the proposed methodology to
identify large changes in modal parameters that would
be expected from such systems.
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